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NUMERICAL METHODS
NTNU, SPRING 2022

Exercise Set 4

Exercise sets are to be handed in individually by each student using the OVSYS sys-

tem1. Each set will be graded (godkjent / ikke godkjent). The three exercise sets

are mandatory to be admitted to the final exam. Note that to get an exercise set

approved you are required to have solved correctly at least 60% (providing detailed ar-

guments/computations) and made serious and substantial attempts at solving at least

90% of a given exercise set.

This exercise set is evaluated for only those who need one more exercise set to be

approved for taking the exam.

You are asked to pay attention to the quality of presentation, in particular, the cor-

rectness of mathematical notation and formalism.

Deadline: 22-04-2022, 16h00 (OVSYS)

Problem 1. Consider Chebyshev polynomials: Tk(x) = cos(k cos−1(x)) for k = 0, 1, . . . and x ∈
[−1, 1].

(1-a) Make plots of Chebyshev polynomials for k = 4, 8, 12 on [−1, 1]. Observe the plots; how does

this behaviour of Chebyshev polynomials relate to the equioscillation theorem (Theorem 8.4)? Explain.

You do not need to report the plots of Chebyshev polynomials. (Hint: Corollary 8.1)

(1-b) Derive all points x in [−1, 1] which give the extrema of Tk(x). (Hint: differentiate Tk(x)).

These points are sometimes alternatively mentioned as Chebyshev points, instead of zeros of Chebyshev

polynomials.

(1-c) Using the points derived above in (1-b), with the number of points being 3, construct the

Lagrange interpolation polynomial for the Runge function:

f(x) =
1

1 + 25x2
.

Problem 2. Consider the following boundary value problem for x ∈ [0, 1]

uxx + cu = f(x), u(0) = α = 0, u(1) = β = 0,

with constant c ∈ R. We want to solve this by the finite difference method with central differences:

AhU = F,
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where

Ah :=
1

h2


−2 + ch2 1

1 −2 + ch2 1
. . .

. . .
. . .

1 −2 + ch2 1

1 −2 + ch2

 , U :=


U1

...

UM

 , F :=


f1

f2
...

fM−1

fM

 .

Here, Ui and Fi are function values at the equidistant points xi, i = 1, ...,M (see the notes on BVPs

Section 2.1,). Eigenvalues of Ah are given by

λm =
2

h2
(cos(mπh)− 1) + c, m = 1, . . . ,M.

Using this fact and considering ‖A−1h ‖2, obtain the sufficient condition on the constant c when this

finite difference method has l-2 norm stability.

Problem 3. Recall that a system of differential equations can always be represented as a system of

first order equations. Rewrite the following system

A′′(t) + 3A′(t)− 2A(t) = B(t) + cos(t)(1)

B′′(t)−B′(t)−B2(t) = A(t)−A′(t) + sin(t),(2)

with initial values: A(1) = −A′(t) = 2, B(1) = 1, B′(t) = 4, as a first-order system y′(t) = f(y(t)),

y(t0) = y0.

Problem 4. Consider the IVP y′(t) = f(t, y(t)), y(t0) = x. We define now an order m Taylor-type

method by:

y0 = x yn+1 = yn + hΦ
[m]
Tay(tn, yn;h)

for n = 0, 1, 2, 3, . . . , N − 1, where

Φ
[m]
Tay(tn, yn;h) =

m−1∑
i=0

hi

(i+ 1)!
f (i)(tn, yn).

Show that the order m Taylor-type method with step size h, when applied to the IVP y′(t) = f(t, y(t)),

y(t0) = x, defined on [a, b], has local truncation error O(hm).

Problem 5. Show that for any choice of step size h, the improved and modified Euler methods
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1
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resp.

0 0 0

1
2

1
2 0

0 1

provide the same approximations to the IVP y′ = −y + t+ 1, y(0) = 1, defined on [0, 1].

Problem 6. Consider a B-series Bf (α, y) with coefficient one in front of the empty tree. Show in

detail that hf(Bf (α, y)) is a B-series Bf (β, y) by determining the coefficients β(τ) for the empty tree

as well as a general tree τ = [τ1 · · · τk] (hint: use Taylor series expansion).

Problem 7. Süli–Mayers: Ex. 7.4, Ex. 7.8, Ex. 10.4, Ex. 12.7, Ex. 12.8, Ex. 12.9.
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