TRAINING-MA2106 HOST 2024

1. HoLOMORPHIC AND HARMONIC FUNCTIONS, CAUCHY-RIEMANN EQUATIONS, ELEMENTARY
FuUNCTIONS

Exercise 1.1. Use either the definition of complex-differentiability or the Cauchy Riemann Equa-
tions to show that:

(a) The function f(z) = |z|? is differentiable only at z = 0, with f'(0) = 0.
(b) The function g(z) = |z| is not differentiable at any z € C.

Exercise 1.2. Let Q C C open and f : Q — C differentiable at zg € Q with f'(z9) # 0. Prove that
there exists v > 0 so that f(z) # f(z0) for all z € D(zp, 7).

Exercise 1.3. Let f : C — C the function defined by
flx+iy) =2+ 2y +i(z® +4?), forall z+iyeC.
Determine at which z € C the function f is differentiable.

Exercise 1.4. Let f : C — C be holomorphic so that f(0) =i and the real part w = Re(f) is
u(z 4 iy) = 223y — 22y + 22 —y®  for all x+ iy € C.
Find v = Im(f).

Exercise 1.5 (Exam December 2023). Prove that the function f : C — C given by f(z) = (z)?
for all z € C is complex-differentiable only at z = 0 and show that f'(0) = 0.

Exercise 1.6. Let f : C — C differentiable at zy with f'(z9) # 0. Prove that f := Re(f) — i Im(f)

is not differentiable at zg.

Exercise 1.7 (Exam December 2022). The tasks are:
(a) Show that the function

u(z,y) = 2° — 3zy* + e “cosy, (z,y) € R?,

s harmonic.
(b) Find the harmonic conjugate v of u that satisfies v(0,0) = 0.

Exercise 1.8. Let Q2 C C be open and connected, and f : Q@ — C holomorphic. Show that f is
constant in € in each of the following situations:
(a) f(Q) CR (f takes only real values) or f(2) C iR (f takes only pure imaginary values).
(b) Re(f) : Q@ —= R or Im(f) : @ — R is constant in .
(c) f:=Re(f) —ilm(f) is holomorphic in Q.
(d) The modulus of |f| is constant in Q.
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(e) The principal argument of f, Q 3 z — Arg(f)(z) := Arg(f(z)) is constant in Q. Here, we
additionally assume that f(z) # 0 for all z € Q.

Exercise 1.9. Show that if f: Q) — R is differentiable at zg = xo + iyg € (2, then

[f'(20)| = [V Re(f)(0,%0)[| = [IV Im(f) (20, y0)l;
where || - || is the Buclidean norm in R?; that is, ||(a,d)| = Va2 + b2.

Exercise 1.10 (@ving November 2022). Show that the function
u(z,y) = ze® cosy — ye®siny, (z,y) € R?,

is harmonic. Then find the harmonic conjugate v of u that satisfies v(0,0) = 0.

Exercise 1.11. Use the Cauchy-Riemann Equations to show that the function
f(z)=z, =z€C

is not complex-differentiable at any z € C.

Exercise 1.12. Let u : R? — R be the function u(x,y) = zy. Prove that u is harmonic in R? and
find a harmonic conjugate v of u with v(0,0) = 0.

Exercise 1.13. Let 2 C C be open and connected and u : Q@ — R be harmonic. Show that if v and
v are two harmonic conjugates of w in €, then v — v is a constant function.

Exercise 1.14. Let u : R? — R be a harmonic function. Show that the function f := g—; + i% is
holomorphic in C.

Exercise 1.15. For the function u : R? — R given by
wz,y) =y = 3%y, (2,y) €R?,

prove that u is harmonic in R? and find the harmonic conjugate v of u that satisfies v(0,0) = 1.

Exercise 1.16. Defineu : C\{0} — R by u(z) = log|z|. Prove that u is (real) harmonic in C\ {0},
and that u has no harmonic conjugate in C\ {0}.

Suggestion: Write u(x,y) in a simple form. Suppose that v : C\{0} — R is a harmonic conjugate
of u. The Cauchy-Riemann equations for u + tv will lead you to a contradiction.
Exercise 1.17. For the function f: C — C given by
f(z) = 623, z€C,
find Re(f) and Im(f), that is, the real and imaginary parts of f.

Exercise 1.18 (Exam December 2023). For the function f: C — C given by
f(z):eeza z €C,
find Re(f) and Im(f), that is, the real and imaginary parts of f.



Exercise 1.19. Let f: C — C be defined by

eV i zec\ {0}
f(z)_{o if z=0.

Prove that f € H(C\{0}), that the partial derivatives BPS;(JC), afg;(f), Mg;(f), alam(f) exist and satisfy

the Cauchy-Riemann equations at zg = 0, and that hH(l) f(2) does not even ezist. In particular, f is
2—

not continuous at zg = 0.

Exercise 1.20 (Exam December 2022). Let u : R? — R be a harmonic function in R?, and let
v:R? = R be a harmonic conjugate. Prove that the function

w = W'’ cos(2u(v + 1))

is harmonic in R? as well.
Exercise 1.21. Show that Log(1 +14)? = 2Log(1 + 1) and Log(—1 +1)? # 2Log(—1 +1).

Exercise 1.22. Given w € C, show that the set of all the solutions z € C of the equation sinz = w
is {—i€ : € € (log(iw + ¢)), ¢ € (V1 —w?)}. In particular, write down all the solutions z € C of
the equation sin z = 2.

Exercise 1.23. Compute the following sets and/or numbers.
(a) The real and imaginary parts of e37°.

(b) The real and imaginary parts of cos(2 + 31).
(c) (log(—1+ V31i)) and Log(—1 + V31i).

(@ (1)) and (-1}

(e) (1 + )y and (1 + i)+



2. SEQUENCES AND SERIES OF FUNCTIONS. POWER SERIES. ANALYTIC FUNCTION

Exercise 2.1. Consider the sequence of functions {f, : C — C},, given by
n+e*
&) = T
Find f : C\ {0} — C so that {fn}n converges pointwise to f on C\ {0}. Then show that this
convergence is uniform on each set Ap :={z € C : 1/R < |z| < R}, with R > 0.
Re(z)

neN, zeC.

Suggestion: We remind that |e*| = e , which helps when estimating.

Exercise 2.2. Consider the series of functions

. sin(nz)

E 5 2€C.
n

n=1

Prove that:
(a) The series converges uniformly in z € R.

(b) For each z € C\ R, the numerical series y Sinrgijz) diverges.

Suggestion: In part (b), it might be helpful to study the modulus of the general term distinguishing
the cases Im(z) > 0 and Im(z) < 0.

Exercise 2.3. If Q := {z € C : Re(z) > 1}, prove the following about the series of functions
S L e

n=1 nz°
(a) 00, n% converges absolutely for each z € Q.
(b) S0 L converges absolutely—uniformly on each set {z € C : Re(z) > 1+ ¢}, with £ > 0.
(c) >0, n% does not converge uniformly on €.
Clarification: Here n* is the principal z-power of n, that is, n* = e*108" = 218" For parts (b)
and (c), it’s perhaps easier to prove/disprove the corresponding Cauchy property.

Exercise 2.4. Determine the disk and the radius of convergence of the following power series.

[e%e] n [e%e] 3 + 4i " A\ ele] n n n oo n
)3, A2 bw;ﬂé+wgw—w O, (-1 (=) )Yl
&)Yty 2+ ()M 2 /)0l (logn)?2" g) 0L g " h) Sy 72"

i) 220:1 2 ) 220:1 2n k) 2211 #Zn! ) Zi’f:l g gl 2

Exercise 2.5. For the series a)-l) in Ezercise study the convergence in the boundary of their
disk of convergence.

Exercise 2.6. For every m € N, find a power series with disk of convergence D(0,1) and so that it
diverges precisely at m points of the boundary 0D(0,1) of D(0,1).

Exercise 2.7. Let f € A(D(0,1)) such that f(5) = ﬁ for allm € N, n > 2. Find the explicit
formula for f(z) for all z € D(0,1).
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Exercise 2.8. Let f € A(D(0,1)) such that f(1) = 207 Jor alln € N, n > 2. Find the explicit

formula for f(z) for all z € D(0,1), and calculate f(0) for alln € N.




3. CAUCHY INTEGRAL THEOREMS AND FORMULAE. WINDING NUMBERS

Exercise 3.1. Let Q be open and convex, and f : Q — C holomorphic (with f' continuous) in Q
with Re(f'(2)) > 0 for all z € Q. Show that f is injective in Q.

Exercise 3.2. Let Q C C open, f : Q@ — C holomorphic and v : [a,b] — Q a closed piecewise
Cl-path. Prove that if n € NU{0} and 29 ¢ v*, then

!/
[ (C
v (Z - Zo)n v (Z - Zo)n+
Suggestion: Use appropiately integration by parts.

Exercise 3.3. Let 21,20 € C and r > 0 so that |z1| <1 < |22|. Show that

/ 1 211
dz = .
aD(0,r) (z = 21)(z — 22) Z1 — 22

Exercise 3.4. Compute the following path-integrals in the indicated sets/paths.
(a) f,y ZZZQ':14 dz, where v = 0D(0,r) forr # 2.
() [, % 22+Z dz, where v = 0D(—1,1/2).
(c) f ZZ+'57'21§1 dz; where v = 0D(0, 3).
(d) f sin(e®) 4z, where v=0D(0,1).
(e) f,y ﬁ dz, where v = 0D(0,2).

(f) f z%sin (1) dz, where v = 8D(0,1).

Suggestion: In (f), recall the Taylor expansion of the complex sin function.

Exercise 3.5. Prove that:
(a) f Zf’f L 5y dz = 6mi, where v = 0D(0,4).
(b) f7 z2+1 dz = 4mi, where v = 0D(0, 2).
(c) f,y m dz = 2mi, where v = 0D(0,2).

d —¢  dz = 2mie?, where v = 0D(2,1).
7 (2-2)

Exercise 3.6. Let r > 0 and let P be a polynomial whose roots are all contained in the open disk
D(0,7). Prove that

P/
/ (2 )dz:2mdeg( P).
ap(0,r) P(2)
Suggestion: Use the Fundamental Theorem of Algebra to factoriza P, and then observe the partial
fraction decomposition of P'/P.

Exercise 3.7. Let Q C C be open so that D(zg,7) C Q, and let f : Q — C be holomorphic. Prove
that

2
f(20)]? < / |f (20 + se™)|* sds dt.
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Suggestion: Use the Mean Value property for f? on each circle 0D(zg,s) with 0 < s < r.

Exercise 3.8. Use appropriately the Cauchy Integral Formula to calculate the integral
1

/6D(0,1) (2 —3/2)(= —2/3)

27 dt
/0 13 — 12cost’

Exercise 3.9 (Exam December 2022). Let f : C — C be holomorphic in C so that

|f(re?)| < 1/’%, whenever 0 < |0] <7, r > 100.

Prove that f is constant in C.

dz.

Then calculate the real integral

Suggestion: Use the Cauchy Integral formula (not the Cauchy Estimates) for f’



4. CAUCHY ESTIMATES FOR THE DERIVATIVES. LIOUVILLE’S THEOREM. IDENTITY
PRINCIPLES. MAXIMUM MODULUS PRINCIPLES

Exercise 4.1. Let f : C — C holomorphic such that there constants C,a > 0 with | f(z)| < Ce®!
for all z € C. Prove that |f'(z)| < Cae®*I*1 for all z € C.

Suggestion: Use the Cauchy Estimates

Exercise 4.2. Let f: D(0,1) — C be holomorphic. Prove that
2|1'(0)] < sup{|f(w) — f(-w)| : w e D}.
Suggestion: Consider g(w) := f(—w) and apply the Cauchy Estimates for h = f — g.
Exercise 4.3 (Exam August 2023, slightly modified). The tasks are the following.
(a) Let f : C — C be a holomorphic function so that there is m € N with the property that
lf)| < (1 +z])™, forall zeC.

Prove that f is a polynomial of degree at least m.
Suggestion: Use the Cauchy Estimates for the derivatives of f

(b) Let f: C — C be a holomorphic function in C so that
Re(f(z)) <log(1+|z|) forall zeC.

Prove that f is constant in C.
Suggestion: Use part (a)

Exercise 4.4. Let f : C — C be holomorphic, and suppose there are constants r,C > 0, n € N such
that |f(z)| < C|z|™ for all |z| > r. Prove that f is a polynomial with deg(f) < n.

Suggestion: Use the Cauchy Estimates for the derivatives of f

Exercise 4.5. Let f: C — C be holomorphic with |f'(z)| < |z| for all z € C. Show that there exist
wi, we € C with |wy| < 1/2 so that f(z) = wy +we2? for all z € C.

Suggestion: First use the Cauchy Estimates for the derivatives of " to show that f' is a polyno-
mial of degree 1.

Exercise 4.6. Let f : C — C be holomorphic, and suppose there are constants C > 0, a > 0 with
a & N such that | f(2)| < C|z|* for all z € C. Prove that f is identically zero in C.

Suggestion: First use the Cauchy Estimates for the derivatives f*) (0). Then take into account
the First Identity Principle for Holomorphic Functions.

Exercise 4.7. Let f: C — C be holomorphic. Prove that for every z € C there exists M > 0 such
that | f(2)] < M - n! for every n € N.

Suggestion: Write f as a power series in C. What is the radius of convergence of that series?

Exercise 4.8. Let Q) be open, zg € 2, and f : Q — C holomorphic in Q). Show that the estimates
|17 (z0)] = nln"
only can hold for finitely many n € N.

Suggestion: Write f as a power series in a disk centered at zo. Then argue by contradiction.



Exercise 4.9. Let Q) be open and connected, and f : Q0 — C be holomorphic so that there exists
20 € Q and C > 0 with |f™(z)| < C for every n € N. Prove that there is a function g : C — C
holomorphic with g = f on Q.

. . . . (n)
Suggestion: What is the radius of convergence of the power series > >~ ! nEZO) (z —20)"? Then,
take into account the Second Identity Principle for Holomorphic Functions.

Exercise 4.10. Let Q be open and connected, and f,qg : Q0 — C be two holomorphic functions with
f(2)g(z) =0 for all z € C. Show that either f =0 in Q or g =0 in Q.

Suggestion: Use appropriately Second Identity Principle for Holomorphic Functions.

1) — 0. Prove that f is constant in C.

z

Exercise 4.11. Let f: C — C be holomorphic with lim

|z| =00

Suggestion: First Use the Cauchy Estimates to show that f is a polynomial of degree 1.

Exercise 4.12. Let f : C — C be holomorphic so that there exist M > 0, a € (0,1) with |f(2)] <
M (1 +|z|%) for all z € C. Prove that f is constant in C.

Suggestion: Use the Cauchy estimates for | £ (0)| and then take into account the First Identity
Principle for holomorphic functions.

Exercise 4.13. Show that there exist no function f : D(0,2) — C holomorphic in D(0,2) with
f(1/n) = =1/n? and f (%) = 1/n for alln > 2.

Suggestion: Use appropriately the Second Identity Principle for holomorphic functions.

Exercise 4.14. Show that there exist no function f : D(0,2) — C holomorphic in D(0,2) with
1 -1)"
f()z( ) , forall neN.

n n2

Suggestion: Use appropriately the Second Identity Principle for holomorphic functions.
Exercise 4.15. Let D = D(0,1) be the unit disk, and let f : D — C be holomorphic.
(a) Prove that the function g : D — C given by
g(z) = f(Z), foral zeD,
18 holomorphic in D as well.
(b) Assume further that f (n%rl) € R for all n € N. Prove that then
f(z)=g(z), forall zeD,
where g is the function from (a).

Suggestion: In part (b), use appropriately the Identity Principle II for Holomorphic Functions.

Exercise 4.16 (@ving November 2022; slightly modified). Let f : C — C be holomorphic in C
so that there exists M > 0 with the property that
Re(f(z)) < M, forall zeC.

Prove that f is constant in C.

Suggestion: Liouville’s Theorem



Exercise 4.17 (Exam December 2023). Let f : Q@ — C be a holomorphic function in the domain
Q:=C\{iy: y<0}.

Assume that f(x) = xlogz for all 0 < z < 1. Find the explicit formula of f(z) for all z € Q, and,
in particular evaluate f(—1 —1i).

Suggestion: The Identity Principle II for holomorphic functions.

Exercise 4.18. Let f : C — C be holomorphic. Prove that f is constant in any of the following
cases.

(i) |f(z)] > 1 for all z € C.
(i) Either Re(f)(z) > 0 for all z € C or Im(f)(z) > 0 for all z € C.
(111) Either Re(f)(z) # 0 for all z € C or Im(f)(z) # 0 for all z € C.

Suggestion: Use appropriately Liouwville’s Theorem.

Exercise 4.19. For any nonempty set A C C, denote M (A) := max{|e*| : z € A}. Find M(A) in
the following cases:

(i) A={z€C:|z—1—i <1}
(ii)) A={z€C : |Re(z) — 2| <1 and |Im(z) — 3] < 1}.

Suggestion: Use the Mazimum Modulus Principle I1

Exercise 4.20. For any nonempty set A C C, denote M(A) := max{|cosz| : z € A}. Find M(A)
in the following cases:

(i) A={z € C : Re(z), Im(z) € [0,27]}.
(i) A={z€C : |z| <1}.

Suggestion: Use the Maximum Modulus Principle I1

Exercise 4.21. Denote D = D(0,1) and D = D(0,1). Let Q C C be open and connected so that
D cC Q and let f: Q — C be holomorphic. Prove the following statements.
(a) If f is non-constant in Q and |f| is constant in 0D, then there exists zp € D with f(zy) = 0.
Suggestion: Assuming that f(z) # 0 for all z € D, use the Maximum Modulus Principle
IT for both f and 1/f to deduce that |f| is constant in D). Then deduce that f is constant
in D, and arrive at a contradiction.
(b) If f is pure imaginary in 0D (that is, f(OD) C iR), then f is constant in .
Suggestion: Use (a) for an appropiate variation of f.
(c) If f is real in OD (that is, f(OD) C R), then f is constant in Q.
Suggestion: Use (b) for an appropiate variation of f.



5. SINGULARITIES. RESIDUES. THE CAUCHY RESIDUES THEOREM. EVALUATION OF
INTEGRALS

Exercise 5.1 (Exam August 2024). Let f: C\ {0} be holomorphic in C\ {0} so that there is a
constant M > 0 with
If(2)] < M, whenever 0 < |z|] <1.

Assume also that there is a sequence {ap tneny C C\ {0} with

lim a, =0, and lim f(a,)=0.
n—oo n—oo

Show that
(a) There exists wy € C such that
lim /()
z—0 Zz

Suggestion: What kind of singularity does f have at 07 Then recall Riemann’s Theorem.
(b) One has |wo| < M.
Suggestion: You can use the Cauchy Estimates for |f/(0)].

= wop-

Exercise 5.2 (Exam December 2023). Let f : C\{0} be holomorphic in C\{0}, and let {a,}7> 4,
{bn}52, € C\ {0} satisfying
lim a, = lim b, =0, lim f(a,) =0, lim f(b,) =1.
n—oo n—oo n—oo n—oo
Prove that for every w € C there exists {z,}7>; C C\ {0} with ILm flzn) =w.
Suggestion: Recall Casorati- Weierstrass theorem

Exercise 5.3 (Exam August 2024). Evaluate the integral
/27r do
0 2—cosf’

Exercise 5.4 (Exam December 2022). Evaluate the integral

/27r dé
o 2+cosf’

/27r dé
o 9+ 16sin%(0)

Exercise 5.6 (Oving November 2022). The function
1/z

Exercise 5.5. Fvaluate the integral

e

1) = 1=

has singularities at z =0 and z = 1. Describe the type of singularities of f at those points.
Then, evaluate the complex path-integral

/ f(2) dz
aD(0,2)

where 0D(0,2) is traveled once and counterclockwise.




Exercise 5.7 (Exam December 2022). The function

ey = G

has singularities at z =0 and z = 1. Describe the type of singularities of f at those points.
Then, evaluate the complex path-integral

/ f(z)dz;
aD(0,2)

where 0D(0,2) is traveled once and counterclockwise.

Exercise 5.8. For every n € NU {0}, evaluate the integral

/ g l/z dz;
oD(0,1)

where 0D(0, 1) is traveled once and counterclockwise.

Exercise 5.9. Prove that
1 > 1
e*Tz dz = 2mi _

Exercise 5.10. For the ellipse y(t) = {acost + ibsint : t € [0,27]}, a,b > 0, evaluate

2
6—2
/ 5 dz.
N 2
Exercise 5.11. Using Cauchy Residues Theorem, evaluate the following path-integrals, always
travaled once and with the counterclockwise orientation.

(a) f7 ﬁ dz, where 7 is the ellipse x> —xy +y°> +x +y = 0.

(b) f cosl dz where 7y is the ellipse x2/9 + y%/4 = 1.
(c) f,y Z2+2Z+5 dz, where v = 0D(0, 1).

(d) f 3dz where v = 0D(1,1/2).

(e) f,y m dz, where v = 0D(0,3/2).

(f) f,y Ltz dz, where v = 0D(0,7).

1—cosz

Exercise 5.12. FEvaluate the integral

/27r de
o D+4dcosh’

Exercise 5.13. Find a closed formula (in terms of the parameter a) for the following the integral

/27r do
o a+sinf’

when a > 1, and also when a < —1.



Exercise 5.14. Show that
/” dé o
o l4sin?26 2
Exercise 5.15. For a,b > 0, with a # b, evaluate the integral

/*Oo cos du
P @ra)@@+) "

Exercise 5.16. For a > 0, evaluate the integral

/*00 COS T d
v ——dz.
P (22 + a?)?

Exercise 5.17. FEvaluate the integral

/+oo dz

pv —_.
oo X2 —2x+4
Exercise 5.18. Fvaluate the integral

/‘H’O sinx d
v ——da2.
PV 2 2wt 2

Exercise 5.19. Fvaluate the integral

/+°° x3sinz d
\' ——dx.
) @11

Exercise 5.20. Prove the identity

1

+o0 :
rsinz ——=
pv/ dx = me V2sin (

rsmz L)
o Tr+1 V2

Exercise 5.21. FEvaluate the integral

+o0 T
/ ¢ dx
4 )
P oo T3 —222 41— 2

/+°° COS T d
'V Z,
P 23 =222+ —2

—00

and then

Exercise 5.22. Fvaluate the integral
/+°° sin x q
v ——— dx.
P oo (2?2 —1)
Exercise 5.23. Fvaluate the integral
+00 1T
e
——d
o) 2o —wo)?

where wy € C is so that Im(wg) > 0.



Exercise 5.24. Fvaluate the integral
27 410
/ e de,
o 2+4-cosf

2w
/ cos(46) 40
0

and then deduce the value of

2+cosfh



6. FOURIER SERIES. FOURIER SERIES OF SINES AND COSINES. DIFFERENTIAL EQUATIONS

Exercise 6.1. For the following functions: consider their 2m-periodic extensions to all of R, and find
their Fourier Coefficients, their Fourier Sums, and their Fourier Series. Then, for all x € [0,27),
study whether or not the Fourier Series Sf(x) converges to f(x).

(i) The function f:[0,27) — R defined by

)1 if x€[0,7]
fz) = {—1 if © € [m,2m).
(i) The function f(z) = |x — x| for all x € [0, 27].
(11i) The function f(r) = x + sinx + cosz, for all x € [0,27).
(iv) The function f(x) = (x — 7)2, for all x € [0, 27].

Exercise 6.2. Calculate the Fourier Transform of the following functions f : R — C :

(i) For a > 0,
f(w)Z{l =

0 if |z| > a.
(i) For a >0,

Je ™ if x>0
ﬂ@_{o if ©<0.

(iii) Fora >0, f(x) = e~ for all z € R.

(iv) For a > 0,
(@) = %e_ax if ©>0
0 if x<0.

Exercise 6.3. For a function f:[0,7] — R, denote the Fourier coefficients

aozzjr/owf(t) /f ) cos(nt) d /f Jsin(nt)dt, n € Z\ {0}

The Fourier Series of Cosines and the Fourier Series of Sines of f in [0,7] are respectively

ap + Z an cos(nx), Z bysin(nz) x € [0,7].

n=1
Here are related tasks.
(i) Let f(x) =% — |v — 5|, x € [0,7).
(a) Compute by, for all n € N. Write down the Fourier Series of Sines at each x € [0, 7).
(b) Show that f is Lipschitz in [0, 7|, and then deduce that the series from (a) converges to
f(z) for all x € [0,7].
(c) Use (b) to deduce that

o0 2

§:44L4,_1
< (2n+1)2 87

(ii) Let f(x) = 2% — mx, x € [0, 7).
(a) Compute by, for all n € N. Write down the Fourier Series of Sines at each x € [0, 7).



(b) Show that f is Lipschitz in [0, 7], and then deduce that the series from (a) converges to
f(z) for all x € [0,7].
(c) Use (b), evaluating at x = w/2 to deduce that
i -y
—(2n+1)3 32
(iii) Let f(z) = (z —5)? x € [0, ).
(a) Compute ay, for all n € NU{0}. Write down the Fourier Series of Cosines at each
z € [0, 7).
(b) Show that the the series from (a) converges to f(x) for all x € [0, 7].
(c) Use (b) to deduce that

i 1 2
ol
=n 6
(iv) Let f(x) =z, x € [0, 7].
(a) Compute ay, for all n € NU{0}. Write down the Fourier Series of Cosines at each
z € [0, 7).
(b) Show that the the series from (a) converges to f(x) for all x € [0, 7].
(c) Use (b) to deduce that

£ 1w
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(v) Let f(z) = coshz := “E—= z € [0, 7).
(a) Compute ay, for all n € N U {0}. Write down the Fourier Series of Cosines at each
x € [0, 7).

(b) Show that the the series from (a) converges to f(x) for all x € [0, 7].
(c) Use (b) to deduce that

o0
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(vi) Let f(z) = sinhz := €=, 2 € [0, 7).
(a) Compute by, for all n € N. Write down the Fourier Series of Sines at each x € [0, 7).
(b) Show that the the series from (a) converges to f(x) for all z € [0, 7).

Exercise 6.4. For the functions f : [0,7] — R from Ezercise [6.9(i),(ii), write down the Series
Formula of a solution u(x,t) of the Heat Equation in [0, ] with initial data f :

9%u ou

@(Jﬂ,t) = a(m,t), if  (z,t) € (0,m) x (0, +00);

uw(0,t) = u(m,t) =0, if te][0,400);
u(z,0) = f(z), if  xel0,7).

(HEI) =



Exercise 6.5. For the functions f : [0,7] — R from Ewercise [6.9(i),(ii), write down the Series
Formula of a solution u(z,t) of the Wave Equation in [0, 7] with initial data f :

(0% d%u

w(m,t) = @(x,t), if  (x,t) € (0,m) x (0, 400);
(WEI) = u(0,t) = u(m, t) =0, if tel0,+00);

ou ‘

a(xao) =0, if z€ [O,ﬂ];

u(z,0) = f(z), if  xe€|0,7].
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