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Department of Mathematical Sciences

Contact during the mid-term exam:
Christian Skau (73 59 17 55)

MID-TERM EXAM IN MA3105 ADVANCED REAL ANALYSIS

Monday February 25, 2008
Time: 10:15 — 12:00
Place: Room 734, SBII
Grades: Monday March 17, 2008
Permitted aids: All aids permitted.

Problem 1

Let P(R) denote the family of all subsets of R, and let ;1 and v be two measures p, v : P(R) —
[0, oo] defined respectively by

pA) = 8ANQ)
, der ACR
V(A) = ZrneA 2=
(Here Q = {ry, 79,7y, --} is the set of rational numbers.)

a) Show that both p and v are o-finite and complete measures.

b) Let 1 X v denote the completion of the product measure p x v, and let (R xR, M, u X v)
be the associated measure space. Show that M = P(R xR), and give an explicit formula
for p x v(B), (in terms of ry,re, -+, 7,,-+-,) where B C R x R.

c) Let f = xa, where A = {(z, )|z € R} is the diagonal set in R x R. Compute the three
integrals

[ f@inenas. [ ([ s i, [ ra

RxR

explicitly, and explain why you get the same value.
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Problem 2

Define f,,: R — R by the formula

fu(z) = P nm=12"---
a) Show that
f fu(z)dz =1 for all n.
(ii) For every § > 0 we have fo(z)dzr — 0 as n — oo.

|z|>d

b) Let g € L'(R). Show that for each n the function

(g% fula) =)fu # gla /fnm— (y)dy

is uniformly continuous on R. Show also that f,, * g is differentiable, i.e. the derivative
exists for each z € R.

c) Show that f, * g converges to g in L'-norm as n — oo, i.e.

/ |frn* g(z) — g(x)|dz — 0 nar n — oc.

Problem 3

Let (RY M, m) be the Lebesgue measure space in R?. Define a new measure y on M by

W(E) = /E(1+ 2)de, FeM.

a) Show that if f: R? — C is integrable with respect to j, then
f@)dn(o) = [ (1+1af)fa)dm(a)
R R

b) Show that the measure pu is regular, i.e. for every E € M and €> 0, there exists an open
set O in R? such that £ C O and u(0O) < u(E)+ € .

[Hint: Consider E, = E N B,(0),n =1,2,---, where B,(0) = {x € R||z| <n}]
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Problem 4 (Can be dropped).
Prove the Poisson summation formula:

(+) S faim= Y fmer
where f € S(R). In particular, setting z = 0, we get:

Yo fm)y=Y fn)

n=—0oo n=—oo

[Hint: Prove first that both sides in (%) are continuous functions of x. Then observe that
both sides are periodic functions of  with period 1. Compute the Fourier coefficients in the
interval [0, 1] of the two sides in (x). (The n’th Fourier coefficient of an integrable function
g:10,1] — Cis:

[ atweman)



