FIRST EXAM DRILL SOLUTIONS-MA2106. 11 NOVEMBER 2024

Exercise 1 (1 point). For the function f : C — C given by
flz) = ezs, z € C,
find Re(f) and Im(f), that is, the real and imaginary parts of f.
Solution: We look for functions u(x,y),v(x,y) in R2 for which
f(z+iy) = u(z,y) +iv(z,y), (z,y) R

First, for z = x + iy, we write

23 = a3 + 32° (iy) + 3x(iy)? + (iy)® = 23 + 322 (iy) + 3z(iy)® + (iy)*

=23 4+ 32%yi — 3ay® —iy® = 23 — 3xy? + i (3x2y — y3) .

Re(w) . pi Im(

Now, the definition of the exponential e* = ¢ w) gives

¢’ = r* By’ | i(30ty—y?) _ o®—3ay? (Cos(3mzy - yg) + ¢sin (3:1:2?; - yg))

= %37y cos(3z%y — y3) + it 3y’ sin(3z%y — y3).
We thus have that
23— 3502 23—3zu2 .
Re(f)(z,y) = u(z,y) = €™ ™ cos(32%y —y*), Im(f)(z,y) = v(z,y) = > sin(3a’y — y°).
O

Exercise 2 (1 point). For the function u : R> — R given by
U(ZL‘, y) = y3 - 3$2y7 (:L‘a y) € R27
prove that u is harmonic in R? and find the harmonic conjugate v of u that satisfies v(0,0) = 1.

Solution: We prove the harmonicity via the Laplace Equation Au = 0. Indeed,

Ou O*u Ou 9 , 0%
%(w,y) = —6xy, @(x,y) = —06y, gy(x,y) =3y~ — 327, @(w,y) = 6y,

and so
9%u d%u

Au(z,y) = @(% y) + Tyg(w,y) = —6y + 6y = 0.

Thus, v is harmonic in R?. Now, recall that a harmonic conjugate is a function v : R> — R so that
u + v is holomorphic. We can see that the function z — i23 satisfies

i(x+iy)* =i (2% — 32y® +i (32%y — y*)) =i (2° — 3xy?) + y* — 327y,
and thus all the harmonic conjugates of u are of the form

v(z,y) =23 - 32> + K, K eC.
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If we are not able to find that holomorphic function, we solve the following system of (Cauchy-
Riemann) Differential Equations:

ov ou

%(x,y) = %(w,y) = —6xy

ov B @ a2 9
%(w,y)— ay(:w)— 3y° + 327,

Integrating with respect to y in the first one, we see that

v(w,y) = /(—ny) dy = —3ay” + p(x),
for some differentiable ¢ : R — R. Plugging this into the second equation leads to
32+ (x) = =3 + 322 = Y(z) =322 ox)=2>+K;, KecC.
Now that we know the expression for ¢(z) we use it in the expression for v :
v(z,y) = —3xy® +2° + K.
Since we are interested in that v that satisfies v(0,0) = 0, we see that necessarily K = 0, whence

v(x,y) = —3zy® + 2°.

Exercise 3 (1 point). Consider the series of functions

oo .
L

n

n=1
Prove that:
(a) The series converges uniformly in z € R.
(b) For each z € C\ R, the numerical series Y 7, S‘“T(li;”) diverges.

Suggestion: In part (b), it might be helpful to study the modulus of the general term distinguishing
the cases Im(z) > 0 and Im(z) < 0.

Solution:
(a) Recall the Weierstrass M-test:

Theorem. Let A C C, and a sequence of functions f, : A — C such that for every n € N there
exists My > 0 with |fn(2)] < M, for all z € A, and so that y_.° | M, is finite. Then the series
> 02 | fn converges absolutely—uniformly on A.

Let’s apply this to our exercise. Observe that f,(z) = S‘“éi;”) satisfies, for all z € R
sin(nz) 1
|fu(2)| = n2 =2 =: My,

where Y 2 | M,, < co. By the M-test, the series converges uniformly in z € R.
(b) Let z € C\ R, write z = x + iy and assume first that y > 0. Notice that

sin(nz) _ 2i <ein(:v+’iy) - efin(:eriy)) — 2i (einxefny - efin:peny) )
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Thus, using that y > 0, we write

sin(nz) ‘einxe—ny - e—inxeny‘ |e—inmeny’ _ |€ina:€—ny
n2 o In2 - N2
o] — fenelje] _ e — e
2n? - 2n?

But notice the the limit as n — oo of the last term goes to infinity, and does the series of complex

numbers
oo

Z sin(nz)
2
n=1 n
diverges. Recall the limit of the general term of a convergent series is always 0.

Now, if y < 0, we observe that

Z sm:;z) _ Z:l _5111(7;(2—2))7

n=1

and both series have the same character (one diverges if and only if the other diverges). By Im(—z) =
—y > 0, and by what we have proved for those complex numbers with positive imaginary part, we
deduce that the series (both of them) diverges. O

Exercise 4 (1 point). Use the Cauchy Integral Formula to evaluate the complex path-integral:
/ 22 +7246
—————dz;
aD(0,3) (2 +2)(2 +4)
where 0D(0, 3) is traveled once and counterclockwise.

Solution: Recall the Cauchy Integral Formula in a Convex Domain:

Theorem (Cauchy Integral Formula for Convex Sets). Let Q C C be a convex open set, v : [a,b] — Q
a closed piecewise C'-path and f : Q — C holomorphic. Then,

W) =50 |
i

f(w) dw, forall zeQ\~"
w—z

In our exercise, consider 2 = D(0,3 + %), and

224+ 7246
S

This way, f is holomorphic in the convex domain €2, (as —4 ¢ Q) and if we let v to be the circle of
radius 3 and centered at 0, traveled once and counterclockwise, we have that the trace v* of v is
entirely contained in © and that W (v, —2) = 1. The Cauchy Integral Formula says that then

, z €.

224+ T72+6 / f(2) »
—  _dz= dz = 2miW (v, =2) f(=2) = 2mif(—2) = 2mi— = —4mi.*
/:9D(0,3) (z+2)(z+4) aD(03) % + 2 ( )f(=2) (—2) 5

O

Exercise 5 (2 points). Use the Cauchy Residues Theorem to evaluate:



(a) The complex path-integral:

where 7 represents the ellipse {(z,y) € R? : % L 1}, traveled once and counterclock-

4
wise.
(b) The principal value of the real integral:
/+°° sin x d
pv —————d=.
oo T2 =21 42
Solution: Recall the Cauchy Residues Theorem:
Theorem (Cauchy Residues Theorem). Let f : Q\ {z1,...,2n} — C be a holomorphic function
in Q except at N distinct points {z1,...,zxy} C §, at which f has isolated singularities. Let

v i [a,b] = Q\ {z1,...,2n} be a closed and piecewise Ct-path with W(v,z) = 0 for all z ¢ Q.
Then, we have

N
/f(z) dz = 27TiZRes(f, 2 )W (v, 2)-
v k=1

Also, the following proposition is instrumental:

Proposition. Let g, h: Q0 — C holomorphic functions and zy € . Assume that:

e g(z0) #0, and
e h(zg) =0 and I (z) # 0.

Then f = % has a simple pole (pole of order 1) at zy and

vt - 52

(a) The function f(z) = €os(2) Yag singularities at z = 2, —2. The inside of the ellipse v is the set

22-4
2 . 2?2 2
{(z,y) e R : T+ 4 <1}
We need to see whether our singularities +£2 are in that set. We have that

2 + 0 _4 <1
9 4 9 ’
and so 2 is there. For the same reason, —2 is there as well. By the Cauchy Residues Theorem, we

have

22 _

/ cos 24 dz = 2mi [W(7,2) Res(f,2) + W(~, —2) Res(f, —2)].
.

Note that W(~v,2) = W (v, —2) = 1 because «y travels once and in the positive orientation around 2
and —2. Therefore,

22 _

/ eos Z4 dz = 2mi[Res(f,2) + Res(f, —2)].
¥
Let’s calculate those residues. We write
gz
fz) = 22,

When z = +2, we have that

) g(z) =cosz, h(z)=2>-4, HK(z)=2z
g(£2) =cos2#0, h(£2)=0, h'(£2)=+4+#0.



By the Proposition, we have that

g(+2)  cos2 cos 2
Res(f,£2) = 0 (2) =T =+ T

We can conclude that

/ o8z dz = 27i [Res(f,2) + Res(f, —2)] = 2mi <
.

22

4 4

2 2
cos cos ) _o

(b) For this type of integral, we use:
Theorem. Denote H := {z € Q : Im(z) > 0} the upper half-plane and let Q@ C C be open with
H C Q. Let f be a function with the following conditions

e f is holomorphic in Q except at finitely many singularities z1,...,zn € .
o 2z, ¢ R (that is, Im(zx) #0) for allk=1,...,N.
e There are constants M, Ry > 0, p > 0 such that l1f(2)] < |M for all z € Q with |z| > Ro.

Then, for all a > 0, if g(2) := f(2)e'%*, z € Q, we have

400 .
pv f(z)e** dx = 2mi Z Res(g, zx).
o0 {k:Im(zx)>0}

The third condition is satisfied, for example, when f = P/@Q where P,(Q are polynomials with
deg(Q) > 1 + deg(P).
In our exercise, we first evaluate the integral

+oo i
/ c dx
' —dx.
P foo X2 =21+ 2

Towards the application of the previous theorem, write g(2) = 5 +2 and f(z) = m We see

that the solutions to 22 — 22 +2 = 0 are 1 4+ i and 1 — i, and so f has singularities at 1 4 ¢. But
only 1+ 1 is in the upper half plane. Also f is quotient of two polynomials, where the denominator
@ has degree 1 + deg(P); where P = 1 is the numerator. By the Theorem

+o00 el
pv /_OO mdﬂ? = 27TZ Res(g, 1 +’L>

To calculate those residues, we use the Proposition above. Write
g(z) = =%, u(z) =€, w(z)=22-2242, V(z)=22-2,
and note that
u(l+i) =) =71 20, v(l+i)=0, v/(14i)=2(1+1i)—2=2i.
By the proposition

. u(l
Res(g,l+z)=v((1+. =

and hence

+oo el 67'_1 T . T
pv/oo mdx = 2miRes(g,1 + 1) = 2mi 5 = ge’ =2 (cos1+isinl).

Therefore, the requested integral is the imaginary part of the previous one:

/+°° sin x d I /+°° e'® d msin 1
s ——————dz =Im | pv ————dz | = .
P foo X2 =21+ 2 P foo X2 =21+ 2 e




Exercise 6 (2 points). Let D = D(0,1) be the unit disk, and let f : D — C be holomorphic.
(a) Prove that the function g : D — C given by
g(z) = f(z), forall zeD,
is holomorphic in D as well.

(b) Assume further that f <n+1

f(z) =g(z), forall zeD,

where g is the function from (a).

) € R for all n € N. Prove that then

Suggestion: In part (b), use appropriately the Identity Principle II for Holomorphic Functions.

Solution:
(a) Define g : D — C by g(z) = f(Z) for all z € D. If 2y € D, the limit defining the derivative is

o 9B =) TG _ AT _ E=i)

Z—20 2 —2p z—20 zZ— 20 z—20 2 —2p z—20 Z—20

zZ—20 Z— 20 wW—Z0 w — 2o

Thus, the limit exists, and this means that ¢ is complex differentiable at zy. Because zg € D is

arbitrary, we conclude that ¢ is holomorphic in D.

(b) Recall the Second Identity Principle For Holomorphic Maps:

Theorem. Let Q C C be open and connected, and f,qg : Q@ — C two holomorphic functions such
that there are zp € Q@ and a sequence {z}r C Q\ {20} such that klim 2z, = 2o and f(zx) = g(zx) for
—00

all k € N. Then f =g on Q.

In our exercise, by the assumption we have f (ﬁ) € R, and therefore, looking at the definition

of g in (a):
1 1 1 1
g<n—|—1> _f<n+1> _f<n+1> _f(n+1>'
Since {n “1tn — 0 €D, and 55 # 0 for all n € N, the Second Identity Principle implies that
f(z) = g(z) for all z € D. O

Exercise 7 (2 points). Let f : [0, 7] — R be the function defined by

flz) = T_ ‘x— T , forall ze€]|0,n],
2 2
which we may consider extended as an odd function f : [—7, 7] — R in [—m,7].

(a) Calculate the Fourier Coefficients of f :

/f )sin(nt)dt, n € N.

Write the Fourier Series (of Sines) S(f)(x) of f for all x € [0, 7].

(b) Prove that f is Lipschitz and then deduce that the Fourier series S(f)(z) of f converges to
f(zx) for all x € [0, 7].



(c) If f is the function above, consider the Heat Equation in [0, 7] with boundary conditions:

0?u ou ,
@(x,t) = a(l‘,t), if  (z,t) € (0,7m) x (0, +00)

(P) = u(0,t) =u(m,t) =0 if te]0,+00)
u(z,0) = f(x) if x€][0,m7].
Based on the findings from (a), write down a solution u(x,t) of (P) as a series of functions.

Solution:
(a) The function f is

T if 0<xz<m/2
m—z if 7/2<zx<m.

So, in the computation of b,, we split the integral into two parts, we begin with the integral over

0,7/2).
/O " s sin(nt) dt = {—t“)i@]i:ﬂ - /0 " <—COS:”‘”> dt

mcos(ng) [sin(nt)} t=r/2 _sin(ng)  wcos(ng)
2 n N

2 2
n =0 n 2 n

Now we compute the integral we need in [7/2, 7] :

/7;(77 — ) sin(nt) dt = [(77 - t)‘j"sﬁ”‘”]::m - /7;(—1) <—C°‘°’n<”“> dt

_ moos(ng) [sm(m)]” _ meos(ng)  sin(ng)

2 n n?2 t=xj2 2 M n?2

And the requested coefficients are

2 /2 T 4 sin
b, = — (/0 tsin(nt) dt + /7r (m — t) sin(nt) dt) (2 2).

m /2 s n

The Fourier Series of Sines of f in [0, 7] is

— 4
Z by, sin(nzx) = Z sin(n in(nz), x€]l0,].
n=1

(b) The function f is Lipschitz in [0, 7], meaning that there is C' > 0 constant with
lf(x) — fly)| < Clx —y| forall =z,ye]|0,n].
Indeed, if z,y € [0,7] :

3G oo 3D b33 <5 - G D)l 1o

We know that then the Fourier (Sine) Series

o . e
4 sin(ny

g - (2 2) sin(nx)
T n

n=1

converges to f(x) for all z € [0, .



(c) Recall that a solution to this Heat Equation in [0, 7] is given by the Series of Functions:
u(z,t) = ane*"%sin(m:), (x,t) € [0, 7] x [0, +00);
n=1

where {by, }nen are the Sine Fourier Coefficients of the initial value f. In our case,

o0

u(z,t) = Z 4sin(n3) et sin(nz).

™ n?

n=1



Some Relevant Formulas

e De Moivre’s: €™ = cos(nf) + isin(nh).
e Complex Trigonometric functions:
eiw + e—iw eiw _ e—iw

cosw := ——, sinw:=———, weC.
2 21

e The Cauchy-Riemann Equations:

du  Ov Ou v

or 9y’ Oy Oz
e The Cauchy Integral Formula (under the right assumptions on f, v, 2):

n! w
F(z) = m[y (w {(Z))nJrl dw.

e Fourier Exponential Coeflicients and Series, for a 2m-periodic function f : R — C in R.
1

fiy =g [ et

S(F)@) =3 Fmye.

nez
e Fourier Cosine-Sine Coefficients, for a function f : [—m, 7] — R:
I 1 (7 1 (7
ao = o5 f)ydt, an:=-— f(t)cos(nt)dt, by :=— f(t)sin(nt)dt, neN,
L — TJ) T J)

S(f)(x) =ao+ Z (an cos(nx) + by sin(nz)) .

n=1

e For f:[—m, ] = R even,

S(f)(x) =ao + Zan cos(nx).

n=1

e For f:[—m, 7] = R odd,
S(f)(x) = busin(nx).
n=1



