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Problem 1 Consider the linear system 4 2 6
2 1 1
−2 3 1
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 =
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 .

a) Compute the solution of this system using Gaussian elimination with scaled
partial pivoting.
(10 points)

b) Is it possible to solve this equation using Gaussian elimination without piv-
oting? Is it possible to apply Cholesky decomposition?
(5 points)

Problem 2 Consider the function

f(x) := 2x− sin(x) + 2.

In order to solve the equation f(x) = 0, it is possible to apply a fixed point
iteration of the form

xk+1 = xk −
1
2f(xk).

a) Show that the equation f(x) = 0 has a unique solution x̂, and that the
iteration converges for every starting value x0 ∈ R to x̂.
(10 points)

b) Compute one step of the fixed point iteration with a starting value x0 = 0.
Use your result to estimate, after how many steps we have |xk − x̂| ≤ 2−20.
(5 points)

Problem 3 Denote by fn, n ∈ N, the polynomial of degree n that interpolates
the function f(x) = ex + e−x in equidistant interpolation points in the interval
[0, 1].

a) Show that fn(x)→ f(x) for every x ∈ R.
(10 points)

b) Provide an estimate for
sup

0≤x≤1
|f5(x)− f(x)|.

(10 points)
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Problem 4 We are given a function f : R→ R at the following points:
xi −2 −1 −1

2
1
2 1 2

f(xi) 1
16

1
4

1
2 2 4 16

Compute from these values the best possible approximation of f ′(0) using central
finite differences and Richardson extrapolation.
(10 points)

Problem 5 Consider a quadrature rule of the form
Q(f,−1, 1) := 2

(
c0f(−1) + c1f(−2/3) + c2f(0) + c3f(2/3) + c4f(1)

)
for the approximation of a definite integral

∫ 1
−1 f(x) dx.

a) Find weights c0,. . . ,c4 ∈ R such that all polynomials of degree 4 are inte-
grated exactly, that is,

Q(P,−1, 1) =
∫ 1

−1
P (x) dx

whenever P is a polynomial of degree 4.
(15 points)

b) Using the weights computed in the first part of the exercise, find the smallest
integer k ∈ N for which Q(xk,−1, 1) 6=

∫ 1
−1 xk dx.

(5 points)

Problem 6 Consider the initial value problem
y′ = cos(y)− 2y,

y(0) = 0.

a) Apply two steps of the explicit Euler method1 with a step size of h = 1 for
the solution of this equation.
(5 points)

b) Apply two steps of the implicit Euler method2 with a step size of h = 1
for the solution of this equation. In each step, use two steps of Newton’s
method (with a resonable starting value of your choice) for the solution of
the non-linear equation you have to solve.
(15 points)

1This method is simply called Euler’s method in Cheney & Kincaid.
2Recall that this method is defined by the iteration yn+1 = yn + hf(tn+1, yn+1).


