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Problem 1

a) The vector function x — f(x) of two variables is defined by
filzn,es) = af + a3 =2, folr,22) = 21 — 2.

Verify that the equation f(x) = 0 has two solutions x; = x5 = 1 and
r1 = 29 = —1. Show that one iteration of Newton’s method for the
solution of this system gives x(!) = (asgl), :zrgl))T, with
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Prove convergence and deduce that the iteration converges to (1,1)

if asgo) + [Eéo) is positive, and, if x§°) + xg)) is negative, the iteration

converges to the other solution.

Solution: the Jacobian of f is
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and
xV =x0 — Ax, J(X(O)) Ax = f(x").

Solving the linear system and inserting in the first equation we get the
expression for x(" and
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Since in this expression the numerator is always positive, then if xgo) +

33§0) is positive so are all 9E§k) = xgk) for all k. Similarly if wgo) + xéo) is
negative. The case when x&o) + xéo) = 0 corresponds to the Jacobian

J(x) being not invertible.

We next prove convergence for the case xgo) —Hcéo) positive, the negative

case is analogous. We simplify the notation to " := xgk) = a;gk), {x*}s,

for k > 1, and {2*},, is the sequence
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If :Cgo) + xéo) > 0 then z! > 0 and we have three cases

0<al <1,
2t =< 2t =1,
1<zl
In the last case . .
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for k > 1, a monotonically decreasing sequence tending to 1.! The
middle case occurs when 2% = 25 = 1 and equal to the solution of the
nonlinear system. In the first case we have
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and we end up in the third case for k > 2.

b) Prove that convergence is quadratic.

Solution: Consider the error e¥ =1 — 2*, then
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'In this case z' is bigger than 1, so &t < 1 and % (2! + ;) is an average between
2! >1and & <1, soit must be § (2! + ) < z'. On the other hand, [1 — | < [2! —1
so 1< 1 (z'+ Z). This reasoning remains valid for k > 2.

2



So
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and the convergence is therefore quadratic.

Problem 2

Preliminaries

Recall that the spectral radius of a N x N real or complex matrix A is

p(A) = Amfﬁ) |A| and o(A)={reC | A eigenvalue of A}.
€o
Assuming A = M — N, with M invertible, an iterative method for linear
systems Az = b can be formulated as follows:

I(n—l—l) — M—le(n) + M_lb,

and by defining the iteration matrix C' := M~'N and g := M~'b we can

write:
g = O™ 4 g (1)

Theorem 1 The iterative method (1) converges, independently on the choice
of initial guess 0, if and only if p(C) < 1.

We will now prove a part of the lemma that we have used to prove The-
orem 1.

Exercise

Let p(A) be the spectral radius of A. Prove that for all operator norms? || -||,
p(A) < [IA]l.

Solution: Consider v to be the eigenvector associated with the eigenvalue
p such that p(C) = maxyer () |A| = |p|. Then for any vector norm || - ||, we
consider the corresponding operator norm (subordinate matrix norm) of C

and have
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Problem 3

Recall that when M is chosen to be the diagonal part of A, (1) is the so
called Jacobi method; and when M is chosen to be the lower triangular
part of A (diagonal included), (1) is the so called Gauss-Seidel method.

Exercise
Consider the matrix
1 -1
A [ 1 } ,
we want to analyse the convergence of the Jacobi and the Gauss-Seidel
method for this matrix.

Guidelines:

e Compute the iteration matrices for the Jacobi and the Gauss-Seidel
method.

e Compute the spectral radii of these matrices.

e Use Theorem 1 to conclude if the methods converge or not.

Solution: the solution of this exercise is in the note on Linear algebra
(part 1 page 8).



