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Initial value problems

We consider the initial value problem{
ẏ(t) = f (t, y(t))
y(t0) = y0

t ≥ t0,

and where y(t) ∈ Rm y(t) = [y1(t), . . . , ym(t)]
T and yi (t) ∈ R.

Example

Lotka-Volterra system{
ẏ1(t) = y1(t)− 2y1(t)y2(t)

ẏ2(t) = −y2(t) + 3y1(t)y2(t)
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ẏ2(t) = −y2(t) + 3y1(t)y2(t)

Elena Celledoni NA



Transform an high order ODE to a system of first order:

Given

u(m)(t) = f (t, u, u′, . . . , u(m−1)), u(t0) = u0, u
′(t0) = v0, . . . , u

(m−1)(t0) = w0

substitution y1 = u, y2 = u′, . . . , ym = u(m−1)
ẏ1(t) = y2(t)
ẏ2(t) = y3(t)
...
ẏm(t) = u(m)(t) = f (t, y1(t), . . . , ym(t))

Example
Consider

θ̈(t) = − sin(θ(t))

substitution y1 = θ, y2 = θ̇ ⇒ ẏ1 = θ̇ = y2, ẏ2 = θ̈{
ẏ1(t) = y2(t)

ẏ2(t) = − sin(y1(t))
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ẏ2(t) = y3(t)
...
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Existence and uniqueness of solutions

Definition. f : R×Rm → Rm satisfies the Lipschitz condition with
respect to y on (a, b)× D, D ⊂ Rm if ∃ L > 0 such that

‖f (t, y)− f (t, z)‖ ≤ L ‖y − z‖, ∀t ∈ (a, b), y , z ∈ D,

L is called Lipschitz constant.

Theorem. Consider the initial value problem

ẏ(t) = f (t, y(t)), y(t0) = y0,

if
• f (t, y) is continuous in (a, b)× D ⊂ R× D;
• f (t, y) satisfies the Lipschitz condition with respect to y on
(a, b)× D;

and t0 ∈ (a, b), y0 ∈ D, then the initial value problem has one and
only one solution in (a, b)× D.
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Continuous dependence on initial data

Useful to measure the conditioning of the initial value problem.
Theorem. Assume f (t, y) is continuous in t and y , and satisfies
the Lipschitz condition with respect to y on [a, b]× Rm, then the
solution of {

ẏ(t) = f (t, y(t))
y(a) = y0

a ≤ t ≤ b,

and the solution of{
ż(t) = f (t, z(t))
z(a) = z0

a ≤ t ≤ b,

with y0 6= z0 are such that

‖y(t)− z(t)‖ ≤ eL(b−a)‖y0 − z0‖, a ≤ t ≤ b,

and L is the Lipschitz constant.
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