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Problem 1

a) Use divided differences and Newton’s interpolation formula to find the inter-
polating polynomial of lowest possible degree for the points in the table:
v|-1] 0]1]2
y 3[-4]5]6

(6 points)

Suggested solution: a)

The table of divided differences is (f|z;] = y;):

Ly f[l‘z] f[xz', $i+1] f[xia Lif1, $i+2] f[fz’, Tit1, Tit2, $i+3]
-1 3

-7
0 —4 8

9 —4
1 5 —4

1

2 6

The polynomial becomes
p3(x) =3 —T(x+1) +8(x+ )z —4(z + Da(r — 1) = —42® + 82° + bx — 4.
b) Establish the formula

vy o 2| fleo)  f(x) f(x2)
f(x)Nﬁ (1+a) « +oz(1—|—oz)

using unevenly spaced points xo < xy < x9, where 1 —xg = h and x9 — 11 =
ah. Notice that this formula for @ = 1 is reduced to the standard central-
difference formula.

( Hint: Approximate f(z) by the Newton form of the interpolating polyno-
mial of degree 2.)

(6 points)@
Suggested solution: b)

Given 1 — zg = h and o — 1 = ah.

pa() = f(xo) + flxo, 1) (2 — x0) + flX0, 1, 2] (x — 7o) (T — 21)
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(1)

To — Xo

pg(x) _ 2f[xo,x1,x2] -9 (f[l'1,l‘2] - f[$0,$1}>

f(x1) = f(wo)  fla1) — f(x0)

flzo, x1] = pa— _ -
f[xl,xQ] — f(ii : £1(331) _ f(.il?g)a—hf(xl)

To — 11 = (T3 — x1) + (21 — 29) = h(a + 1)

Then equation (1) becomes

" ~ _ 2 f(:BO) f(xl) f(:B?)

Problem 2 Use Gaussian elimination with scaled partial pivoting to solve the
following linear system.

Suggested solution:
We first compute the scale vector s = [4,5,7]. The initial index vector is | =
[1,2,3].

Comparing the relative pivot sizes |ay, 1|/s;, for i = 1,2, 3 we find that max{3/4,1/5,6/7}
is 6/7 = 0.8571. Since the maximum happens for i = 3, row I3 = 3 is the first
pivot row. The new index vector becomes [ = [3,2,1]. After one elimination step

the reduced system in augmented form is

0 5/2 —1/2 5/2
0 9/2 —13/6 27/6
L 3 7 15]

Here we have subtracted 1/2 and 1/6 times the third row from the second and
first row respectively.
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Comparing ratios |ay 2|/si,, ¢ = 2,3 we see that max{9/10,5/8} is 9/10 = 0.9.
The index corresponding to the maximum is therefore ¢ = 2. The final reduced
matrix is

0 0 19/27 0
0 9/2 —13/6 27/6|.
6 3 7 15

Backward substitution is now straightforward.

Solving for x;, we have

T3 = 07
Ty = 1,
T = 2.
Thus x = [2,1,0]7.
Problem 3 Check whether the following function is a natural cubic spline or
not.
14z — 28, 0<z<1
S)=1-2(x—1)=3(z —1)> +4(x — 1)3, 1<x<2
4xr —2)+9(z —2)% — 3(x — 2)3, 2<z<3
Justify your answer.
(10 points)
Suggested solution:
1 — 322, 0<zr<1
S'(x) ={-2—6(x—1)+12(x — 1), 1<z<2
4+18(x —2) — 9(x — 2)?, 2<z<3
—06z, 0<z<1
S"(x) =< —6+24(x — 1), 1<x<2
18 — 18(x — 2), 2<xr<3

Therefore,
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In addition,
S"(0) =0=S5"(3).
Hence, function S is the natural cubic spline.

Problem 4 Find an approximation to the integral

1
/ e—(lOw)de

0
using Romberg integration. Find R(2,2) up to three decimal places.

(10 points)

Suggested solution:
Using following formulae:

R(0,0) = 5(b—a)[f(a) + 7))

277.—1

R(n,0) = ;R(n L0 LR Y flat (2 — DA,
k=1

for n > 1 where h = b;,f.

R(n,m) = R(n,m —1) + [R(n,m —1) — R(n —1,m — 1)]

4gm — 1

Here we have, a = 0,b =1 and f(z) = e~ (109)%,

R(0,0) = ; £(0) + F(1)] ~ ; ~05.
R(1,0) = ;R(0,0) + ;f(;) ~025 when (h— ;)
R(2,0) = ;R(l,o) +i {f(i) f(i)} ~ 0126 when (h— i)

R(1,1) = R(1,0) + ; [R(1,0) — R(0,0)] ~ 0.16667

R(2,1) = R(2,0) + ; [R(2,0) — R(1,0)] ~ 0.0847

R(2,2) = R(2,1) + 115 [R(2,1) — R(1,1)] ~ 0.079
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Problem 5 Use the method of least squares to find the equation of a parabola
of the form y = az? + b that best represents the following data.

(10 points)

Suggested solution:
We use the method of least squares. Defining the least squares error

2
90(a7 b) = Z(axi +b— yk>27
k=0

the normal equations are given by dyp/da = 0 and dp/0b = 0, which when reor-
ganized and written in matrix vector form become

Zé:oxi Z%:oxi al _ Z%oykxz _
Zk:oxi >kl ]| [b > k=0 Yk

Inserting values we get
2 2{|a| |6
2 3| |b|  |6.9]°

The system is now easily solved

a=2.1
b=10.9

Thus the best polynomial on the desired form is y = 2.122 + 0.9

Problem 6 Suppose we have the following initial value problem
x/ - f(t7 x)’
z(1) =1,
with
3 x
flta) = (k) = (7).

Approximate x(1.2) by taking step size h = 0.1 with the following Runge-Kutta
method
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K, = f(t7.17>,
KQ = f(t+ h,l‘—l—Kl),

(10 points)
Suggested solution:

Following the description, we compute 27 ~ x(1.1), by taking a step of size h = 0.1
with this Runge-Kutta method for the given IVP, starting at xo = 1,ty =1

Kl = f(to,l’o) = f(l, 1) =0
Ky = f(to+ h, 2o + K1) = f(1.1,1) = 0.4219,

h 0.1
oy = o+ 5 (Ko + Kz) ~ 1+ = (0+ 0.4219) = 1.0210055.
Repeat the same process in order to find zo ~ x(1.2) with ¢; = 1.1, 2, = 1.0210955

Ky = f(ty,z1) = f(1.1,1.0210955) = 0.488755
Ky = f(t; + h,z + K1) = f(1.2,1.5098505) = 4.689443,

h 0.1
Ty =1 + 5 (K1 + K») =~ 1.0210955 + 5y (0.488755 + 4.689443) = 1.280005

z(1.2) = x5 ~ 1.280005

Problem 7 Given the initial value problem
y/ = f<t7 Y)a Y(tO) =Yo

where f: R x R™ — R™. The trapezoidal rule for solving this ODE is given by

h
yn+1 = yn + 5 (f(tn—i-la yn+1) + f(tnv yn)) 3

where h = t,,11 — t,.
Suppose f satisfies the L Lipschitz condition

Hf(t,y) - f(t,i)H <Lly-y|, forallteR,y,yeR™
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The local truncation error for the trapezoidal method

dn+1 = Y(tn—i—l) - Y(tn) - ;L (f(tn—f—h Y(tn-i-l)) + f(tn’ Y(tn)))

satisfies

< = 3 m
[CResY| 2h M, M = max|ly"(€)]-

Use this to show that the global error e, = y(t,) — y, satisfies

forsll < 1 lenl+ 203 oL <2
(10 points)
Suggested solution:
Yot = Yo+ o ({lten Yoed) + 00 3,)) (5)
Y(tnin) = ¥(0) + 3 (i, Y (00) + 0 y(0) +duis (6)

Subtracting (5) from (6), we have

hL
lenrill < lleall + = (lenrull + lleall) + [[dnrall

hL hL
(155 ewsal < (1557 el + g

As long as ( — —) > 0, dividing by this on both sides gives required result

1+ 3hL S Mh?

||en+1|| _m” nH _%hL, for hL < 2.



