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Problem 1 (15 points)

(i) (8 point) Let M be a symmetric positive definite n X n-matrix with eigen-
values 0 < A\, < -+ < \;. Define ||z||3; := 2T Mz, z € R". Show that

|2|lar < [lyllar implies that [|lz{]s </ AA; |y l2-

(ii) (7 point) Find a counterexample to the claim that the norm ||M||pax =
max; ;|m;;|, for matrices M € R™*", satisfies || M1 Ma||max < ||M1]|max||M2||max-

[Solution| (i) M is a symmetric positive definite matrix with Mwu; = A\ju; and

ulu; =6;,4,7=1,...,n. Forz = b1 aju; and y = 370 bjuy, we have Ar =
S ajAuy and Ay = 38, bjAju;. Therefore, ||z]|3, = 37, a?A;. The 2-norms
are ||z||3 = X7_; af and [|y||3 = X7, b3. Now, we have that A[|z]|3 < [|z]|3,; and

lly|3; < Ai]ly||3. This then implies
1 1 A\
|5 < —llzll3 < —Ilyll3 < =llyllss
A A A

which implies the result.

(ii) Consider the 2 x 2-matrix M with entries m;; = 1 for i, j = 1, 2.

Problem 2 (15 points)

(i) (8 point) Let M € R™"™ and assume that || - || is a matrix norm. Suppose
that I — M is non-singular. Show that ||(I— M)~ —1I|| < ||M]|| ||[(I—M)71]|.
Here I denotes the identity matrix in R™*"™.

(i) (7 point) Let M € R™". Assume that (I — M)™! exists and that || - || is a
matrix norm. Show that (1 + [[M][|)~! < ||(I — M)~!||. Here I denotes the
identity matrix in R™*".

Solution:
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(i) The matrix I — M being non-singular implies that M = (I — M)[(I —M)~' —1].
Therefore, we have (I — M)™'M = (I — M)™' — T and ||(I — M)~ - I|| <
[[(I — M)~Y| ||M]|, which is the inequality we where looking for.

(i) As (I — M)™! exists, we have ||M|| = ||(I — M)[(I — M)~' = 1I]|| < ||(I —
M)|| |(I — M)=' = I||. Therefore, we have (1 + [[M|)~! < ||[I — M||™! =
|| M||(J|M]| ||IT — M]|)~. Now, from (i) we have

I = M| |(Z = M)~ — 1|
|| MI[ [T = M|

M| (1M = M)~ < < || = M)~1].

Problem 3 (15 points) The Chebyshev—Gauss quadrature of Type 2 is
one of Gaussian quadrature rules approximating

I(f) = /_llf(x)\/l — 22dx

by
1=0

where the quadrature nodes x; and quadrature weights W; are explicitly given by

B (i+ ) T (i 4+ D)m
mi_c"s((nm))’ Wi=13 ((n+2)>‘

This Gaussian rule is constructed for the weight v/1 — 22 in the integral.

(i) (5 points) What is the smallest number n for integrating f(x) = 2® + 22
exactly by this rule? In other words, find the smallest n satisfying @, (f) =
I(f) for this function. Explain why.

(ii) (5 points) Calculate I(f) by calculating Q,(f) for f(z) = x3 + 2.

(iii) (5 points) Prove that Q,(f) is exact for any integrable odd function f with
any n > 0.



Page 3 of 14

[Solution| (i) Since Gaussian quadrature @), is exact for all polynomials of degree
at most 2n + 1, and f(x) is a third degree polynomial, we only need n = 1.

(ii) Due to the reasoning above,
() = Ou(f) = ;gsﬂf ((z +31)7r> ; (COS ((i —|—31)7r>>
B0
(iii) For any integrable odd function, we have

I(f) :/11f(x)\/1—x2d.i£:(),

due to the odd property of f(z) = —f(—z). When n is even, then we have odd
number of nodes, and we see that x; = —z,,_; and Wy = W,y _;fori=0,..., 51,
and the middle point is always z,/, = 0. Thus,

n %_1
Qn(f) = Z sz(lﬂz) = Z I/Vz(f(xz) - f(xz)) + Wn/?f(o) = 0.
i=0 i=0
When n is odd, then we have even number of nodes, and we see that z; = —x,,11_;

and W; =W, fori=0,..., ”TH Thus,

Thus the claim is proved.

Problem 4 (15 points) The Chebyshev—Gauss quadrature is one of Gaus-
sian quadrature rules approximating




Page 4 of 14
by
=> W;f(z;), n>0,

where the quadrature nodes z; and quadrature weights W; are explicitly given by

20+ 1 T
i = R E— y m: .
X CcOs <2(n+1)ﬂ'> nl

This Gaussian rule is constructed for the weight function \/11_7 in the integral.

(i) (5 points) What is the smallest number n for integrating f(z) = z* exactly

by this rule? In other words, find the smallest n satisfying @, (f) = I(f) for
this function. Explain why.

(ii) (5 points) Calculate I(f) by calculating Q,(f) for f(z) =

(iii) (5 points) Prove that @, (f) is exact for any integrable odd function f with
any n > 0.

[Solution| (i) Since Gaussian quadrature @, is exact for all polynomials of degree
at most 2n + 1, and f(x) is the fourth degree polynomial, we only need n = 2.

(ii) Using the above reasoning, we have
B & (2i4+ D)7
=i =350 (o= (57))
V3 ! ! 3T
(( o) (% )):8‘

(iii) For any integrable odd function, we have

w

1 1
I(f) = / . _dr=0,
(f) 1 f(x) m x
due to the odd property of f(x) = —f(—x). When n is even, then we have odd
number of nodes, and we see that x; = —z,,_; and W; = W,y _;fori =0,..., 51,
and the middle point is always x,/, = 0. Thus,

n 2

Qn(f) = Zsz(%) = Z Wi f(xi) — f(x:)) + Way2f(0) = 0.
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When n is odd, then we have even number of nodes, and we see that z; = —x,,11_;
and W; =W, fori =0, ..., ”TH Thus,

Thus the claim is proved.

Problem 5 (15 points)

Let o be a root of f(z) = 0 of multiplicity two and assume that the function f is
sufficiently smooth close to a. Show that if the method

n

converges to «, it does so at least quadratically. Determine the condition for which
the order of convergence is exactly two.

Solution:

Consider Newton’s method z,,11 = ¢(z,) with

f(@n)

¢(zn) =z —2
As « is a zero of multiplicity two, we have

f@) = (z — a)’g(x),

where g(«) is different from zero and

Therefore
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Then

/ — 1 — g(iﬁ) — (T —« g(ZE) I
¢'(z) =1 ( )<g(x)+;(x—a)g’(x))

and ¢'(«) = 0, which implies at least quadratic convergence. Second derivation of

¢ at a gives @ 1)
7 _gla) + Q
PO ) T3 )

If f”(«) is different from zero, then we have convergence of order two exactly.

Problem 6 (15 points)

Let a be a root of f(x) = 0 of multiplicity three and assume that the function f
is sufficiently smooth close to a.. Show that if the method

f'(x,)

converges to «, it does so at least quadratically. Determine the condition for which
the order of convergence is exactly two.

Tptl = Tp — 3

Solution:

Completely analog to above argument, just replace 2 by 3 in ¢. In fact, the proof

works for general m, that is, the method x,.1 = z, — m ]{,((w")) and « a root of

Tn

f(z) = 0 of multiplicity m.

Problem 7 (20 points) Consider the following Lagrange interpolation prob-
lem: construct a polynomial py of degree at most 2 interpolating the function
f(z) =2a™ at xg =0, 1 = 2, and x9 = 4, where m is an integer with m > 4.

(i) (5 points) Solve the problem and obtain the solution ps.
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(ii) (7 points) Obtain the absolute upper bound C(m) depending on m such that

|[f(x) = pa()] < C(m),
for any = € [0, 4].

(iii) (8 points) Let g(z) := f(x) — pa(z). Prove that there exists at least one

).
solution for ¢”(x) = 0 where x € (0,4).

[Solution| (i) Using the Lagrange basis functions, we have
(r=2)(x—4) x(r —4) z(r — 2)
PO = 0= O e -0 M o 1Y
— (22m—3 _ 2m—2)x2 + (2m _ 22m—2)x.

(ii) Since f(z) is infinitely smooth and we can apply Theorem 6.2 in Siili-Mayers
and obtain: for a given x € [0, 4] there exists £ € (0,4) such that

()
3!

f(x) = pa(a) = w(r = 2)(z —4).
Here, note that f® (&) = m(m — 1)(m — 2)¢™=* < m(m — 1)(m — 2)4™~* and
|z(z — 2)(z — 4)| attains its maxima %?/g at v =2+ %ﬁ, thus,

8v/3

(3)
1) = o)l = T ot 2w — )] < S mm — 1)(m — 24

Thus the upper bound is C'(m) = %m(m —1)(m — 2)4m3.

(iii) We have three distinct zeros for the function g(z) := f(z)—pe(z) at x = 0, 2, 4.
We also know that ¢ is infinitely smooth, thus we can use the Rolle’s theorem:
there exist two distinct numbers £ € (0,4) such that ¢’(§) = 0. Using the Rolle’s
theorem again, there exists at least one £* € (0,4) such that ¢"”(£*) = 0.

Problem 8 (20 points) Consider the following Lagrange interpolation prob-
lem: construct a polynomial p, of degree at most 2 interpolating the function
flz)=e"—1at zg =0, x; =2, and x5 = 4, where a > 0.
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(i) (5 points) Solve the problem and obtain the solution ps.
(ii) (7 points) Obtain the absolute upper bound C(a) depending on a such that
() = p2(2)] < Ca),
for any x € [0, 4].

(iii) (8 points) Let g(z) = f(x) — po(x

). Prove that there exists at least one
solution for ¢”(z) = 0 where = € (0,4).

[Solution]

(i) Using the Lagrange basis functions, we have

(v —=2)(z—4) x(z —4) z(z — 2)
e (I T o [ R R T [P TR
= ;(64(1 —2e** + 1)z? + (e* — Za — i)x

(ii) Since f(z) is infinitely smooth and we can apply Theorem 6.2 in Siili-Mayers
and obtain: for a given x € [0, 4] there exists £ € (0,4) such that

()
3!

f(x) = pa(z) = w(r = 2)(z —4).

Here, note that f)(€) = a%e% < a3’ and |z(x — 2)(x — 4)] attains its maxima
%?/g a‘cx:2:|:23£7 thus,

3)
£) = pa(e)| = [T (e~ 2y - )

8\/§34
< - a
- 27&6

Thus the upper bound is C'(a) = 827\?&364‘1.

(iii) We have three distinct zeros for the function g(z) := f(z)—pe(z) at x = 0, 2, 4.
We also know that ¢ is infinitely smooth, thus we can use the Rolle’s theorem:
there exist two distinct numbers & € (0,4) such that ¢’(§) = 0. Using the Rolle’s
theorem again, there exists at least one £* € (0,4) such that ¢”(£*) = 0.
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Problem 9 (20 points)

(20 points) Consider the C'-function f(t,y) = (fi(t,y),..., fa(t,y)" : [u,v] x
R" — R". Let A;; € Ry, 4,5 = 1,...,n, be the constant entries of the n x n-
matrix A. Suppose that on [u,v] x R" we have

afi(t,
‘f(y)‘gA”, i,jzl,...,n.
Ay;
Determine a Lipschitz constant L of f(¢,y) in the 1-norm || - ||;. Give L in terms

of the corresponding matrix norm of A. (Hint: use the mean value theorem for
functions of several variables.)

Solution:

Mean value theorem for functions of several variables:

z”: 0filt, y* (i)

i) = £(6,9) = 3 =

(yj — 9j)-
The point y*(7) lies on the line connecting y and ¢ in R™. Note that it depends on

i in the sense that it may differ for different components f; = f;(¢,y). We compute
now with the I-norm || - ||;:

Il

£t y) = £ =D | £t y) = filt )]

=1

= Oty N
<> Z(a .())(yj—yj)’

i=1 j=1 Yj

SIS 8f(?fy
< ——| lyj — Uj
<D Ay |y — 9

i=1j=1

i

(o ) o

Hence, defining L := max; >_" ; A;; = || A4||1, we find

1f & y) = f( )l < Lily = 91
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Problem 10 (20 points)

(20 points) Consider the C'-function f(t,y) = (fi(t,y),..., foa(t,y)" : [u,v] x
R" — R". Let A;; € Ry, 4,5 = 1,...,n, be the constant entries of the n x n-
matrix A. Suppose that on [u,v] x R" we have

ofi(t, .
‘f(y)‘gAij, ,j=1,...,n.
dy;
Determine a Lipschitz constant L of f(¢,y) in the co-norm ||-||s. Give L in terms

of the corresponding matrix norm of A. (Hint: use the mean value theorem for
functions of several variables.)

Solution:

Mean value theorem for functions of several variables:

piltoo) = fie.g) = 32 PG, ),

The point y*(i) lies on the line connecting y and ¢ in R™. Note that it depends on
i in the sense that it may differ for different components f; = f;(¢,y). We compute
now with the co-norm || - ||oc.

£t y) = (D)oo = max|filt,y) — filt,9)

t
O f; .

< max Z: f%yy]())(yg 7))

afilt, y(

i — 8%

‘7:
n
S m?X Z Aij

IN
=
IS
"
(]

D=

A

Yi = Yj

< (mI?XZAkZ) max ’yj — gjj‘.
i=1 J
Hence, defining L := max; Aji = ||A]|s, we find

1F () = F(E D)oo < Llly = Gfoo-



Page 11 of 14

Problem 11 (15 points) Consider the following boundary value problem
for the unknown function u(x):

Upe +4u, = f(z), 0<az<l, w0)=1, wu(l)=4,
where f(z) = e@1/2),

(i) (8 points) Construct a finite difference method using central differences to
approximate both u,, and u, with equidistant grid points on [0, 1]. In other
words, obtain the discretized linear system

AU =F,
and specify what Ay, U and F are.

(ii) (7 points) Compute the quantity hh%l+ p(A; 1), where p is the spectral radius.
—
You can use the following fact without proof: for the following tridiagonal
matrix with bec > 0,

a b
c a b
c a b
B = S — tridiag{c, a, b} € R**M
c a b
L C a .
the eigenvalues are given by
ST
As = 2v'b sy Qs = , =1,....M

a+ 2Vb\/ccos g, & T S

\ 1T s c\ k2
ZE(S) = [.Ig )7 c. 71’5\4)} ) x](g) = <b> Sln(k’QbS).

[Solution] (i) Consider equidistant grids on [0, 1] with M + 2 points: z; := #ﬂ,

j=0,... M +1. Let h = ﬁ Using the central difference, we have the following

approximations:
w(zj1) — u(zj1)
2h ’

ux(xj) ~

and )
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for j =1,..., M. With the above, we obtain:

AU =F,
where
-2 1+ 2h ]
1—2h —2 1+2h
1 1—2h -2 1+ 2h
1—2h -2 1+ 2h
1—2h -2
_ f1—h%+% i
Uy fa
Ul |, F= z ,
UM fM—l
-3

here, U; approximates the value u(z;), and f; = f(z;). The boundary condition
is imposed by Uy = 1 and Uy = 4.

(ii) Using the formula for eigenvalues of tridiagonal matrices, eigenvalues of Ay, is

given by
A — —-2+2v1 —héilﬁ cos(wsh)’ s=1.....M.
Therefore,
1 1
A = = :
P = ]~

By expanding cos(mh) and v/1 — 4h? around h = 0, we have
1—(1—=2h%+0OM"Y))(1 — (rh)?/2 + O(hY))
%
h2
L
w2+ 4

’)\1’:2 7T2—|—4,

. —1\ __
as h — 0. Thus, h1i>H01+ p(A,)7) =

Problem 12 (15 points) Consider the following boundary value problem
for the unknown function u(x):

Uz — 2u, = f(z), O<z<l, wu(0)=2, wu(l)=1,



Page 13 of 14

where f(x) = sin(nx).

(i) (8 points) Construct a finite difference method using central differences to
approximate both u,, and u, with equidistant grid points on [0, 1]. In other
words, obtain the discretized linear system

AU =F,
and specify what Ay, U and F are.

(ii) (7 points) Compute the quantity hli%l+ p(A; 1), where p is the spectral radius.
ﬁ
You can use the following fact without proof: for the following tridiagonal
matrix with be > 0,

a
C

o o
S

a b
A= S = tridiag{c, a, b} € RM*M

the eigenvalues are given by

ST

&:a+2¢Aﬁam@,(m:A4+r s=1,..,.M

and the corresponding eigenvectors are

5 1T s c k/2 )
=] = (5) sintha).

[Solution] (i) Consider equidistant grids on [0, 1] with M + 2 points: z; := #ﬂ,

J=0,--- , M+1. Let h = ﬁ Using the central difference, we have the following

approximations:
w(@jp) — u(wj1)
2h ’

Ux(x3> ~

and 5

for j =1,---, M. With the above, we obtain:

AU =F,
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where
[ -2 1—h ]
1+h -2 1-—-h
1 1+h -2 1-—h
Ahzﬁ e RM*M
1+h -2 1-—h
i 1+h =2
_f1—%—% i
Uy fa
U ) F = )
Um frr—
1 2
| S =gt

here, U, approximates the value u(x;), and f; = f(z;). The boundary condition
is imposed by Uy = 2 and Up;4q = 1.

(ii) Using the formula for eigenvalues of tridiagonal matrices, eigenvalues of Ay, is

given by
A\ — —2+2v1 _th2 COS(?TSh), s=1. ..M.
Therefore,
1 1
A = = :
P = S Tl

By expanding cos(mwh) and v/1 — h? around h = 0, we have
1—(1—=h%/2+0(R")(1 = (7h)?*/2 + O(hY))
%
h2
1
w2+ 1

’)\1 =2 7T2—|—1,

. 1\
as h — 0. Thus, hlif& p(A,7) =



