HOMEWORK 8
THE LAW OF LARGE NUMBERS

Let (€2, F,P) be a probability space.

Problem 1. Show that if X is a random variable such that for some positive numbers
M, e, we have
X|<Mas. and P(|X]|>e¢) <4,
then
E|X|<e+ Mo.

Problem 2. (The bounded convergence theorem (BCT) in probability.)
Let X1, X5, ... be a sequence of random variables such that

Yn>1,|X,| < Mas. and X, — X in probability.

Then
(a) | X| < M as.
(b) EX,, —» EX.

Problem 3. (Fatou’s lemma for convergence in probability.)
Let X, X5, ... be a sequence of random variables such that

Vn>1, X,>0as. and X, — X in probability.

Then
EX <liminfEX,,.

n—o0

Problem 4. (The dominated convergence theorem (DCT) in probability.)
Let X1, X5, ... be asequence of random variables such that for some absolutely integrable
random variable Y,

Vn>1,|X,| <Y as and X, — X in probability.

Then
EX, — EX.

Problem 5. Let X, Xs,... be a sequence of random variables such that X,, — X in
probability. Show that if Y is another random variable such that Y is independent of each
X, then Y is independent of X.
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Problem 6. (Approximation of the cumulative distribution function of a random variable.)
Let X, X5, ... be i.i.d. copies of a real valued random variable X. Show that for every
real number ¢ the following holds almost surely:

1
—card{l <i<n: X; <t} > P(X <t) as n— oc.
n

Problem 7. Show that if X, X5,..., X,, are i.i.d. copies of a real valued random variable
X and if S, := X7 + ...+ X,,, then
Sn EX?2
Var (—) < .
n n
Problem 8. Show that if X, X5,..., X,, are i.i.d. copies of a real valued random variable

X, and if M is finite constant, then the truncations
X1 Lxy <y Xo Ly <nrs - Xo Lx,1<m

are also independent and identically distributed random variables.

Problem 9. Let X, X,,... be i.i.d. copies of a real valued random variable X. Prove
that if X > 0 a.s. and
EX = o0

then almost surely, % diverges to infinity in probability, in the sense that for every T' < oo,
Sn
IF’(—ZT)—>1 as n — oo.
n

Hint: Truncate and use the weak LLN for the truncations. The truncation will have to
be chosen carefully (you may need the monotone convergence theorem for that).

Problem 10. (The law of large numbers for triangular arrays).

Let X;,, where n > 1 and 1 < ¢ < n be a triangular array of random variables with
the same mean p. Assume that each row Xjq,..., X, , consists of independent random
variables and let S, := X1+ ...+ X, ,. Let M be a finite constant. Prove the following:

(a) (weak LLN) If E|X;,|> < M for all indices, then %2 — v in probability.
(b) (strong LLN) If E |X;,|* < M for all indices, then that 2 pas.



