
MA2501 – spring 2019, project part 2
Blind source separation

1 Background

The idea behind this part of the project is to get an introduction to the basics
behind a very relevant field of computational science with connections to neural
networks and machine learning. The purpose is to learn techniques allowing
to extract information form large amounts of data. Even though the problem
considered here is somewhat limited, the ideas behind it are similar to those
used in the field of data science and big data.

To solve the problem you will learn some techniques of optimization, some
numerical linear algebra, and you will have to make a code in Python imple-
menting a nonlinear solver.

We consider the cocktail party problem. Imagine that there are several
people gathered in a room and talking, perhaps there is music the background
or some other sounds. There are some microphones around recording a saving
sound signals. It can be difficult to decipher precisely what each and every
one said, because the microphones record only a mixture of voices and other
sounds. The main question is: Is it possible to separate out the signals from
the mixtures? Note that the problem considered is quite general, instead of a
cocktail party the problem could be about other type of signals with noise that
should be removed. The signals do not need to be sound signals, they could be
other type of data such as images.

Mathematically we can think that the jth source signal is described by a
mathematical function sj(t), t ∈ [0, T ] where t is the time and T is the length
of the signal. When the microphones record the sounds, they record a linear
mixture xi(t) of d source signals s1(t), . . . , sd(t), so the ith microphone records

xi(t) = ai,1 s1(t) + · · ·+ ai,d sd(t), i = 1, . . . , n.

In this project, we assume n = d: the number of microphones is equal to the
number of source signals. This is not a necessary assumption, one could have
n > d, but in this project we consider a simplified situation.

The main problem is that the mixing matrix A = ((aij)) is unknown. So
summarizing, we have d unknown source signals s1(t), . . . , sd(t) and an unknown
mixing matrixA. The given data is d recordings x1(t), . . . ,xd(t). In practice the
signal is digital, so instead of continuous variables of time sj(t) and xi(t), these
are sampled signals given as a long vector, a time series [sj(t1), sj(t2), . . . , sj(tN )]
and similarly for xi(t). When we discuss our algorithm we will store the sources
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si(tj) and mixtures xi(tj) as elements in matrices which are called s and x
respectively. These are both of the form d × N . While d is small, typically
d = 3 in our examples, N is large, the number of samples in such a signal can
be several thousands. So the matrices have few rows and many columns.

2 A brief explanation of Independent Component Anal-
ysis (ICA)

Given few signals which have been mixed, one performs a de-mixing procedure
in order to reconstruct the source signals. In this section we will explain what
are the principles used for the de-mixing.

2.1 Assumptions

An important assumption is that the sources are statistically independent. This
means that for each value of time t, sj(t) for j = 1, . . . , d can be though of as
a statistically independent variables. You can think about this as follows: even
if we know the value of s1(t) at time t , this does not give us any information
on the values of sj(t) for j > 1. If this assumption is not satisfied, then we
cannot expect that the de-mixing procedure works. For all practical purposes,
the signals can be considered independent unless there are special reasons and
circumstances that can explain why the opposite situation occurs (e.g. two
persons singing the same song).

Another assumption is that the signals are non Gaussian (a synonym of
“Gaussian” is normal distributed). We will avoid using too much statistics theory
to explain the method, however we need to use some principles from statistics
to solve this problem. To say that a stochastic variable is Gaussian means
that its probability distribution is a given function. With two parameters, µ
(expectation) and σ (standard deviation), we have

f(x) =
1√

2πσ2
e−

(x−µ)2

2σ2

It is an essential assumption of the ICA method that the source signals sj(t)
are not Gaussian. A main theorem of statistics is the central limit theorem. If
we consider the sum or mean of independent random variables, Z = 1

n(X1+· · ·+
Xn), the distribution of Z when n→∞ approaches the Gaussian distribution.
This is true also more generally for weighted sums of X1, . . . , Xn. Based on the
central limit theorem, we can then conclude that the recorded signals xi(t) have
a distribution which is “closer to Gaussian” than the sources si(t). The idea of
independent component analysis (ICA) is to find a linear combination

y(t) = w1x1(t) + w2x2(t) + · · ·+ wdxd(t) (1)

making y(t) as “non-Gaussian” as possible. The recordings xi(t) are given, so
we will maximize with respect to the wi. The resulting signal y(t) will be taken
as an approximation of one of the sources sj(t).

2



2.2 How to quantify “non-Gaussianity”.

For a continuous random variable X with probability distribution f(x), x ∈ R
we have ∫ ∞

−∞
f(x) dx = 1.

The expectation value of such variable is

µ = E[X] =

∫ ∞
−∞

x f(x) dx,

while the variance is

Var[X] = E[X2]− E[X]2 =

∫ ∞
−∞

x2 f(x) dx− µ2

Note that the three formulae above all involve expressions of the type E[Xk],
these are called moments. With k = 4 we get something that is related to
the concept of kurtosis in statistics, and this is a very much used measure of
“non-Gaussianity”, which is what we need. There are other possible ways of
quantifying non-Gaussianity, for example negentropy. But the latter is difficult
to compute, and typically it is approximated by something which ends up any-
way to be quite close to kurtosis. We conclude that ICA is about maximizing a
measure of non-Gaussianity, that is:

find w1, . . . , wn maximizing the kurtosis of

d∑
i=1

wixi(t).

3 Description of the algorithm

In the following we assume we have d sources s1(t), . . . , sd(t) and d recorded
signals that are mixtures (linear combinations) of the sources. We assume that
every signal is a row-vector with N elements, for example

sj = [sj(t1), sj(t2), . . . , sj(tN )]

The recorded signals xi will also be row-vectors with N components. We can
define a d×N -matrix x with rows x1, . . . ,xd.

We next describe in steps what should be done to separate the signals. In
summary there are two pre-processing steps and a third final step performing
the maximization of non-Gaussianity.

3.1 Preprocessing

1. The absolute value of the signals has typically no importance. This means
that for example the signals x(t) and x(t) + c, where c is a constant are
perceived as the same signal. We will simplify our mathematical expres-
sions if we require that the expectation is 0, that is the signal oscillates

3



around zero between positive and negative values. A simple way to get
this is simply by subtracting the mean value to each of the recorded sig-
nals. If we assume that t is a discrete variable, i.e. t = ti, i = 1, . . . , N
we modify each signal as follows

xj(ti)← xj(ti)−
1

N

N∑
m=1

xj(tm), i = 1, . . . , N. (2)

We do this with each of the d rows in x and obtain a so called centered
version of the data. In order to avoid a lot of unnecessary notation, we
assume here in what follows that x is such that the rows sum to 0, in other
words they have been centered.

2. “Whitening”. Even though the sources sj(t) are assumed to be independent
and therefore uncorrelated, the mixed signals xi(t) are not. But it is
possible to transform them in such a way that they become uncorrelated
with variance equal to 1. We will not discuss in detail what “uncorrelated”
means, what is important is that we are making a transformation of the
recorded signals which makes the de-mixing problem easier to solve. From
x we can compute the so called covariance matrix, which is a symmetric
d× d matrix C = C(x) with entries

Cij =
1

N − 1

N∑
m=1

xi(tm)xj(tm)

or in more compact matrix form: C = 1
N−1 xxT . We want to find the

inverse squared root of C, that is C−1/2. This is a symmetric matrix
such that C−1/2 · C−1/2 = C−1. The idea is to transform x by setting
x̃ = C−1/2 · x. This will have the nice consequence that the covariance
matrix after the transformation is C̃ = I, that is the identity matrix.
There is a standard way to compute these inverse square roots using eigen-
value/eigenvector decomposition. We factorize C into

C = E ·D ·ET

where E is the matrix whose columns are the eigenvectors of C and D is
a diagonal matrix with the eigenvalues λ1, . . . , λd of C along the diagonal.
These are real and positive in our case, so one can find D−1/2 as the
diagonal matrix with values λ−1/21 , . . . , λ

−1/2
d along the diagonal. Then we

find
C−1/2 = E ·D−1/2 ·ET

and the transformed data is

x̃ = C−1/2 · x = E ·D−1/2 ·ET · x

When the data is transformed from x to x̃, this is done in such a way that
we still have

x̃ = Ã · s,
but Ã has become orthogonal, that is ÃT Ã = I. This means that also Ã−1 is
orthogonal.
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3.2 Maximization

The last and main task for solving the problem is the maximization of kurtosis.
We describe the procedure succinctly, and refer here to [1] for details. In [1], the
authors formulate an iterative method to maximize kurtosis or a similar measure
of non-Gaussianity. This measure is denoted by a general function G(u), and its
derivative with G′(u). There are at least two well established choices of G(u),
i.e.

G1(u) = 4u3, G2(u) = u e
−u2
2 .

the subscripts 1 and 2 correspond to Kurtosis and Negentropy respectively. The
aim of the iterative method is to find a d × d-matrix W which approximates
Ã
−1

such that our approximation of the source signals is

y = W · x̃.

Notice that compared to for example (1) where we considered one de-mixed
signal at the time, we work now with d vectors of w-weights simultaneously,
which are the rows of the matrix W, and y is also a matrix.

Since Ã−1 is orthogonal, W should also be orthogonal (i.e. WT ·W = I).
The iteration starts with a randomly chosen W0 where each row is nor-

malised to 1 (this is the case in orthogonal matrices). The iteration is composed
of two steps

1. Compute W+ from Wk−1 such that W+ has bigger non-Gaussianity com-
pared to Wk−1, but without requiring that W+ is orthogonal. This is a
variant of Newton’s method for optimization problems. We call this first
part “Optimization step”.

2. Compute Wk as the closest orthogonal matrix to W+. This is the “Or-
thogonalization step” also called “Decorrelation step”.

We assume that the matrix with the preprocessed data x̃ (d × N -matrix)
is given and already computed, when we start the maximization process. We
assume also that Wk is computed for a k ≥ 0.

1. Optimization step

I Compute sk = Wk · x̃ ∈ Rd×N

I Apply the function G to each component of sk, we call the result G
(which is a d×N -matrix)

I Apply the function G′ = dG
du to each component of sk, we denote the

result by G′ (which is a d×N -matrix)
I Compute d× d-matrix

W+ =
1

N
G · x̃T − diag

(
E[G′]

)
·Wk.

With E[G′] ∈ Rd we mean the vector obtained by taking the mean
of each row of G′. With diag(v) where v ∈ Rd we mean the diagonal
matrix (d× d) with the elements of v along the main diagonal.
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I Normalize the rows in W+ to 1.

2. Orthogonalization step. Project W+ to an orthogonal matrix Wk+1

I Set Wk+1 =
(
W+(W+)T

)−1/2
W+. The inverse square root of

W+(W+)T is computed in the same way as the second preprocessing
step (whitening).

After having performed 1. and 2. we need to check if a convergence criterion is
satisfied. If not we repeat 1. and 2., otherwise we terminate the iteration.

Convergence criterion. To check that the iteration has converged one can
measure the discrepancy betweenWk−1 andWk. A possibility is to consider the
matrix ∆ = Wk−Wk−1 and use a matrix-norm and check whether ‖∆‖ < tol.
However we will use a different measure of convergence that takes into account
the fact that the matrices Wk are orthogonal,

δ = max
1≤i≤d

1−

∣∣∣∣∣∣
d∑

j=1

(Wk)ij(Wk−1)ij

∣∣∣∣∣∣
 .

The criterion is δ < tol.

4 Description of the assignment

Here follows a work description.

1. Form a group with fellow students (1 to 3 members for each group). Reg-
ister your group sending an email to Tale before Monday, February 25th
with the names of the group members.

2. Read this note, and what you can understand of the article [1].

3. Examine the codes that are provided as part of this assignment. Learn
how to upload, plot and play sound signals in Python.

4. Write your code and test it, by completing the Jupyter Notebook which is
provided. We recommend that you test each and every function separately,
preferably with simple data and verify that the functions do exactly what
expected and required.

5. Assemble the algorithm and try it out with the sound signals provided.

6. Bonus exercise: Try the method with sound mixtures that you have gen-
erated yourself. You can either record the sounds yourself, or find sound
signals searching on the internet and then mix them yourself in d different
random ways (you can use music or other signals). You can achieve this
for example by using a randomly generated matrix A.
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A suggested list of Python functions that you need to write is found below.
In the Jupyter Notebook document Project_HO.ipynb you find an explanation
of what each function is supposed to do and what are the suggested input and
output variables.

center_rows
whiten_rows
normalize_rownorms
decorrelate_weights
update_W
measure_of_convergence
fast_ICA

List of what to submit:

- The solution of the assignment as a Jupyter Notebook file (one copy for
each group, i.e. only one person should deliver the assignment in ovsys).

- The code you write and use should be included in the notebook and should
be stored so that it is easy to run the code for those who evaluate the
assignment.

- All functions should come with a short description of what they do, with
an explanation of the input/output variables.

- You should comment on how well the demixing method performes, the
evaluation of the performance is done simply by listening and using own
judgement.

- The Jupyter file you hand in should also be the report for the assignment.
This means that you should write around 1 page introduction and 1 page
conclusion where you for example test the code for multiple values of W0

and write how you tested your code.
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