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Please read these instructions:

• You can work in groups of 2-4 members.

• This part of the project counts for 14% of the final mark. The project is not compulsory.

• Before starting working on the project, send an e-mail to Yuya(yuya.suzuki@ntnu.no), Kurusch

(kurusch.ebrahimi-fard@ntnu.no) and (with copy to) Shuang (shuang.wu@ntnu.no) and notify

who are the members of your group.

• Please, specify clearly who are the members of the group in the heading of your Jupiternotebook

report.

• The assessment will not take into account the group size.

You are asked to pay attention to the quality of presentation, in particular, the correctness of mathe-

matical notation and formalism.

Deadline: 29-04-2022, 18h00 (OVSYS)

Problem 1. In this problem, we want to approximate an integral

I(f) =

∫ 1

0
f(x) dx

by Romberg’s method Tm,2 with number of function evaluations being 2m+1 + 1 for natural number m.

For details Romberg’s method, see lecture notes and the textbook.

(1-1) Implement your own code which calculates quadrature values using Romberg’s method. For a

function f1(x) = e−x, at least how many number number of points do you need to achieve the absolute

error |I(f1) − Tm,2| smaller than 10−8? In other words, find the minimum number of points which

gives us the error smaller than 10−8 using the Romberg’s method. (Using the library implementing

Romberg’s method is not allowed.)

(1-2) Consider another integrand function f2(x) = e−|x−1/2|. At least how many number number

of points do you need to achieve the absolute error smaller than 10−4?

(1-3) Using the Gauss–Legendre quadrature, which is a Gaussian quadrature with the weight func-

tion w(x) = 1 on [0, 1], at least how many number number of points do you need to achieve the

absolute error smaller than 10−8 for f1? The same question for f2 to achieve the absolute error

smaller than 10−4. In this sub-problem, you can use existing libraries for Gauss–Legendre quadrature

such as numpy.polynomial.legendre.leggauss.
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Problem 2. The implicit midpoint Runge-Kutta method is a method to find numerical solutions to

initial value problems of the form

dy

dt
= f(t, y(t)), y(t0) = y0

y can be vector-valued. For a given step size h the method works as follows. For each step n set up

the following equation

yn+1 = yn + hf(t+
h

2
,
1

2
(yn + yn+1)).

You solve this equation to get yn+1, the next step. The end result is a list of function values which

approximate y with a time step of h between them.

Consider the Kermack-McKendrick epidemiological model

S′ = −βSI, I ′ = βSI − γI,R′ = γI

where I models the proportion of infected people, S the proportion of susceptible people, R the proportion

of recovered people, β the infection rate, and γ the recovery rate.

(2-1) Use the implicit midpoint Runge-Kutta method to implement a function to find numerical

solutions to this system of ODEs. One step of the method is:

(S, I,R)n+1 = (S, I,R)n+h(−βSn + Sn+1

2

In + In+1

2
, β
Sn + Sn+1

2

In + In+1

2
−γ In + In+1

2
, γ
In + In+1

2
)

You can use your Newton’s method implementation from Project 1 to solve the non-linear equation.

(2-2) Graph your solution for 4 sufficiently different choices of β ∈ [1, 4] and γ ∈ [1, 4] with β > γ

and initial values (S0, I0, R0) = (0.99, 0.01, 0).

You should graph S I and R independently in the same graph. Also graph the sum, which should be

constantly equal to 1.

The graphs should contain the point at which I sinks below the initial value again, and you should

include at least 1000 steps between the beginning and the point at which this happens. Comment on

your process here.

Problem 3. Consider the Lorenz system, an early meteorological model,

x′ = 10(y − x), y′ = x(28− z)− y, z′ = xy − 8
3z

Use the modified Euler’s method (as described in Süli Mayers) to find a numerical solution to this

system of ODEs with initial values x = 1 and y = z = 0. Solve it with a step count of 100000 and

100001 (h ≈ 0.0005), both on the same interval.

Graph your two solutions on the time interval [0, 50]. As in Problem 2, graph each of x, y and z

independently.

Also graph a third solution with step size matching one of the other two, but initial values x = 1,

y = 0.0001 and z = 0.
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