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Important Facts

• The project counts for 30% of the final grade. If you don’t hand it in, you may still
take the exam, but you cannot achieve more than 70% in the course.

• You may work on the project either alone or in groups of two.

• You should produce a short report with your solutions in a pdf-file, preferably using
LATEX. Give your candidate number(s) at the front page, but no names. The report
should preferably have between 5 and 10 pages (do treat both numbers as mere
suggestions, though).

• A major part of the project will be the implementation (and testing) of two numerical
methods in Matlab, and the code will also have to be handed in. Make sure that
your code contain a meaningful documentation, in particular a help text that allows a
user (meaning: me) to use the program with the information given by the command
help, but also a reasonable number of comments in the code. Also test the programs
before submission and comment on all strange behavior of the programs in your
report.

• When you present numerical results, these should be reproducible. This means that
you will have to provide all relevant parameters.

• The report should be sent together with the code to markus.grasmair@math.ntnu.no.
The deadline is Sunday, March 23, 2014.

• There will be three exercise sessions devoted to the supervision of the project. Also,
I will have additional office hours on Mondays from 15–17 for the duration of the
project.

• The last of the tasks is optional. It will be possible (though more difficult) to get full
grades for the project without it.
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Background

Assume that we want to minimize the function

f : Rn → R,

which, for simplicity, we assume to be twice continuously differentiable. Then a necessary
condition for ~̂x ∈ Rn to be a minimizer of f is that the gradient of f at ~̂x vanishes; that
is, the equation

∇f(~̂x) = 0

holds. Here ∇f(~x) is the vector of the partial derivatives of f ; that is, (∇f(~x))i = ∂xif(~x).
Thus minimization of functions can be seen as a special case of the solution of systems of
non-linear equations.

The goal of this project is the discussion and implementation of two methods that can be
used for the minimization of functions in several variables: the gradient descent method
and Newton’s method.

Method I — Gradient Descent

Gradient descent takes the form of the fixed point iteration

~x(k+1) = ~x(k) − τ∇f(~x(k)),

where τ > 0 is some fixed parameter (the step size). This iteration is performed, until
some stopping criterion is satisfied (or it is clear that the iterates diverge). One of the
simplest stopping criteria is the condition ‖~x(k) − ~x(k−1)‖ ≤ tol, where tol > 0 is some
specified tolerance; thus the iteration is stopped, when the distance between subsequent
iterates becomes too small. (You may, however, try to find and implement better stopping
criteria.)

Method II — Newton’s Method

Newton’s method for optimization is simply the application of Newton’s method to the
solution of the equation ∇f(~̂x) = 0. This leads to the iteration

~x(k+1) = ~x(k) + h(k),

where h(k) ∈ Rn solves the linear system

Hf(~x(k))h(k) = −∇f(~x(k)).

Here Hf(~x) ∈ Rn×n is the Hessian of f at the point ~x ∈ Rn. That is,

(Hf(~x))ij =
∂2f(~x)

∂xi∂xj
.

Again, the iteration is stopped when a suitable stopping criterion is satisfied or the iterates
do not converge.



Objective Functions

Test your methods on the following functions:

1. The function
f(x, y) = x2 + y2 − 1

2
cos(x) sin(y)2.

This function has a unique global minimum at (0, 0). Newton’s method should work
without any problems, and gradient descent should work for reasonable step sizes
(say τ < 0.9).

2. The function (the Rosenbrock function)

f(x, y) = (1− x)2 + 100(y − x2)2.

This function has a unique minimum at the point (1, 1). Expect a very slow conver-
gence of the gradient descent method (if it converges at all).

3. The function

f(x, y, z) =
√

2x2 − 2xy − 2x+ y2 + z2 − 4z + 6.

This function has a global minimum at (1, 1, 2).

4. The function
f(x, y) = x2 + y2 − cos(x) sin(y)2.

This function is almost the same as the first one and also has a unique global minimum
at (0, 0).

Tasks

1. Implement the gradient descent method in Matlab. Minimal specifications for your
program are:

• Input arguments: If needed, a reference to a function with ~x as input and f(~x)
as output; a reference to a function with ~x as input and ∇f(~x) as output; the
starting vector ~x(0); the step size τ > 0; an error tolerance tol; the maximum
number of iterations.

• Output arguments: The result; the actual number of iterations; a flag telling
whether the iterations did converge or not.

2. Implement Newton’s method for the minimization of a function in Matlab. Minimal
specifications for your program are:

• Input arguments: If needed, a reference to a function with ~x as input and f(~x)
as output; a reference to a function with ~x as input and ∇f(~x) as output; a
reference to a function with ~x as input and Hf(~x) as output; the starting vector
~x(0); an error tolerance tol; the maximum number of iterations.

http://en.wikipedia.org/wiki/Rosenbrock_function


• Output arguments: The result; the actual number of iterations; a flag telling
whether the iterations did converge or not.

Use the built-in linear solver of Matlab (that is, the command A\b) for the solution
of the linear systems appearing in each iteration.

3. Test the two methods on the functions given above and comment the results. In
particular answer the following questions:

• Were the two methods able to find the minima of the different functions?

• Did the choice of starting values and the step size in the gradient descent method
matter?

• Did you experience difficulties in some of the cases?

• What convergence speed did you expect for the methods and what convergence
speed did you observe? Try to explain your observations.

4. Try to answer the following additional background questions/problems:

(a) What happens, if you apply Newton’s method to the minimization of a function
of the form

f(~x) = c+ bT~x+
1

2
~xTA~x (1)

with c ∈ R, b ∈ Rn, and A ∈ Rn×n symmetric and positive definite?

(b) Which numerical method do you obtain, if you apply the gradient descent
method to the minimization of a function of the form given in (1)?

(c) Assume that n = 1. Find reasonable conditions for the function f that guarantee
that the gradient descent method converges to a (local) minimum of f provided
the starting point is sufficiently close to it.

(d) Show that, again for n = 1, the function values f(x(k)) decrease during the
iteration provided that the step size τ is sufficiently small and f ′(x(k)) 6= 0.

(e) Assume that Newton’s method converges to a point ~̂x ∈ Rn. Is it necessarily
the case that ~̂x is a (local) minimum of f , or is it also possible that ~̂x is a (local)
maximum?

5. Optional:

(a) Discuss points 4c and 4d in higher dimensions.

(b) Try to find and discuss different (if possible: better) stopping criteria than the
one mentioned above.


