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Spring 2016

Solutions to exercise set 7

Norwegian University of Science
and Technology
Department of Mathematics

Cf. Cheney and Kincaid, Exercise 4.1.9
Consider the data points

1] 2]4] 6
9] 23]93] 259

a) Find the interpolation polynomial through these data points using Newton in-
terpolation, and compute an approximation of f at x = 3.

b) Do the same using only the first four interpolation points.

Possible solution:

a) We obtain the following table for the divided differences:

0 1
8
1 9 3
14 1
2| 23 7 0
35 1
41 93 12
83
6 | 259

The interpolation polynomial (in nested Newton form) is therefore
p)=142@8+(z—-1)B3+(x—2)+0-(z—4))).

(Obviously, one can omit the term 0 - (x — 4) in that expression). Evaluating this
polynomial, we see that p(3) = 49.

b) For the interpolation polynomial of degree three through the first four interpolation
points, we can simply reuse the previously computed table of divided differences and
read off the result from there using only the first four columns. In this particular
case, we obtain the same interpolation polynomial p as before (therefore, obviously,
also its value at the point = = 3 is the same as above).
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Suppose we have the nodes
rg=—2,21=—1, 29 = landxz3 = 4,
and know the divided differences
flzs] =11, flxa,x3] =5, flze, z0,z1] = —2, and f[xg, x2, x1, 3] = 0.6.

What is f(-1)?

Possible solution:

To start we exploit the fact that divided differences are invariant under permutations of
the nodes. Thus, sorting the nodes in increasing order, we have:

fles] = 11, flxo, 23] =5, flxo, x1,22] = =2, and f|xo, x1, 22, 23] = 0.6.

We seek f(—1) = f(x1) = f[z1]. From the recursive definition of divided differences:

f[flfl,fL'Q,fL'g] — f{w(hwl;wZ]
T3 — Zo

flzo, x1, 72, 23] =
which rearranged to isolate the unknown f[z1, 22, 23] becomes
flz1, xo, x3] = flxo, 1, 2] + (z3 — x0) fx0, T1, T2, 23] = =2+ (4 — (—2))0.6 = 1.6.
Similarly we find f[xy, z2] as
flz1, x2] = flzo, 23] — (x3 — x1) flz1, 22, 23] =5 — (4 — (—1))1.6 = =3,

flza] as
flza] = flws] — (w3 — m2) flw2, 23] = 11 = (4 — 1)5 = —4,

and finally f[z1] = f(—1) as

flea] = flao] = (w2 —21) flan, 22 = =4 = (1 = (=1))(=3) = 2.
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Use the interpolation error formula to find a bound for the error, and compare the

bound to the actual error for the case n = 2 for Exercise 6 in Exercise set 6.

Possible solution:

a)

b)

For f(z) = xInx we first calculate f/(z) = Inz+1, f/(x) = 1/z and &) (z) = —1/22.
Since |f®)(z)| = 1/2? is a strictly decreasing function of x for positive x we find a
bound M on the interval (8.3,8.7) for n = 2 by M = 1/8.3%. Employing the First
Interpolation Error Theorem in the textbook with n = 2 and x = 8.4 on this interval
gives the error bound:

1
1-0.2-0.
= % < 1.46 x 107°.

The true error is 1.38 x 10~ correct to the digits given. As expected this is lower
than the error bound.

For f(z) = o* — 23 + 22 — o + 1 we again calculate f'(x) = 423 — 322 + 22 — 1,
f"(z) = 1222 — 62 + 2 and fO)(z) = 242 — 6. Since |3 (z)| = |24z — 6] is easily
observed to be a strictly decreasing function of x for negative x, we find a bound
M on the interval (—0.5,0) for n = 2 by M = |f®)(=0.5)| = 18. Employing the
First Interpolation Error Theorem in the textbook with n = 2 and x = —1/3 on this
interval gives the error bound:

(2+11)!18!(—1/3+ 1/2)[[(=1/3 +1/4)]|(=1/3 = 0)]

18 1
_ % q4x10°
6.6.12.3 70 tAx10

[f(=1/3) = p2(=1/3)] <

The true error is 9.6 x 1073 correct to the digits given. As expected this is lower
than the error bound.

Given the function f(z) = e”sinx on the interval [—4,2].

a) Show by induction

dm
M)(p) = = — 9m/2,T
fim(x) = dxmf(x) = 2"M%e% sin(x + mn /4).
b) Let p,(x) be the polynomial that interpolates f(x) in n+1 uniformly distributed
nodes (including the endpoints). Find an upper bound for the interpolation error
on this interval, expressed using n. What must n be to guarantee an error less

than 107°? Use trial and error or calculate it using MATLAB.

c) Use MATLAB to verify that the value of n found in b), indeed results in an error
less than 107°.
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Possible solution:

a)

b)

It is trivial to see that the formula is valid for m = 0. Assume now it is correct for
some m > 0. Then

d

7D (@) = = ) (@) = 272 e sin (o 4+ o /4) + 7 cos (@ + m/4)]

= 9™/26% [sin (x 4+ mm /4) + cos (x + mm/4)]

= /2" Lsin x4+ mm Lcos x4+ mm

=2 ﬂ\/ﬁ (z +mm/4) + 5 cos (z + mm/4)

= 2™26791/2 [cos (mr/4) sin (2 + mar /4) + sin (7/4) cos (@ + mm /4)]
= 2mHD2e2 gin (2 + mar /4) + 7 /4)

= 20D/ 2e gin (& 4 (m + 1)m/4).

This shows that the formula holds for m + 1 as well, assuming it holds for m. The
proof by induction is then complete, and the stated formula is seen to hold for all
m >0

Our function f has continous derivatives of any order on the entire real line and on
the interval [—4, 2] it satisfies

| £ ()] = 20D/ | sin(z + (n + 1)7/4)] < 200HD/2e2 = 0,

where we have used that e” is a strictly increasing positiv function and that |sin(x)| <
1 for all z. The Second Interpolation Error Theorem is applicable and we have for
x € [—4,2]

n+1
£() = pla)] € g M = a2 (2
“4(n+1) 4(n+1) n

+1
N e? 612 "
S A4n+1)\ n '
By differentiating, this expression is readliy seen to decrease with increasing positive
n. Using trial and error we find that the expression has the value 1.27 x 107> for

n = 15 and 2.26 x 107 for n = 16. Thus n = 16 is required to guarantee an accuracy
of 1072,

Using MATLAB we have plotted below |f(z) — p(x)| over the interval, where p(x) is
the interpolating polynomial from b) with n = 16.

We observe that the error stays several orders of magnitude lower than our require-
ment of 107°. This is to be expected. Recall that we were in fact guaranteed an
error less than 2.26 x 1079, and the theorem only gives fairly loose upper bounds.

Also observe that the errors near the endpoints dominate the errors towards the
middle of the interval. This is typical, and illustrates why Chebyshev nodes, which
become more clustered as we approach the endpoints, usually gives siginificantly
smaller errors for the same number of nodes.
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x10~°
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