MA2501
NUMERICAL METHODS
NTNU, SPRING 2023

Exam 2, 17-08-2023, 09:00-13:00
GRADING DOCUMENT

In the exam one could obtain 100 points and the grade follows the usual grading scheme, that is

A B C D E F
100-89 | 88-77 | 76-65 | 64-53 | 52-41 | 40-0

Date: August 17, 2023.
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Problem 1. (QR factorisation)
10 points Consider the 4 X 2-matriz

2 1
2 _
A= X
-2 -1
-2 3

(1) (4 points) Determine the upper triangular 2 x 2-matriz R = (ryj) with r;; > 0, i = 1,2, from
the equation ATA = RTR.

(2) (4 points) Determine the matriz ) such that A = QR.

(3) (2 points) Verify that this is a QR factorisation of A.

Solution

(1) (1 point) We see that

-8 20

(3 points) From A”A = RTR we deduce R with positive diagonal entries

R: 11 T12 _ 4 -2 '
0 799 0 4

(2) (1 points) The matrix R is non-singular. We compute its inverse

Rl (1418
Lo 1/4)°

(3 points) From A = QR we deduce

111 -1
= AR 1 =2
@ 21 -1 -1

(3) (2 points) We need to verify that A = QR is a QR factorisation of A, that is, that R is upper
triangular and Q7 Q = I». The latter is checked by computation

T
1 1 1 1 1 1

1f1 -1 1|1 -1 1f1 1 -1 -1 1 —1| (10
21 -1 -1 2]1-1 =1 4\1 -1 -1 1) -1 =1 \o 1/’

-1 1 -1 1 -1 1
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Problem 2. (Iteration methods)

15 points

Let A be a non-singular n X n-matriz. Consider the sequence of matrices {X(k)}kzo computed from
the iteration method

x k1) — x (k) (2] _ AX(k)), k>0,

with initial matriz X(©). Show that the sequence {X(k)}kzo converges to the inverse A~ if and only
if the spectral radius of the matriz I — AX©) is smaller than one, p(I — AX(O)) < 1.

Hint: Given a matrix Y, recall that the sequence of matrix powers {Y*} converges to the zero matrix
if and only if the spectral radius p(Y) < 1.

Solution (5 points) From X *+1) = X (*) (2[ — AX(k)) we can deduce that
I—AX®D =7 - AX® (2] - AXW) = T —24XH®) 4 AXBAXP® = (1 — AXP)2,
(7 points) Now we see that
2k+1

T—AXGHD) — (1 — AXPN)2 = (1 — AXF=DY = (] — AX P28 — ... = (] — AX(©)

(3 points) Hence, convergence of [—AX ¥+ to zero, i.e., X1 — A=1 if and only if p(I—AX () < 1.

Problem 3. (Runge-Kutta methods)

10 points

Suppose that f(x,y) satisfies a Lipschitz condition in the second variable, y, on [to, T] x R%, with
Lipschitz constant L. Consider the fourth-order Runge—Kutta method

Ynext = Y + h®(t,y; h),
with
kl = f(t7 y)

1 1
k‘g = f(t + §h,y + ihkl)

1 1
ky = f(t+ h,y + hks)
1
(t,y; h) = (k1 + 2k + 2ks + k).

(1) Write down the Butcher tableau.
(2) Show that the function ® satisfies a Lipschitz condition for t + h € [to, T].
(3) Determine a respective Lipschitz constant L.

Solution
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(1) (1 point) Butcher tableau:

e (1 point)
€1 |air a2 a3 a4 0 0 0 0 0
co | as1 asa a3 asga 1/211/2 0 0 0
C3 | a31; azz Aas3 a3zq4 = 1/2 0 1/2 0 0
Cq4 | Qg1 Q42 A43 Q44 1 0 0 1 0
by by b3 by 1/6 1/3 1/3 1/6

(2) (8 points) Lipschitz condition:
e (1 points) Consider k; = k;(t,y; h) and k, = k(t,y'; h), for i = 1,...,4. Then

kl _kll :f(t7y)_f(t7yl)

1 1 1 1
ko — k5 :f(t+§h,y+§hk1)—f(t+§h,y’+§hk’1)
, 1 1 1, 1
ks — k5 :f(t+§h,y+§hk2)—f(t+§h,y +§hk2)

ky — k) = f(t+h,y+ hks) — f(t + h,y' + hkb).
e (3 points) Using that f(t,y) satisfies a Lipschitz condition in the y-variable yields

[y — K1 = [ f(t,y) — f(£,9)]]
< Llly — |l
ko — Kb|| = ||f(t + h,y + hk1) — f(t+ h,y + hE})]

< L1+ ShD)lly — |

ks — k5| = || £ (£ + hyy + hka) — F(t + h,y' + hK)]]
< L+ GhL 4+ 1)y )

ks — K| = || f(t + hy + hks) — f(t+ h,y + hES)]|
< L(1+hL+ %h2L2 - ih3L3)|\y —/||.

e (1 points) This implies for
B(t,y;h) — B(t,y's h) = é((kl — K§) + 20k — k) + 2(ks — K3) + (kg — K)))
e (3 points) the estimate
1Dt y: h) — B,y )| < éL(l @+ hL) + 2+ hD+ %hQLQ)
+(L+hL+ %hQLQ + %h3L3)) lly — /|
:L@+%Mﬁ%ﬁ%ﬂ+%ﬁ%ﬂ

(3) (1 point) Lipschitz constant

1 1 1
1;=;L(1 SR+ Sh2L2 47h3L3>
T gt o
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Problem 4. (Norms)
15 points
Assume that || - || is a matriz-norm on the space R™™ of n x n-matrices with real entries, which is
sub-multiplicative (||AB|| < ||A]| ||B]|). Let A € R™*™ be non-singular. Suppose that the matrix X is
an approximation of the inverse A~!. Define R := AX — I, where I € R™*" is the identity matrix.
(1) (10 points) Show that
X — A7
1 < [IR]].
1A=
(2) (5 points) Show that
IXA = I < s(A)|R]],

where r(A) := [|A]| ||A~Y].

Solution
(1) (4 points) From A being non-singular and R = AX — I we deduce that A™'R = X — AL,
(4 points) Sub-multiplicativity gives || X — A7Y| = |[|[A7R|| < [|A7Y] |R]| -
(2 points) This implies the inequality H)ﬁ;iﬁ_“l” <||R|l-
(2) (3 points) We see that from A™1R = X — A~! we can deduce that A~'RA = XA — I.
(2 points) Sub-multiplicativitiy gives || XA — I|| = |[|[AIRA|| < [|[A7Y] ||R]] ||A]| = x(A)||R||

Problem 5. (Lagrange interpolation)
15 points
Consider the function f(x) = e* — 1 with > 0, where a is a real, positive number.
(1) (7 points) Using Lagrange interpolation construct a polynomial of degree at most 2 that inter-
polates the function at o =0, 1 = 2 and xo = 4.
(2) (5 points) Calculate the sharp error bound of the interpolation for x € [0,4].

E(a) = |f(x) — pa()|

Reminder: The interpolation error bound is given by

Srles@l My = max (7O(0) and wy(e) = [[( - ).

(3) (3 points) Using the Taylor expansion of f(x) around xz¢ = 0, construct a smooth approzimating

polynomial, go(x) of degree 2. What is the error |f(z) — g2(x)|?

Solution

(1) (7 points) Using Lagrange interpolation polynomials we have:

p2(z) = Lo(z) f(0) + L1(x) f(1) + La(x) f(2)

:1(64“—262“4-1)382—1

3 1 (e4a — 4e** + 3) z.
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(2) (5 points) The n* derivative of e®® — 1 is f(?) = gmed?.

E(a) = o |ws(2)]

= |23 — 622 + 8x|.

The polynomial ws(x) = 23 — 622 + 8z has extrema at x = 2 & % and value |ws(z)| = EWEL

hence the error bound reads:
8(1364a

v

(3) (3 points) The Taylor expansion of e** — 1 reads:

gt
_ i
gn(x) = ;21 a IR

E(a)

truncating it we get
2

g2(x) = ax + a2%.

The error Eg(a) := |f(z) — g2(x)| is given by the truncation error, |> 24

(4a) |
RN

Problem 6. (Numerical integration)

15 points

Consider a function f(x), z € [—1, 1], which is approximated by a quadratic Lagrange interpolation
polynomial, pa(x), with equidistant interpolation nodes, i.e. xg = —1, x1 = 0 and o = 1. Construct

the corresponding (closed) Newton-Cotes quadrature rule for the integral

1
1= [ 1w

What is the order of exactness for the constructed quadrature rule?

Solution
(4 points) The function is approximated by a quadratic Lagrange polynomial, hence n = 2 and
2
L= 1] % The Newton-Cotes quadrature is Simpson’s (1/3) rule.
=0, "
J#
4 points) The quadrature rule is given by
g

i=2
Q(f) = Wif(w:),
i=0
where .
z(z—1) 1
Wo /_1 5 T 3
Similarly, one can find that
4
Wi =<

3
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and from symmetry Wo = Wy = %
(4 points) The resulting rule reads: Q(f) = 3(f(—1) + 4f(0) + f(1)).
(3 points) The level of exactness of Newton-Cotes formulae for n being even is n + 1, in this case 3.

Problem 7. (Boundary value problems)

20 points
Consider the homogeneous Dirichlet boundary value problem
Uy — 2u, = f(2), O<z<l1
u(0) =0,
u(1) = 0.

(1) (12 points) Construct a central difference scheme such that u, = S0 au(z;) + O(RY), i.e.
a central difference scheme for the first derivative, uy, that is 4" order accurate.
(2) (5 points) Using the proposed scheme and second-order accurate central difference for u,, write

the algebraic form of the boundary value problem:
ApU =f.

Hint: You may drop to lower order of accuracy near the boundaries.
(3) (3 points) What is the resulting order of consistency?

Solution

(1) Multiple solutions available.
(4 points) We take the Taylor expansion of w(z + h), u(x — h) and u(z + 2h), u(z — 2h):

2w (z
(1) u(x—i—h)zz n'( ) o
n=0

2 u™(z
(4) u(e —2h) = nf ) (o
n=0 ’

(4 points) Taking the linear combination 8((I)-(2)) — ((3)-[)) we get the following 4""-order
accurate scheme:

—u(x u(x —oulr — u(xr — 4,05)
(5) o () = (x + 2h) + 8u( +h1)2h8( h) + u( 2h)_4h5! o)

(4 points)
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(2) We assume discretisation of space using M + 2 equidistant grid points, with o = 0,21 =

1
M+1"

(2 points) Central differencing for the second derivative reads:

hy...,zy41 =1and h =

_ Um-—1 — 2Um + Ut
Upy = 2 :

Assuming we drop to a 2"¢ order accurate scheme for the first derivative on the neighbouring
grid points of the boundaries, m = 1 and m = M,

Um+1 — Um

2h ’

Uy =

we get the following scheme:
(1+ h)Uy —2U; + (1 — h)Us

and
(]_ + h)UMfl - 2UM + (]. - h/)UM+1
2 = fM
(2 points) On the internal grid points, z,,, with m = 2,3,...,M — 1, we use the constructed

4th_order scheme, hence:

U2+ (L4 81 — 2U; + (1 = B U1 + 2Uni2

(1 point) Taking into account the homogenious boundary conditions, we get:
[ 2 1-n 1Tl [ A

1+8 2 18 & Us f2

L 148 o 18 &4 Us f3

i ]
_% 1+ % -2 1- % Un-1 fM—l
L 1 + h _2 | L UM | | f]\/[ |

(3) (3 points) The truncation error for any discretisation h is defined as:
1
7(h) = Apu + Zf

Considering the points z,,, with m = 1 and M, it reads:

() = 2 (14 Wt 1~ 2t + (1= B)tnsn) = fon

The numerical scheme for the first and second derivatives is second-order accurate, i.e.

UW(Tm—1) — 2u(xm) + u(Xma h?
uw:v(«xm) _ ( ) 22 ) ( + ) - ﬁu(4) +O<h4)
and )
g(a) = ) wlomet) I 4 o)

Combining the three and the system, we get
Tm(h) = Uge,, — 2up, — fm + O(R%) = O(h?).

Therefore, the system is second-order accurate.
Similar result is observed when checking the intermediate points.
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