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MA2501 Numerical Methods

Exercise set Project 2
Spring 2024

Deadline: Monday, March 22
You may write solutions in Norwegian or English, as preferable. The most important part
is how you arrive at an answer, not the answer itself.

Consider the following Newton-Cotes formulas with points p € {1,2,4}:

1-point o flx)dx = g(fg + f1)
2-point 2 f(z)de = g(fo +4f1+ f2)
4-point 4f(at) dr = %(7f0+32f1 +12fy 4+ 32f3 + Tf4)

o

where z; = zg+ hi for a fixed local mesh size h = (x, —z¢)/p. Consider the composite
integral on an arbitrary interval [a, b]:

b n Tk n p

/ f(z)dx = Z Z Z phes f (ki) (1)
a k=1 xk’—l =11=0

where x; = a+ d(k — 1) + hsi is the global node formula, § = (b — a)/n is the global

mesh size, hs = 0/p is the local mesh size, and D, is the scheme dependent constant.

Use the Newton-Cotes formulas to compute the following integrals (whose analytical

values are known) numerically:

3(36m2 + 61 + 1)(1 — e 5/3)
36m2 + 1

5
/ e /3 (sin(2mz) + 1) da =
0

3(10872 + 1)

6
3 2 _
/0 x° cos(3mx)” dr = 52

Use n = {2m}0 _, in the composite integral (1) and create a loglog-plot for the
approximation errors (one figure for each integral, 5 graphs in each figure). Describe
what you observe from the graphs. For this purpose, apply the relative error formula:
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This time, we focus on Gauss-Legendre quadrature.

a)

The Legendre polynomials are defined by the recursive relation

Lo(z) =1 , Li(z)=x
(n+1)Lpy1(z) = 2n+ 1)aLy(z) — nL,—1(z) n>1
Describe an algorithm with linear running time to evaluate L, (x) at = € [—1, 1]

for n > 0. Explain how to use it for evaluating L (z) and L (x). What are
the analytical formulas for the boundary values L, (+1), L} (£1) and L/ (£1)?

If {cos(Okn)}}_, are zeros of L, (x), then

(2k—1)7r<0 - 2km
2n + 1 > on+1

1<k<n

Derive an initial guess for an iterative solver that can find the zeros of L,,.
Describe how you can reduce the total running time with 50% by exploiting
the distribution of the zeros on [—1,1] for any n.

Describe how to use Gauss-Legendre quadrature on an arbitrary interval [a, b].

Compute the integrals below with Gauss-Legendre quadrature, using n € [1,20]:

1 2
/ 220 = 3217 4 7210 — 213 4n™ — 228 4 920 da = 3925
0

T 2142

3 1 i — -9

/ xcos(x2)e_2’2 dr — + (sin(9) . cos(9))e
0

This requires a subroutine for computing nodes and weights. Apply Olver’s
method for the nonlinear equation solving. This cubic scheme is given by

o dER) ) fy)? (3)
TR ) 2 (an)?

Plot the approximation errors in semilog-plots and describe the graphs. Use
the relative error formula in (2).
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