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Chapter 1

Background material

1.1 Background on matrix theory

Let A be a n x n-matrix with real (or complex) entries, we write A € R™*" (or A € C"*").
We say that A is diagonalizable if it exist a matrix X € C™*" such that

A1
A
A=X"1AX = ’
An

Every A; € C is called egenvalue of A. The matrix X has n columns denoted by X =
[z1,...,2,], and every x; € C™ is called egenvector (associated to the egenvalue A;). We
write a diagonal matrix as A above, in the following form

A = diag( A, - .., \n).

1.1.1 Jordan form

For any A € R™*" (or A € C™*") it exists a matrix M € C™*™ such that

J1

. J2 .
M™7AM =J = . , (block-diagonal). (1.1)

Jk

Here J; is a m; X m;-matrix, and Zle m; = n. The Jordan-blocks J; have the form

J; = h . ity > 2
S
Ai
and J; = [N;] if m; = 1. If all m; = 1, then & = n and the matrix is diagonalizable. If A
has n distinct egenvalues, it is always diagonalizable. The converse is not true, that is a

matrix can be diagonalizable even if it has multiple eigenvalues.

iii



iv CHAPTER 1. BACKGROUND MATERIAL

1.1.2 Symmetric matrices

When we talk about symmetric matrices, we mean normally real symmetric matrices. The
transpose AT of a m x n-matrix A, is a n x m-matrix with a;; as the (ij)-element (a matrix
whose columns are the rows of A). A n x n matrix is symmetric if A7 = A.

A symmetric n X n matrix has real eigenvalues Aq,..., A, and a set of real orthonor-
mal eigenvectors xy,...,x,. Let (-,-) denote the standard inner-product on C", then
(xi,z;) = 0;; (Kronecker-delta).

A consequence of this is that the matrix of eigenvectors X = [x1,...,x,] is real and
orthogonal and its inverse is therefore the transpose

X t=XxT
The diagonalization of A is given by

A=diagAi,..., ), X=l[z1,...,2,], XTX=1IXT'AX=AsA=XAX"T

1.1.3 Positive definite matrices

If A is symmetric and (z, Az) = 27 Az > 0 for all 0 # x € R™ A is called positive definite.
A (symmetric) is positive semi-definite if (z, Az) > 0 for all z € R" and (z, Az) =0
for at least a x # 0.

A positive definite < A has only positive eigenvalues.

A positive semi-definite < A has only non-negative eigenvalues, and at least a O-eigenvalue.

1.1.4 Gershgorin’s theorem

Gershgorin’s theorem. Is given A = (a;;) € C™*". Define n disks S; in the complex
plane by

Sj=q7€C:lz—ayl <) lag
k)

n
The union S = USj contains all the eigenvalues of A. For every eigenvalue A\ of A there
j=1
is a j such that A € §;.

Example.
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Proof of Gershgorin’s theorem: Let A be a eigenvalue with associate eigenvector x =
[€1,...,&]T # 0. Choose £ among the indexes 1,...,n such that |&| > [&], k=1,...,n
and so |&| > 0. The equation Ax = Az has component ¢:

Zaek&c =2 = A —aw)é = andy
k=1 =,

Divide by |&| on each side and take the absolute value
pmanl = [San| < 3o 'é’“,' < Y laul

kA kA0 kA
Then we get A € Sy.

Example. Diagonally dominant matrices with positive diagonal elements are positive
definite. Why?

1.1.5 Vector and matrix norms

Consider a vector space X (real or complex). A norm || - || : X — R satisfies the following
axioms

1. ||| >0 for all z, ||z]| =0 < z = 0.
2. [Jaz]| = [eflz] (o €R(C))

3. [l +yll < =l + llyll

Examples. x = (§), X = R".

n n 1/2
Izl =" 1l llalle = <Z rfﬁ) el = max 6.
k=1 k=1
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The matrix spaces R™*™ and C™*™ are also vector spaces over R (C). We say that || - ||
is a matrix norm if for all 4, B € R™*" (C"*™)

1. ||A| > 0 for all A, [|A] =0< A =0,

2. [leAll = [ell[All, - (e € R(C)),
3. [[A+ Bl < [lAll +[IB],
4. ||A- Bl < [[All - [IBI]-

Remark. The last point requires that a matrix-matrix product is defined (this operation is
not defined in a general vector space). In abstract terms the axioms 1-4 give an example
of Banach-algebra.

Example. The Frobenius-norm of a matrix is defined as

1/2

Al = >0 lagl®

j=1 k=1

1.1.6 Consistent and subordinate matrix norms

A given matrix norm is consistent with a given vector norm on R" if
|Az| < [|A]l - ||z|| forall AeR™", zeR"

A given matrix norm is subordinate to a given vector norm on R™ if

A
4] = max 1421
220 ||z

Examples. We give here as examples some of the most common subordinate matrix
norms. We look for matrix norms subordinate to the three vector norms || - |1, || - [|2 and

1. Let || - || be the matrix norm subordinate to the vector norm || - ||;. One can show

that A € R™"*" (C"X") is
n
Al = 4.
[ Allx lfgnlglgn; |k

In other words we can say that ||A||; is the “maximal column-sum in A”.

2. To find the matrix norm subordinate to the vector norm || - |2 we must define the
spectral radius of a matrix M € R™™ (C™*™). If A1,..., A, are the eigenvalues of
M, we denote the spectral radius of M by p(M), and it is defined as

p(M) = max |\l (1.2)

If we plot the eigenvalues of M in the complex plane, the spectral radius is the
minimal radius of a circle centered in the origin and containing all eigenvalues of M.

We define now the 2-norm of a matrix A as

[All2 =/ p(AT A).
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Note that AT A is positive (semi)definite, so all the eigenvalues are real and positive.
Taking the square root of the biggest eigenvalue, we obtain ||Al|2. Note also that
the spectral radius of A can be very different from (the square root of ) the spectral
radius of AT A. On the other hand if A is symmetric then ||A[s = p(A).

3. Let || - ||oo be the matrix norm subordinate to the vector norm || - ||o. We have

n
Ao = max Y |ai-
k=1

1<i<n
That is ||Al|s is the “maximal row-sum in A”. Observe also that || A} = || AT ||

1.1.7 Matrix norms and spectral radius.

For any matrix norm || - || it is true that

IA]l = p(A). (1.3)

Proof: Let x be a eigenvector of A associated to an eigenvalue A such that
Ax = Az,
Let y € C" be arbitrary. Then we have
Alay") = (Az)y" = May"),

such that
[A(zy™)|| < Al lzy™ |-

As a consequence
Al lzy "I = 1My = 1Ay < AN lzy .
Therefore |A| < ||A]|, and since this is true for every eigenvalue of A, it must be p(A) < ||A4]|.

Question to the reader: What is wrong with the following line of reasoning

ANzl = Azl = [[Az]| < [[A]fl=]]  ete.

Convergent matrix. A matrix A is said to be convergent (to zero) if

AF 50 when k — .

’A sufficient criterion. If ||A|| < 1 for a particular matrix norm, A is convergent.

Proof.

1AM = [l A- A < AL AR < < AR =0 A < 1

Necessary and sufficient criterion. A is convergent if and only if the spectral radius
p(A), defined by (1.2), satisfies p(A) < 1.
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Proof: We use Jordan form, and let A = MJM ™" where M € C™" and J is like in
(1.1). Then we have A2 = MJM'MJM~' = MJ?M~!, and by induction we get
AP = MJ*M~'. Now A* — 0 if and only if J¥ — 0. And J¥ — 0 if and only if
every Jordan block JF — 0. Assume such a Jordan block has diagonal element A and the
m; X mij-matrix F' has its (7,7 +1) elements, for j = 1,...,m; —1, equal to 1, and the other
elements equal to zero. Then J; = AI + F' where I is the identity matrix. The matrix F
is nihilpotent, i.e. F" =0, m > n. We assume that k£ > n — 1 and compute

k n—1 n—1
k k m
== 3 (Enrn = § (Mo = $ e
m=0

where ¢r(A) = A¥/k!. When k — oo then @lgm)(A) — 0 for 0 <m < n—1if and only if
|A| < 1. This must be true for all Jordan blocks (i.e. eigenvalues of A) and this concludes
the proof. [J

1.2 Difference formulae

1.2.1 Taylor expansion

1 free variable. Let u € C""!(I) where I C R is a interval of the real line. This means
that the n + 1-th derivative of u exists and is continuous on the interval I. Then the
following formula is valid.

Taylor’s formula with reminder. Withz € I, x + h € [ is

n hm
u(x +h) = Z oo} u™ (z) + 1,

m=0

where
hn+1

mu(’"‘“)(er On), 0<6<1.

T =

2 free variables. Assume now that u € C"*1(Q) where Q C R2. It is convenient to use
a operatornotation for the partial derivatives. We write h = [h, k|, and let

0 0 ou ou
h-V:=h— — je. h-Vu=h— —
h8x+k8y e Y h8m+k8y

The operator produces the derivative of a function in the direction h = [h, k|, and we find
the directional derivative.

We can also define powers of the operator by for example

B 0\? 02 02 02
. 2 = —_— —_— = 27 27
(h-V) <hax+k8y> U +2hkax8y+k 37

The extension to the m-th power is obvious. then we can write
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Taylor’s formula with reminder for functions of two variables.
n 1 m
u(x—i—h,y—i—k):Z(h;x—i—kaa) u(z,y) + rn (1.4)
where
T S h2+k2 n+1u(w+9h +0k), 0<0<1
"T ) Mo T Yoy YT IR '

We have here assumed that the line segment between (z,y) and (x + h,y + k) is included
in €.

Derivation of the previous formula. We look at a function of one variable p(t) =
u(x +th,y+tk) for fixed z,y, h, k. Using Taylor’s expansion with reminder for the case of
one variable for p(t) around ¢ = 0, we obtain the two variables formula by setting ¢ = 1.

1.2.2 Big O-notation

Let ¢ be a function of A and p a positive integer. Then we have
¢(h) =O(h?) when h —0
if there exist two constants C, H > 0 such that
|p(h)| < C|h|P when 0<|h| < H.

If this holds, we say that ¢(h) is of order p in the variable h.

The typical use of the big O-notation is in connection with the local truncation error
in numerical methods. For example in the Taylor expansion in one variable

prtl
Y ' , M = max|u
(n+1)! (n+1)! yel

where we know that the maximum exists if I is a closed, and bounded interval. So in this
case we have r, = O(h"*1).

Note that with the definition above for positive integers p we have

¢(h) = O(W*™) = ¢(h) = O(hP).

™ (z 4 0n)| <

n+D(

Y|

|7n| =

Therefore sometimes when we write ¢(h) = O(h”) we mean that p is the biggest possible
integer such that this is true. Often it is convenient to write O(hP) in formulae with sums,
like for example in the Taylor expansion of u above we replace r, with O(h"*1) such that

u(x + h) = Zﬁu ™) (x) + O™+,

In general we have that ¢(h) = O(hP¢) and ¥(h) = O(hP*), then

¢(h) + ¢(h) = O(h?), where g = min(pg, py)-

But sometimes one can get higher powers. An obvious example is when ¢(h) = h?,
Y(h) = h3 — h?, each of them is O(h?) but their sum is O(h3). If you multiply a function
#(h) by a constant (# 0), the order does not change.
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1.2.3 Difference approximations to the derivatives

We introduce a grid on R i.e. a monotone sequence of real numbers {x, } where z,, € R.

| | | | | | | |
Tn—-1 Tn Tnt1

Assume that u(z) is a given function, u € C9(I), for a ¢ which we will specify later. Let

Up = u(zy), ul™ = o™ (z,).

Assume the grid points x,, are equidistant, i.e. x,y1 = x, + h for all n, where h € R is
called step-size. We want to approximate u,(lm) with expressions of the type

q

Z ApUn4e

t=p
p < q are integers, and typically p < 0 and ¢ > 0.
Truncation error. We define

q
Tn(h) = Z AgUn+e — ung)

L=p

The strategy is to choose p and ¢, and then compute the ¢ — p + 1 parameters a,,..., a4

such that 7, is “small”.
By Taylor expansion we obtain

Upte = u(zy + Lh) =
where 7, = O(h¥™!) and v > m, such that

q v

1 m v

Tn = Zag E(Zh)kug“) —u{™ + O(hHY,
l=p k=0

which can be rearranged in the form

vk q
Tn = Z o Zaﬂk ul) —ul™ 4 O(h Y.
k=0 l=p

We want that 7, = O(h") with r as big as possible. To approximate u%m) we need to

impose conditions on p and ¢. Set j := ¢ — p. In order to get consistent approximation
formulae (i.e. such that 7,,(h) — 0 when A — 0), we must require j > m. We choose then
ap, . .., aq such that

R 0 0<k<m-—1,
k
EZK aw=1{ 1 k=m, | (1.5)
l=p 0 m+1<k<y.
Note that we have ¢—p+1 = j+1 free parameters ap, . . ., ag we can use, and the conditions

in (1.5) must be satisfied for 0 < k < j, this means a total of j + 1 conditions. The system
of equations has a unique solution for h # 0. If we choose a; from (1.5), and assume v > j,
we obtain the following truncation error

This methods is called the method of undetermined coefficients.
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X1

Example. m =1 (u}). Choose p=—1, ¢ =1, j =2. We want to find a_1, ag, a;. We

write j + 1 = 3 equations i.e. k=0,1,21 (1.5).

k=0 a_1 -+ ag -+ ag = 0 a1 = —ﬁ
k=1 —ha_1 + 0-a9 + hag = 1 |= ay = 0

k=2 h2a_1 + 0-ay + h?a;

0 al =
Looking at the first terms in the local truncation error we obtain

hE 1 1 u(28+1)
T < AT ) 2 25+ 1)!

s=1

In the last equality, we have used the fact that the terms with even k disappear, such that
we can put k =2s+1 and let s =1,2,.... We have omitted the upper limit value for the
index s on purpose because the number of terms we include in the remainder depend on
the circumstances. Since the first term in the expression for 7, is of type h?, we say that

the formula is of order 2.

Some more formulae. Other popular difference approximations are

U —u

m=1 % = u%+%hu§’b+--~

Uy, — Uy
U — 2Up + Up—

m=2 ntl h;‘ n—t ul 4+ 1—12h2u%4) + -
Which order have these formulae?
Exercises

1. Assume m =1, p = —2, ¢ = 0 use the method of undetermined coefficients to obtain

an approximation of u$}) of the second order in h.

2. Assume m = 1, p = —2, ¢ = 1 use the method of undetermined coefficients to obtain

an approximation of u;” of the third order in h.

3. Consider m =2, p =0, ¢ =1, so that j =qg—p =1 < m. Try to construct an
approximation formula for un2 using the method of undetermined coefficients. What

happens?

1.2.4 Difference operators and other operators

Forward difference:  Au(z) = u(z + h) — u(z).
Backward difference: Vu(z) = u(z) — u(z — h).

Central difference: Su(z) = u(z + 2) —u(z — &).
Mean value: pu(x) = % (u(w 4 %) + u(x — %))
Shift: Eu(z) = u(z + h).

Unity operator Lu(z) = u(z).
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Linearity. All the operators
A? v? 57 u? E7 17

are linear. This means that for & € R, and with functions u(x) and v(x) we have
F(au(x) +v(z)) = aFu(z) + Fv(z),
where F' can be any of the operators above. Let us verify this for F' = A.
Alau(z) +v(z)) = (au(zr+h)+v(xz+h)) — (cu(z) +v(z))
= o(u(x+h) —u(@)) + (v(z+ h) —v(z)) = aAu(z) + Av(z).
Powers of the operators. Let F' be one of the above defined operators. We can define
powers of F' as follows

FO=1,  Ffu(z) = F(FFu(x)).

Example.
du(z) = u(z+ %) —u(x — %),
Su(z) = 0(6u(z)) = du(z + &) — du(z — &) = u(z + h) — u(x) — (u(z) — u(z — h)),
= u(z+h)—2u(z)+ulx —h).
Another interesting example is the shift operator. We observe that EFu(z) = u(z+kh).
In this case it is easy to extend the definition to include all possible real powers, simply by

defining E*u(z) = u(z + sh) for all s € R. For example we have E~ u(z) = u(x — h) and
this is the inverse of E since Fu(z — h) = E~ u(x + h) = u(z).

Relations between the difference operators.
Au(z) = wu(z+h)—u(z) =Fu(r) — lu(z) = (E —1)u(z),
Vu(z) = u(z)—u(z—h)=1u(z)— E  uz)=(1—-E YHu(z),

u(z) = u(z+ g) —u(z — g) = (EY?2 - 7Y% u(2),
pu(r) = % <u($ + g) +u(x — Z)) = %(El/2 + E7Y2) u(z).

In a more compact notation we have
A = (E-1),
V = (1-E7Y,
5 = (E1/2 o E71/2)’
M =

And now we have for example

such that
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1.2.5 Differential operator.
Define d
D= o that Du(z) = u/(x).

Let
D™u(z) = u'™(z).

If u(x) is analytic! in an interval containing z,x + h we have

uz+h) =Y %Dmu(aj) = <Z Ti!(hD)m> u(z) = P u(z).
m=0 m=0

We think of this only as a notation. We have
Eu(z) = e"Pu(z),

and then E = P

Relation between D and the other operators.

ml
m=1

A = hD+— (hD)

We will see that under the extra assumption that v is analytic we can make manipulations
with analytic functions in the way we are used to. The meaning is always that the final
result is expanded with a Taylor expansion and is interpreted as a sum of powers of oper-
ators which are applied to a smooth function. The analyticity requirement can always be
relaxed by considering a Taylor expansion with reminder, and requiring the function to be
differentiable only a finite number of times.

We consider powers of A, and we obtain

00 k
k (hD)m _ 1 knk k k+1 nk+1
A_(Z_l m!)_hD+2!h DF1 4

or

k
AFu(z) = W DFu(x) + gthDkHu(x) + -

showing that A¥ /R is a first order approximation (truncation error O(h)) of the operator
DF.
Note that for s € R we have

Efu(z) = u(z + sh) = Z k' = "Dy (x)
k=0

which reflects known computational rules. For central differences we can therefore write

§=FEY2 _p12 = e%hD — e*%hD = 2sinh h7D

!By analytic function on an interval we simply mean that its Taylor expansion converges in a neigh-
borhood of any point of the interval.
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We can also compute

k
. hD\* 2 (hD\? k
5k = (251nh 2) = (hD+ ? <2> + - ) = (hD)k + ﬂ(hl))lﬁ_2 + -

that is

k
oFu(z) = W DFu(x) + ﬂthDk“u(oﬁ) + -

this shows that 6% /h* is a second order approximation of D¥.
In particular we find as before that

6%u(z) = u(z + h) — 2u(z) + u(z — h) = h*" (z) + %h‘lu@‘) () + - (1.6)

It is tempting to manipulate further with analytic functions. We have seen that

)
— = sinh h—D
2 2
We write therefore formally
2 1)

It is possible to expand sinh™! z in a Taylor expansion
sinmh™lz=z2—2234 —2°— —2"T4...

so z = §/2 and by multiplying by 2/h we obtain

1 1. 3 5
D=_(6——8+ "6 2 §T4...).
h (5 2% T610% " Ties’ T )

Since we know that 6% = O(h¥) we see that we can find approximations to the differential
operator D of arbitrary high order by including enough terms in the expansion. The
manipulation we have carried out is not rigorously justified here, but it turns out to be
correct. For a detailed discussion on algebraic manipulations with differential operators,
see the textbook by Arieh Iserles, A first course in the numerical analysis of differential
equations, published by Cambridge University Press.
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Boundary value problems

2.1 A simple case example
We consider the boundary value problem
Ugy = f(2), 0<z<l1, u(0)=qa u(l)=07s, (2.1)

the exact solution can be obtained by integrating twice on both sides between 0 and 1,
and then imposing the boundary conditions. We want to use this simple test problem to
illustrate some of the basic features of finite difference discretization methods.

To obtain a finite difference discretization for this problem we consider the grid

1

xm:mh,m:O,...,M—i—l, }],:]\47-'_17

and the notation u,, := u(zy,) such that up = o and upr41 = 5. We denote with capital
letters Uy, & uy, the numerical approximation to u(z) at the grid point = = x,,.

By replacing derivatives with central difference approximations to the left hand side of
(2.1) we obtain the so called discrete problem whose solution is the numerical approxima-
tion that we are seeking, this is

1
ﬁ(Umfl —2Um—|—Um+1) =fm, m=1,..., M. (2.2)

This is a linear system of equations
AU =F, (2.3)

where Aj, is a M x M matrix U € RM and F € R™ and

-2 1 Ji— 52 i
X 1 -2 1 U, f2
Ah — ﬁ . . ) U = ) F:=
1 -2 1 Uy fvr—1
I 1 -2 L v — % i

We know that u”(2m) = 75 0%u(am) + O (h?) and we want to deduce similar information
about the error
em :=Up —um, e =0, epr+1 =0.

XV
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Let the error vector e, be

Uy
ep:=U—u, u:=

Um

We will in the sequel associate such vector to a piecewise constant function ej(x) defined
on the interval [0, 1] as follows

en(r) =em, &€ [Tm, Tmt1), m=1,..., M.

Because we are approximating a function, u(z) solution of (2.1), it is appropriate to think
of the numerical solution as a piecewise constant function approximating u(x) and similarly
for the error. We are therefore interested in measuring the norm of this piecewise constant
error function rather than the norm of the corresponding error vector, however the two are
closely related. In fact we can see that the following relationships hold:

® [lenlloo = maxo<z<i |en(z)| = maxi<m<ns |em| = [len|oo;

1 Tm
o llenll = Jfy len(@)|de = 320 [+ |en(@) dz = B35, lem| = hllenlli;

1 1
2 2 1
o llenlls = (s len(@)Pdz)* = (R0 leml)* = B3 llenlls;

and we see that in these three popular cases the vector norm is related to the function
norm of the corresponding piecewise constant function (with respect to the assumed grid)
simply by a scaling factor. A similar result is true for the case of || - [|4.

Truncation error. The truncation error is the vector that by definition has components

T1
1
Tm::ﬁ(um_l—Qum—i—umH)—fm, m=1,....,.M, 1,:=
™™

By using that u”(z,) = 75 6%u(wm) — %iﬂu%) + O (h*) and u}}, = f,,, we obtain
1 1
T =l + Emugy +O W) ~ f = Emu,g:%) +0 (hY).

Equation for the error. The relationship between the error e, and the truncation error
is easily obtained: recall that by definition

Th = Ahu - F,
rearranging and subtracting this from AU = F we obtain the important relation
Aeh = —Th (2.4)

which can be also written componentwise as

1
ﬁ(em_l —2em+emi1) = —Tm, m=1,..., M.
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Definition. A method for the boundary value problem (2.1) is said to be consistent with
the boundary value problem with respect to the norm || - || if and only if

||mn]] = 0, whenh — 0.

Consistence in the vector norm || - || implies that the corresponding piecewise constant
function tends to zero as h tends to zero in the corresponding function norm, this is because
of the relationship between vector and function norms as we have seen for || - |1, || - ||co and

- Il2-

Definition. A method for the boundary value problem (2.1) is said to be convergent in
the (function) norm || - || if and only if

llen|| = 0, whenh — 0.

Definition. Stability. Assume a difference method for the boundary value problem (2.1)
is given by the discrete equation

AU =F,

where h is the step-size of discretization. The method is stable in the norm | - || if there
exist constants C' > 0 and H > 0 such that

1. A,:l exists for all h < H;
2. |4, < Cforall h < H.

The matrix norm in which we should prove stability is the one subordinate to the
chosen function/vector norm in which we want to prove convergence.

Proposition. For the boundary value problem (2.1), stability and consistence with
respect to the norm || - || imply convergence in the same norm.

Proof. We use (2.4) to obtain a bound for the norm of the error. Since we have stability
Ay is invertible for all h < H and therfore

ep = —A;lTh.
Then
1o _
llenlly < Al Az lalimalle = 1145 Hlall7ally < Cliallg,

and we conclude that [les|l; — 0 as h — 0 because so does |73 ||4-

For the case || - [ls the vector norm of v.€ R™ and the function norm of the corre-
sponding piecewise constant function defined on the grid coincide, so to include this case

1
we can conveniently adopt the notation hé = limy o he = 1.
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2.1.1 2-norm stability for the case example

Observe that the eigenvalues of the matrix (2.3) are

2
)\m:ﬁ(cos(mﬂh)—l), m=1,...,M,

and the corresponding eigenvectors v’ have components

vt =sin(mmjh), j=1,...,M.

Since by definition ||Ap|2 = 1/p(AL Ap) then because Ay, is symmetric ||Ay]|2 = p(Ap).
Denote with o(B) the spectrum of the M x M matrix B (the collection of all the eigenvalues
of B), then ||Ap|2 = maxycq(a,) |\l Analogously

1
Al =pA4 ) = max M= —.
H h H2 p( h ) )\EO’(Ah) | ’ mln)\EU(Ah) |)\|

Using the series expansion cos(z) = 1 — % + % + O(25), with z = m 7 h in the expression
for the m-th eigenvalue we get

_ 2 (mﬂh)Q (mﬂh)4 6y )\ _ 2_2 2
)\m—h2<— SR + O(R®) ) = —m*7* + O(h?),
and
min |\ = |\| = —7% + O(h?),

)\GO’(Ah)
such that

_ 1 1

”Ahl”g = m — P, When h — 0,

and so there exist C' > 0 and H > 0 such that [|A;'||]s = P\%I < C for all h < H, which
proves stability of the proposed difference scheme in the 2-norm.

Exercise. Using the estimates for || A} '||2 and ||7||2 obtained in this section, prove that

1 h25
lenll < —5 =5 1"l + O(*?),

assume f is twice differentiable.

2.1.2 Neumann boundary conditions
We consider now the boundary value problem

Ugr = f(), O<z<l1, v (0)=o0 u(l)=24, (2.5)
and we propose three different discretizations of the left boundary condition which com-

bined with the earlier consider discretization of the second derivative will lead to three
different linear systems. In this case the matrices we obtain are no longer symmetric.
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Case 1

We approximate u'(0) = o by

fi

fv—1

Xix

Uy -Uy ”
h )
and combine this discrete equation with (2.2), this leads to the (M + 1) x (M + 1) linear
System
AU =F,
where
b on - _
) 1 -2 1 Uo
Ah = ﬁ . . ) U= ) F:=
1 =2 1 Uy

This leads to an overall method of order of consistency 1.

Case 2

fu—5

To obtain order two we introduce a fictitious node external to the domain to the left of xg

which we call x_;. We approximate u'(0) = o by

ni-Ua
2h
We use this equation together with (2.2) for m =0, i.e.
1
7z (U1 =200+ U1) = fo,

and eliminate U_1.
We are left with the equation

U= Uy _ foh

h 2+0

which we now combine with (2.2), this leads to a (M + 1) x (M + 1) linear system

AU =F,

where Ay, is as in the previous case and

[ %—i—a

N

fv-1
| fu—
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Case 3

In this discretization we want to obtain order 2 without the use of fictitious nodes. We
then consider the approximation of u/(0) = o by

3Uy —2U1 + 101
h
where the left hand side gives a discretization of order two of the first derivative of u at
zero. Proceeding as in case 1, we obtain the (M + 1) x (M + 1) linear system

AU =F,
where
-3 h i, _ i
1 " 3}; ) Vo ;
1 Uy ,1
Ah = ﬁ A 5 U = . 5 F = :
1 -2 1 ' v
U
I I M | fu—
Exercise. Prove with the method of undetermined coefficients that
3 1
su(0) — 2u(h) + 5u(2h
2O =2 58 _ ) 1 o).
Neumann boundary conditions on both sides
We consider now the boundary value problem
Ugr = f(), 0<z<1, ¥(0)=09, u(1)=o01, (2.6)

and we propose a second order discretization of the boundary conditions using two fictitious
nodes external to [0, 1], z_; and zjr42. The approximated boundary conditions become

U1 — U_1 UM+2 - UM

o - o "

which we combine respectively with (2.2) for m = 0 and m = M + 1 and obtain the linear
system of equations (M + 2) x (M + 2) linear system

AU =F,
where
[ —h h i - -
1 9 1 oo+ 4 fo
) _ Uo bit
Ap = 72 - , U= , F:=
h 1 -2 1
Um+1 aYs
1 -2 1 b
i h —h | L faag — o1
But now the matrix Ay, is singular, in fact it is easy to verify that v := [1,...,1]T € RM+2

is an eigenvector of Ay with eigenvalue 0. We want to determine the condition of existence
of solutions for this linear system.
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Before we do that we consider the solution of (2.6). Integrating on both sides between
0 and 1 we obtain

1
W (1) —(0) = /0 f(x) d.

that is )
o1 —0g = / f(z)dx, (2.7)
0
this is a necessary condition for the existence of solutions of the boundary value problem
(2.6).

We now turn to the analysis of the solutions of the discrete boundary value problem

AU =F. Recall that
Range(Ay) := span{Aeq,... Aperri2},

where we denote with e; j = 1,..., M+2 the canonical basis of RM+2 and then Aper, ... Apenrio
are the columns of Ay,
Recall that
Ker(A]) = {z ¢ RM*2| ATz = 0},

and Ker(AT) is a vector space.

Proposition. A,U = F admits a solution if and only if F € Range(Ay,)

Proposition. F € Range(4;) if and only if F L Ker(AY).

Proof The proof of these two propositions is by exercise.

Since F L Ker(A?l) if and only if

vz e RM*2 g, Agz =0,Flz=0,
we need to characterize z = [20, ..., 2p+1]7 generic element of Ker(AY), this amounts at
finding the solutions of the homogeneous linear system Azz =0,

i —h 1 20 0
h -2 1 . .
1 1 -2 1
ﬁ . = )
1 -2 h : :
i 1 —h | [ 2m+1 | | 0]
and we find that the solution is z = [z, hzo, . .., hzp, ZQ]T e RM+2 for any value of z5 € R.
Then
h M h
Flz=0« 20(fo +0) + hzo > fmt 20(fu1g +01) =0,

m=1
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for all zg and for zg # 0 we can divide out by zg to obtain the condition
M
h h
o1 —00= f0§ + hmil fm + fM+1§-

We easily recognize that this condition is the discrete analogous of (2.7) and in fact the
right hand side is the composite trapezoidal rule applied to the integral of f(z) on the
discretization grid.

2.2 Linear boundary value problems

Consider the general linear boundary value problem

a(z)u”(z) + b(x)u' (z) + c(z)u(x) = f(z), a<x<b, wula)=a, ulb)=24,

b—a
M+1

a discretization of this problem on the grid z,, =a+m- h, h = is

Umfl - 2Um + Uerl
[07%%) h,2

Um+1 - Um

o L enUn=fm, m=1,...,M

+ bm

and an, := a(Tm), by = b(xm), ¢m = c(zy,) and Uy, = uy, := u(xy,). The corresponding
linear system of equations has the form

[ h%ci —2a1 a1+ h% 1T U C fi—a(s - b
as — h%‘z h2cy —2a9 a9 + h%’ r
1 —
h2 —
aM-1 JrhbM; fav—a
i am —h%t hPey —2ay ] L Unm | | far = BOH + 55)

The linear system we obtain will in general be not symmetric.

2.2.1 A self-adjoint case

Suppose now we want to discretize
(h(x)u'(2)) = f(z), a<x<b, wua)=a, ulb) =24,

we could differentiate out the left hand side to obtain a problem of the class described
above, i.e
K(z)u" () + k' (2)d (z) = f(z)

this is however not the best strategy because, as we have seen, this leads in general to non
symmetric linear systems. Consider now the differential operator £ defined as follows

this operator is self-adjoint with respect to the Ls([a,b]) inner product,

b
(f.g) = / f@)g(x)dz, g € La(la,b]).

This motivates the search for a symmetric discretization Ay, of L.
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h

To achieve this we consider the mid-points of the grid x,_1 = x,, — 5 and T 1 =
2 2
Tm + %, we then consider the following approximations
U — Uy
Km—%u;‘n_l = /@m_%% + O(hQ)
2
and
U —u
K’er%u;n—i-% = Km+%$ + O(h2)
We use these two to produce
(su'Y1,, = 2 ( ) o)
KU ‘wm_hZ ﬁmf%um,l— /@m7%+/im+% um+mm+%um+1 + .

The methods is of second order and the linear system we have to solve is

- - _ Ky

(ky+rg) A 0, fi - ozt
n% —(Fc%—i—fig) H% . fo
7 ]
Ky 1 : fr—1
2 Um Rora 1

L Ra-1 =Ryt Rp1) | | fu = B2
2.3 A nonlinear example
We consider the pendulum equations

0"(t) +sin(A(t)) =0, 0<t<T, 60(0)=a, 6(T) =4, (2.8)

with numerical discretization on the grid t,, = mh, m = 0,...,M + 1 and h = %

leading to the discretized equations

1

ﬁ(@m,1—2@m+@m+1)+sin(®m) =0, m=1,2,...,M.

The system of equations is now nonlinear and we denote it in a vector form as

O

Oum
where G1,(0) = A,0 + sin(0), sin(O) := [sin(O1),...,sin(Oy)]7 and Ay, is the same as
in (2.3).

The numerical solution of this system must be addressed iteratively, for example with

a Newton method:
o+l = gt _ j, (0F)~1q), (6l*),

where Jp,(©) is the Jacobian of G;,(0©), and it is easily seen that J,(0©) is a tridiagonal
symmetric matrix such that

1
hZ
cos(©;) for Jj=rt,

for j=i—1lorj=i+1,
(Jn)ij(©) = 77 +

0 otherwise,
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SO

Jn(©) = Ap + C(0), C(©) := diag(cos(©1),...,cos(Onr)).

The truncation error is

01
— —
Th = Gr(0), 0 = S, 05 =0(t).

It is easily shown by Taylor expansion that the components of 75, satisfy
1
7y = 75h 00 () + O, j=1,...,M,

this ensures that the method is consistent of order 2. As usual we want to use the connection
between error Ej := © — 6§ and truncation error 7, in order to prove convergence. In
general this connection is a bit less manageable in the case of nonlinear problems, but in
this particular example it is not too complicated.

We combine the discrete equation G1,(©) = 0 and the equation for the truncation error

_>
Gr(6) =75, to obtain .
Gn(©) = Gr(0) = —. (2.9)
From (2.9), using G1,(0©) = A0 + sin(0) we get
%
ApEp +sin(©) —sin( 6 ) = —m,
and by Taylor expansion o
0)+ C(0)E,
where C(6) is the diagonal matrix earlier defined, and the components 8; of the vector 6
belong to the open intervals (0;,0(t;)).
Due to the stability already proven for the linear case, Ay, is invertible for all h < H
and so

sin(©) = sin(

E, + AEIC(é)Eh = —A;lTh.

We here use the same notation for the vectors Fj, and 73, and the corresponding piecewise
constant functions defined on the discretization grid, the norms we consider in the sequel
are function norms. Assuming we operate in the 2-norm, we get

1Enllz < 145 2 [ICO)Enlle + I7allz) < 147"z [

~

0 E
max Jcos(On)| [ Ballz + 72

S0
(1= 145 12) | Bnllz < 1145 2lim 2
We know from earlier analysis that |4, '||ls = |T11\ where \; is the eigenvalue of Aj; with

minimum absolute value. We also obtained the estimate |\{| = 72 + O(h?) and so we can
also deduce that ||A; |2 = % + O(h?) and for h small enough ||4; |2 < 1 and we get

14, 112
[Enll2 < ——[I7nll2:
1= 14,12
Using again the estimate for || 4,2 we can obtain
Al 1
H h H2 o + O(hQ)

L[| A; e =1
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|Enl2 < I7all2 + O(h?)

m2 -1

and recalling that |72 = 5202 + O(h?) we get finally

1

T2 —

1
IBall < 5 (35210012 + 0n)

which guarantees convergence when h goes to zero, as it is easy to see that 8 is bounded
by differentiating the equation twice.



