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Newton-Cotes quadrature formulae

For the approximation of

/a ’ F(x) dx

N-C formulae are derived from the interpolation polynomial.
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Newton-Cotes quadrature formulae

For the approximation of

/a ’ F(x) dx

N-C formulae are derived from the interpolation polynomial.
Let xc =a+ kh, h= %:

n

frpn pa(x) = Fx)lk(x)

k=0

and

/a F(x) dx ~ / ;f(xk)zk(x)dx:kg)f(m / lie(x) dx
Wy = /abfk(x)dx

are the weights of the quadrature.
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Newton-Cotes: Trapezoid rule and Simpson's rule

n=1, Trapezoid: xg = a, x; = b,

[ ftde =252 @) + (6)] + (1)

error estimate

_.\3
(b 2"”) M, = max |F®(x)|

Ei ()] < M.
| 1( )l = 1 ’ x€|a,b]
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Newton-Cotes: Trapezoid rule and Simpson's rule

n=1, Trapezoid: xg = a, x; = b,

[ regae=252 N+ &)

error estimate

|E1 ()] < Ma (b—a)’ . My = max |[fP(x)]
12 x€|a,b]

n =2, Simpson’'s: xg = a, xlz%b,xz:b,
b —_
/ f(x)dx:b6a f(a )+4f(a+b

error estimate

)+ £(b)| + Ex(f)

4
(b—a) Ms = max |FG

Ex(f M
| 2( )| — 3 196 ? XG[Q (X)‘

improved Ex(f) = *(ggggs f0(v), 7 € (a, b)
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Notation and Euler-Maclaurin expansion

Consider [a, b] C R and

_ b—a
Suppose h = >~
a:X0<X1~-~<Xm:b’ X,:a—'—[h

the composite trapezoid rule is

T(m)=T(h)=h <;f(xo) + Z f(xi) + %f(xm)
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Notation and Euler-Maclaurin expansion

Consider [a, b] C R and

Suppose h = b=2

a=xg<x3--<XxXm=0b, xi=a+ih
the composite trapezoid rule is
1 iy 1
T(m)=T(h)=h <2f(><o) + ; f(xi) + 2f(xm)> ;

and we have seen that

MI\Z M, = max |f"(¢)].

‘1( )| |() ()|— 12 2 £€la,b)
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Notation and Euler-Maclaurin expansion

Consider [a, b] C R and
b
)i= [ flx)ae

a=xg<x1--<xm=b, xi=a+ih

_ b
Suppose h = 22

the composite trapezoid rule is

T(m)=T(h)=h <;f(x0) + i F(xi) + éf(xm)> :

i=1
Euler-Maclaurin: expansion in even powers of h

Suppose f € C*™[a, b] then

I(F)=T(h) = 52;, ek (F3D (@) — FRD (b)) — 22 pm(pg) (),

and 1 € (a, b), bx the Bernoulli numbers.
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Romberg algorithm:

extrapolation and composite trapezoid
rule

Extrapolation:

I(f)— T(h) = GCh*+ Gh*+ Gh° + O(h®)
h h? h* ho 8
() =T(5) = G+ G+ Ggg +0(h)

eliminate Ch? by linearly combine the two formulae:
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Romberg algorithm:

extrapolation and composite trapezoid
rule

Extrapolation:

I(f)— T(h) = GCh*+ Gh*+ Gh° + O(h®)

h h? h* ho
/(f)—T(2) = C1—+C2 6+C3 + O(h®)

eliminate Ch? by linearly combine the two formulae:

AT(DY - T(h 1 5
“0_(%3() = Ght - 2 G+ O
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Romberg algorithm:

extrapolation and composite trapezoid
rule

Extrapolation:

I(f)— T(h) = GCh*+ Gh*+ Gh° + O(h®)

h h? h* ho
/(f)—T(2) = C1—+C2 6+C3 + O(h®)

eliminate Ch? by linearly combine the two formulae:

AT(DY = T(n 1 5
“0_(%3() = Ght - 2 G+ O
then take

Tl(h) =
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Romberg algorithm:

extrapolation and composite trapezoid
rule

Extrapolation:

I(f)=T(h) = Cih*+ Goh* + Gh® + O(h®)

h h? h* ho
/(f)—T(2) = C1—+C2 6+C3 + O(h®)

eliminate Ch? by linearly combine the two formulae:

4T(E) - T(h 1 5
/(f)—(2)3() = —ZC2h4—1—6C3h6+O(h8)
then take .
4T(DY - T(h
T]_(h) — (2) ( )

3
repeat this trick k times to obtain the general formula:

4K T 1(8) — Te_1(h
Te(h) = —* lgi)_l k-l ), k=1,2,3,...
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Romberg matrix

Let hg = b— a and hn——,,: h"2’1, m = 2" we can write the

successively obtained approximations into a triangular matrix as
follows

To(ho) To(1)

To(h1) Ti(ho) To(2) Ta(1)

To(h2) Ti(h1) Ta(ho) To(4) Ti(2) T2(1)
To(h3) Ti(h2) Ts(h1) Ta(ho)  To(8) Ti(4) T3(2) Ta(1)

and in yet another notation

R(n, k) := Ti(hn—i) = Te(2"%),

R(0,0)
R(1,0) R(1,1)
R(2,0) R(2,1) R(2,2)

R(3,0) R(3,1) R(3,2) R(3,3)

The first column is the usual composite trapezium rule with more
and more points, the other columns contain the approximations
improved via extrapolation, the diagonal is supposed to get the best

approximations provided f is smooth.
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Romberg algorithm: recursive formulae

The first column is simply the composite trapezium rule were we
half the step-size and fill inn more and more values of f. This gives:

2(n—1)
1
R(n,0) = S R(n—1,0) + hy > fla+ (20 = 1)hn).
i=1
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Romberg algorithm: recursive formulae

The first column is simply the composite trapezium rule were we
half the step-size and fill inn more and more values of f. This gives:

2(n—1)
1
Rwﬁ):§Mn—Lm+wn§:f@+{%—1wﬁ
i=1
K hy_
For the rest of the matrix, since Ty(h) = 4 Tk*lgfk)_lnfl(h),
have

R(n, k) = R(n,k — 1) + (R(n,k—1)— R(n—1,k —1)).

4k —1
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Romberg algorithm: recursive formulae

The first column is simply the composite trapezium rule were we
half the step-size and fill inn more and more values of f. This gives:

2(n—1)
1
Rwﬁ):§Mn—Lm+wn§:f@+{%—1wﬁ
i=1
K hy_
For the rest of the matrix, since Ty(h) = 4 Tk*lgfk)_lnfl(h),
have

R(n, k) = R(n,k — 1) + (R(n,k—1)— R(n—1,k —1)).

4k —1

This gives automatically the error estimate:

E(n, k) := R(n,k)—R(n, k—1) = (R(n, k—1)—R(n—1, k—1)).

4k —1
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Notation and Euler-Maclaurin expansion

Consider [a, b] C R and
b
)i= [ flx)ae

a=xg<x1--<xm=b, xi=a+ih

_ b
Suppose h = 22

the composite trapezoid rule is

T(m)=T(h)=h <;f(x0) + i F(xi) + éf(xm)> :

i=1
Euler-Maclaurin: expansion in even powers of h

Suppose f € C*™[a, b] then

I(F)=T(h) = 52;, ek (F3D (@) — FRD (b)) — 22 pm(pg) (),

and 1 € (a, b), bx the Bernoulli numbers.
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e By(t)=1

o Bj(t) = kBi_1(t) and [; Bi(t) dt = 0 for k >0

«0>» «Fr «=)r «=)» = Q>



Bernoulli polynomials

e By(t)=1

o B, (t) = kBx_1(t) and [ By(t)dt =0 for k >0
the first few polynomials are

e By(t)=1

o Bi(t)=t—3

o By(t)=t>—t+¢
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Bernoulli polynomials

e By(t)=1
o B, (t) = kBx_1(t) and [ By(t)dt =0 for k >0
the first few polynomials are
e By(t)=1
o Bi(t)=t—3
o By(t)=t?—t+1
Properties
® Bi(0) = Bk(1) for k > 2
® Bi(1—t) = (—1)*B(t)
® Byi(t) — Bk(0) does not have zeros in (0,1) if k is even.

Bernoulli numbers b, := B(0)
and (1) and (2) imply by = 0 for k odd and k >3
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Mean value theorem for integrals

Theorem
If f: [a, b] — R is continuous and g : [a, b] — R is integrable and

nonnegative on (a, b).
Then 3 7 € (a, b) such that
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