PROBLEMS AND EXERCISES

Choose some problems from the list below that you think look interesting, and we will discuss
them in the exercise sessions on fridays. You do not have to do all of them (at all!), and you
also don’t need to have any perfect solution of them. The goal is to meet and show each
other exercise solutions and discuss them!
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Week 3

(1) In class we proved the Euler-Maclaurin formula for a,b € Z: for f € C'[a, b], we have

b

> )= [ (f@) + @) (@)do + 5(70) - Fla))

a<n<b

where ¢(x) = x — [z] — % Prove a similar formula, but where we not necessarily
assume a, b are integers, but arbitrary real numbers.
(2) Use the Euler-Maclaurin formula to prove the following for Re(s) > 1:
—1)¢n
0/ (1) 41
C (S) - (S . 1)g+1 + O ((10g2|8’) )
(3) Let g : [a,b] — R with continuous derivatives ¢’, ¢” satisyfing ¢”(z) # 0 and |¢'(z)| <
g for some 0 < § < 1. Let furthermore h(z) be some smooth function on [a, b]. Then
for any ¢ > 1, prove the following estimate:

<

b
/ h(z)e(g(z) — lz)dx

Here e(x) == e*™@ and

Tl —0)

b
szw+/mwmw

Hint: Take a look at Corollary 2.4 and 2.5 in Iwaniec’s book.
(4) In the end of the lecture we proved that for s = o + it with o > 0 and [t| < 2T we
have the following:

1—s
C(s)= n*+ ST_ -

n<T

+O(T™).

Use this formula to prove the following for 7/2 <t < T"
(Erin =3 # +O(T 1),
n<T
(5) Lindeldf hypothesis states that
1C(1/2 4 it)] <. t°
for any € > 0. Prove, using exercise 4, that
1C(1/2 +it)] < t/2
(6) Prove, using the Euler-Maclaurin formula, that

1 1
Z—zlongr’erO(—).
n x

n<x

Here, ~ is the Euler-Mascheroni constant: v = limy_, (ZN L _Jog N > )

n=1n
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(7) (a) Prove that for Re(s) > 1,

-~ u() L

nt o ((s)

Here u(n) is the Mobius function.
(b) Let M(z) = >, ., p(n). This is known as the Mertens function. Assume that
|M(z)| < Ca” for some o > 5. Show that

i pi(n)

n=1

n=1

converges in the half plane Re(s) > o, and conclude that there are no zeroes
p =+ iy of ((s) with > 0.
(c) Prove that M(x) = O(x'/?%) for any £ > 0, implies the Riemann Hypothesis.
(d) Prove that |[M(x)| < z.
Note: In fact, the last estimate is the best we have so far (up to a constant). It was
for quite some time believed that |M(z)| < z'/2, but this was proven false in 1985.
Taking this into account in problem (c), one could think of this as “if the Riemann
Hypothesis is true, it is just barely true”.
(8) Recall Perron’s formula from the lecture: we have some Dirichlet series

os) = >

n=1

that is uniformly convergent for Re(s) > o. Then, as long as x is not an integer,

Sam= [ o5 as

n<zc —100

where ¢ > o,¢ > 0,2 > 0. Prove the following:

(a) % =y, w for Res > 1.

(b) Use this and Perron’s formula to find the asymptotic for the number of squarefree
integers n < x.
(9) In this exercise we shall prove that

/2T 1C(1/2 + it)|? dt < T(log T)2.
T

The actual size is T'(logT'), and we shall invent what we need in the next lecture to
remove this power 2 in the logT".
(a) Let A(t) =>_,<x QTEZ)- Using |z|* = 2z, prove that

/T AW |?dt =T Z la(n)|* +i Z a(m)a(n) ((1?;(2/7:) - i:;é:l)/;)) '

In the sum above we call the first sum the diagonal, because this contribution
comes from the terms m = n. The other sum is the so-called off-diagonals,
because they come from the terms m # n.
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(b) Let us now split the off-diagonal into close terms and far terms. m,n are close to
each other if |m —n| < n/2, and they are far away from each other if |m —n| >
n/2. Show that the main contribution from the off-diagonals come from the close
off-diagonals, and that all in all the off-diagonals contribute something that is

< Xlog X ) la(n)l.
n<X
Hint: The inequalities 2|a(m)a(n)| < |a(m)|* + |a(n)|* and
log(m/n) > c¢(m —n)/n>c(m—n)/X

may be useful.
(¢) Conclude from (a) and (b) that

2T
/ ABPd<T Y o) + Xlog X 3 Ja(n) .
T n<X n<X
(d) Use (c), Problem 4 and Problem 6 to prove that

/2T 1C(1/2 + it)|? dt < T(log T)2.
T
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Week 4

(10) Let F(s) = 5, f(n)n™* and G(s) = >_, -, g(n)n~° be two Dirichlet series which
converge absolutely for Re(s) > o7 and Re(s) > o5 respectively. Prove that for any
a > oy and b > g3 we have

lim i/T Fla+it)G(b—it) di = Z%.

T—oo 2 -T 1
nz

Hint: Write out the integrand explicitly and use that sin(z)/x is bounded. See The-
orem 11.15 in Apostol’s “Introduction to Analytic Number Theory” for inspiration.
(11) Use Problem 10 to prove that

T
lim —/ IC(o +it)[2dt = ((20)

-T
for o > 1.
(12) Use Problem 10 to prove that for o > 1 we have

imi g o+ i) |4 :C4(2‘7)
| /T|C( +at)|*dt (o)

(13) Use the approximation formula for ((o + it) inside the critical strip, as well as
Montgomery—Vaughan’s mean value theorem to prove for % < o0 <1 that

2T
/ 1C(o +it) [ dt < T¢(20).

T
(14) Let k be a positive integer and let di(n) be the coefficients satisfying

s = 3 2

n>1

for Re(s) > 1. We have seen that 3 ;. n~ 127" provides a good approximation to
C(1/2 +it) for T <t < 2T, so it is not unreasonable to believe that
d(n)
> i
n<X

should provide an approximation to ¢¥(1/2 + it) for some t’s depending on X. We
are now going to postulate an upper bound for the magnitude of

2T
/ 1C(1/2 4 it)|*F dt

T

out from this heuristic.

(a) Use the Euler product definition for ((s) for Re(s) > 1, as well as the following
Taylor series expansion

(1—s)7F= Z ws{ valid for Re(s) < 1,

to show that DGk +0)
_l’_
0\
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for prime powers p‘. By multiplicativity, we can extend to get a formula for
di(n) for all n.

(b) Prove that di(n) counts the number of ways to write an integer n as a product
of k integers. Notice that this interpretation is only valid for £ an integer, but
the formula in the previous point is valid for all £ > 0.

(c) Prove that dy(p) = k and that dj(p*) < p* for £ > 2 for any € > 0

(d) Prove that for X < 7'~ (¢ > 0 small), we have

[ o oy oo )

2
n<X n<X p<X p p

and conclude by (c) that the Euler product behaves more or less like

pg{(ljtlg).

(e) Use 1+ z < e” to conclude that
2

2T Z dk (n)

T nl/2+it

n<X
Remark: The analysis above can be refined to give < instead of <. Furthermore
the heuristic above is the first part of the proof of Heath—Brown that

dt < T(log X)¥.

2T
/ C(1/2 + it)P* dt > T(log T)*.
T
This holds for all £ € Q- assuming nothing and for all £ > 0 assuming the Riemann

Hypothesis. The reason that the analysis we did above cannot lead to a proof for

2T
/ 1C(1/2 + it)|* dt < T(log T)**
T
is that for > _ Tﬁ’j—gﬁ)“ to provide a good approximation for ¢¥(1/2 + it) we would
have to take X really big, breaking X < T.
(15) Prove that

/2T 1C(1/2 4 it)| dt < T(log T)Y2.
T
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Week 5
(16) Let X = T%? and let

1
D(t) = Z /2t

n<X

(% /TQT |D(t)|2dt)2 = (log T)*.

(b) Let da(n) be the coefficients of the Dirichlet polynomial G(t) := D(t)?. Use the
fact that

(a) Prove that

Z (dQ(:))Z = ﬁ(log z)?,

to prove that
1 2T
—/ |G(t)]* dt < (logT)*.
T Jr
(c¢) Conclude that mean values of Dirichlet polynomials in general do not respect
multiplication:

(7 [ pwra) (1 [ 1o0ra) # 1 [ peoor e

(d) Bonus: Prove the provided asymptotic in (b) using Perron’s formula. For
inspiration, see p. 11, Proposition 4 in the Lecture notes of Winston Heap.

(17) In this problem we will prove that in certain cases mean values of Dirichlet polynomial

respect multiplication. Suppose we are given two Dirichlet polynomials A;(s) and

As(s) defined by
Ai(s) =Y aj(n)n™*
nes;
for 5 = 1,2. Assume that all the elements of S; are coprime to the elements of S,.
Suppose furthermore that for any n; € S; and ny € Sy we have nyny < T'¢ for any
small ¢ > 0. Prove that in this case

%/TZT|A1(it)A2(it)|2dtx (% /TQT]Al(it)th) <% /T2T|A2(it)\2dt).
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Week 6
(18) Try to read and understand the proof of the following Lemma from 9.4 in Titchmarsh.

9.4. We shall now prove the following lemma.

Lemma. Let 0 < o« < B < 2. Let f(s) be an analytic function, real for
real s, regular for o > « except at s = 1; let

Rf(2+it) =m >0
and fle'+it) | < M,y (0 =0, 1 < <)
Then if T' is not the ordinate of a zero of f(s)

. T 1 3
larg f(o+1T")| < log{(e—w)/(2—P)} (logMa,Tﬂ‘i—lOgE)-}—? (9.4.1)

fora = 8.
Since arg f(2) = 0, and

arg f(s) = arcta,n{ I_f(s)}’

Rf(s)
where Rf(s) does not vanish on ¢ = 2, we have
larg f(2+iT)| < }m.

Now if Rf(s) vanishes ¢ times between 27" and B-+i7T, this interval
is divided into ¢+-1 parts, throughout each of which R{f(s)} > 0 or
R{f(s)} < 0. Hence in each part the variation of argf(s) does not

exceed . Hene®  Jargf(s)l < @ +dm (o = B.
Now q is the number of zeros of the function
9(z) = H{f+iT)+f(z—iT)}

for I(z) = 0, 8 < R(z2) < 2; hence ¢ < n(2—pB), where n(r) denotes the
number of zeros of g(z) for z—2| < r. Also

2—a 2—q

/ n(r) n(r) 2—a
bk S04 Ndr > n(2— e«
f , dr > f . dr = n( ﬁ)logz_ﬁ,
0 22
and by Jensen’s theorem
2—a 27

f Mg — L f log|g{2+(2—a)ei®}| df—log|g(2)|
0 0

< log M, 7.,+log 1/m.

This proves the lemma.

(19) Use the previous lemma to prove that if

hx(s)=1—(fx(5))* =1 (C(s)Mx(s) — 1)*
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(where Mx(s) =3, x “T(Lf)), then

/ (arg(h(og + it)) — arg(h(o +i7T'/2))) do < log T,

o0
and oy > 1/2. This finishes the proof of Theorem 9.16 we did in class.
(20) Recall the Riemann &-function:
-1

es) = 20 Daver (2) (o)
with Hadamard factorization:

5(3) _ eA-I—Bsr[ (1 . f) es/p7

; P
where the product runs over the non-trivial zeroes of (.
(a) Fix ~, and define
B

f(ﬂ):m~

Show that if 0 < 8 < 1, then f(8) > B/(1 ++?). Deduce from this that, if

0 < <1, wehave f(5)+ f(1—5) = f(0) + f(1),
(b) Deduce that if p = 8 + 4 is a non-trivial zero of ((s) with § # 3, we must have

9\ 1/2
ly| > (—1 — E) ~ 9.25

Thus RH holds up to height at least 9.25.

Remark: We can go a bit longer than 9.25. In fact, RH is verified up to height
3 - 10'? by Platt and Trudgian (2020) by the use of supercomputers and very
precise algorithms. Actually they did go slightly beyond 3 - 102 and up to this
height they found 12363 153 437 138 zeroes.
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Week 7

(21) Consider the zeroes of Riemann zeta with imaginary part bigger than 0. Order them
by their absolute value. Prove that if p,+1 = 811 + ©Yne1 is the "next” zero after
Pn = Bn + 17, then their vertical distance 7,11 — 7, is bounded (and indepedent of
the height 7,). Le. prove 7,41 — v, = O(1) for consecutive zeroes.

(22) Assuming RH we can prove that

logt
S5(t)=0 (loglogt) '

Assume RH and and use the displayed result above to show that

1
Y1 — TV =0 | ——— | .
log log vn

Remark: It is possible (but by no means a trivial task) to do logloglog~, in the
denominator with no assumptions.

(23) (a) Show that X
2.7

diverges, where the sum is over the non-trivial zeroes of the Riemann zeta func-
tion. Hint: |1 —w| < el*l. Also it may be helpful to find an asymptotic for the
Riemann &-function, £(o) as ¢ — oo, by means of Stirling’s formula.

Z 0
1+E

converges for any ¢ > 0. Hint: Use the formula for N (7).
(24) Compute an upper bound for

2T
/
assuming X <7
Bonus problem: Compute the same guy but with power 4 instead of 2, with the
additional assumption that X < T2

2

dt

1
Z pl/2+it

p<X
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Week 8

11

(25) Recall Stirling’s formula, which says that in any fixed strip a < o < /3, we have as

t — oo that
logT'(0 + it) = (o + it — 1) log(it) — it + 1 log(2m) + O(t ™).
Write the functional equation of the Riemann zeta function in the form

() = x(s)¢(1 = s).

L1
otit—y T
X(5) = (%”) +5) (1 Lo (%)) |

TS(t) logT
—dt=A
oo ()

Prove that

(26) Prove that

for some constant A.

(27) Let s = 0 +it, and denote a general critical strip zeta zero by p = 4+ iv. Show that

¢
¢

uniformly for —1 < o < 2.

()= 3 ﬁ+0(logt)

[t—I<1

(28) We may define log((s) as an analytic function in the half-plane ¢ > 1 such that
log (o) > 0. Which horizontal rays should be removed from C so as to allow analytic
continuation of log {(s) to the left of this half-plane? Show that the previous exercise

implies that
log¢(s) = log(s — p) + O(log1)

[t—vI<1

uniformly in the domain thus obtained when —1 < ¢ < 2 and we require m <

Im(log(s — p)) < 7.
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Week 9

(29) Deduce the precise remainder term in the second displayed formula in Lemma 1 of
Radziwill and Soundararajan; clarify also how this term depends on k. (This problem
is essentially about finding out how much non-square-free numbers contribute to the
moment. )

(30) Deduce the estimate (6) of Radziwill and Soundararajan.

(31) Deduce the second estimate in Lemma 3 of Radziwill and Soundararajan (the one
that “follows similarly”).

(32) It said on page 3 of Radziwill and Soundararajan that there is “considerable latitude
in choosing parameters such as W”. Could you elaborate on this statement and
perhaps make it more quantitative? Why do we make these choices?
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Week 10

(33) Let X, be a sequence of i.i.d. random variables with mean 0 and variance 1. Deduce
a CLT for the sums qu X,/p?, 0 >0, when x — oo. Reflect on how such a result
could have been obtained via moments, and compare with the proof of Selberg’s CLT.

(34) Exercise 10 i Tao’s blog post.

(35) Exercise 27 in Tao’s blog post.

(36) Verify the first step in the proof of Thm. 13 in Tao’s blog post, i.e., that it suffices
to prove convergence of the expectations of ¢(X,,) to that of p(X) for all Schwartz
functions .
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Week 11

(37) Take (11) and the Theorem in Montgomery’s paper for granted. Deduce the conjec-
ture on pp. 183-184.

(38) Verify the assertion made on the top of page 184 of Montgomery’s paper, namely
that the pair correlation conjecture implies that almost all the zeros are simple.

(39) Use Perron’s formula to deduce the formula from Landau’s book found on the bottom
of page 185 of Montgomery’s paper.

(40) Explain why the crucial point in the case o > 1 is to compute the integral (32) in
Montgomery’s paper.
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