
8.5–8.6 Kurver i polarkoordinater

Polarkoordinater og kartesiske koordinater:
<latexit sha1_base64="o5TvCbd8yBTlosSDE4qnc79gDZ8=">AAACEXicbZDLSgMxFIYzXmu9VV26CRahbsqMKLoRim5cVrAX6Awlk2ba0EwyJGfEUvoKbnwVNy4UcevOnW9j2o6grT8Efr5zDifnDxPBDbjul7OwuLS8sppby69vbG5tF3Z260almrIaVULpZkgME1yyGnAQrJloRuJQsEbYvxrXG3dMG67kLQwSFsSkK3nEKQGL2oXSPb7AGvtUmZIPPQbkyPfzgyk0XOIf2i4U3bI7EZ43XmaKKFO1Xfj0O4qmMZNABTGm5bkJBEOigVPBRnk/NSwhtE+6rGWtJDEzwXBy0QgfWtLBkdL2ScAT+ntiSGJjBnFoO2MCPTNbG8P/aq0UovNgyGWSApN0uihKBQaFx/HgDteMghhYQ6jm9q+Y9ogmFGyIeRuCN3vyvKkfl73TsntzUqxcZnHk0D46QCXkoTNUQdeoimqIogf0hF7Qq/PoPDtvzvu0dcHJZvbQHzkf35ecmv0=</latexit>

x = r cos(✓)

y = r sin(✓)

Enhetssirkelen:
<latexit sha1_base64="V37qr78R4f3bLQE87CmQDy/xdEw=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIFaHOFEU3haIblxXsBTrTkknTNjSTGZIz4lD6GG58FTcuFHHbnW9jelnU6oGEn+8/h+T8fiS4Btv+tlIrq2vrG+nNzNb2zu5edv+gpsNYUValoQhVwyeaCS5ZFTgI1ogUI4EvWN0f3E78+iNTmofyAZKIeQHpSd7llIBB7ez5U6uIz3Bi7hJ2aahbxbwLfQbk1GBXc7kASthpZ3N2wZ4W/iucuciheVXa2bHbCWkcMAlUEK2bjh2BNyQKOBVslHFjzSJCB6THmkZKEjDtDaeLjfCJIR3cDZU5EvCULk4MSaB1EvimMyDQ18veBP7nNWPoXntDLqMYmKSzh7qxwBDiSUq4wxWjIBIjCFXc/BXTPlGEgskyY0Jwllf+K2rFgnNZsO8vcuWbeRxpdISOUR456AqV0R2qoCqi6Bm9onf0Yb1Yb9an9TVrTVnzmUP0q6zxD9AsnIQ=</latexit>

x2 + y2 = cos2(✓) + sin2(✓) = 1

Noen vanlige tilfeller:
<latexit sha1_base64="mcshXm5KxNXvBBVIakLhJfy43Ok=">AAACTnicbZFLSwMxFIUz9VXra9Slm2ARXJWZoiiIILpxWcFWoTMMmcxtG8w8mtwRSvEXuhF3/gw3LhTRtB3RqhdCPs7JzeMkzKTQ6DhPVmlmdm5+obxYWVpeWV2z1zdaOs0VhyZPZaquQ6ZBigSaKFDCdaaAxaGEq/DmbORf3YLSIk0ucZCBH7NuIjqCMzRSYIOix1QFzhH1+jmLqIc9QGa0CXwbKnCpJ6FPVTEF9emeL7/Y4QcH9cCuOjVnXPQvuAVUSVGNwH70opTnMSTIJdO67ToZ+kOmUHAJdxUv15AxfsO60DaYsBi0PxzHcUd3jBLRTqrMSJCO1Z8dQxZrPYhDszJm2NO/vZH4n9fOsXPoD0WS5QgJnxzUySXFlI6ypZFQwFEODDCuhLkr5T2mGEfzAxUTgvv7yX+hVa+5+zXnYq96clrEUSZbZJvsEpcckBNyThqkSTi5J8/klbxZD9aL9W59TJaWrKJnk0xVqfwJ7JGxbg==</latexit>

r = r0; ✓ = ✓0; r1  r  r2; ✓1  ✓  ✓2

Eksempler på former:
<latexit sha1_base64="kqSWS3mE303pa0q1rUiQtfdHUzs=">AAACKnicbVDLSgMxFM3UV62vqks3wSJUpGWmVlSkUHXjsoJ9QDuWTJq2oZnMmGSkw9DvceOvuOlCKW79ENMHUqsHEs49516SexyfUalMc2TElpZXVtfi64mNza3tneTuXkV6gcCkjD3miZqDJGGUk7KiipGaLwhyHUaqTu927FefiZDU4w8q9Intog6nbYqR0lIzed2HBZi7go2nALVgP9RV/qd6zMEMDPVdgNa8eALTYeb0eGJcNpMpM2tOAP8Sa0ZSYIZSMzlstDwcuIQrzJCUdcv0lR0hoShmZJBoBJL4CPdQh9Q15cgl0o4mqw7gkVZasO0JfbiCE3V+IkKulKHr6E4Xqa5c9Mbif149UO0LO6LcDxThePpQO2BQeXCcG2xRQbBioSYIC6r/CnEXCYSVTjehQ7AWV/5LKrmsdZY17/Op4s0sjjg4AIcgDSxwDorgDpRAGWDwAt7AO/gwXo2hMTI+p60xYzazD37B+PoGkYqglw==</latexit>

x = 2; xy = 4; x2 � y2 = 1; x2 + (y � 3)2 = 9



Symmetrier

Om x-akselen:
<latexit sha1_base64="Ry3m0nurZLTYXGAyIx/kQCdT48Q=">AAACAHicbVDNSgMxGMzWv1r/Vj148BIsghfLrih6LHrxWMHaQncp2TTbhibZJflWKEsvvooXD4p49TG8+Tam7R60dSAwmfk+kpkoFdyA5307paXlldW18nplY3Nre8fd3XswSaYpa9JEJLodEcMEV6wJHARrp5oRGQnWioY3E7/1yLThibqHUcpCSfqKx5wSsFLXPQhgwIDgQJLUQIJPi3vXrXo1bwq8SPyCVFGBRtf9CnoJzSRTQAUxpuN7KYQ50cCpYONKkBmWEjokfdaxVBHJTJhPA4zxsVV6OE60PQrwVP29kRNpzEhGdlISGJh5byL+53UyiK/CnKs0A6bo7KE4E9gmnbSBe1wzCmJkCaGa279iOiCaULCdVWwJ/nzkRfJwVvMvat7debV+XdRRRofoCJ0gH12iOrpFDdREFI3RM3pFb86T8+K8Ox+z0ZJT7OyjP3A+fwDq/JX2</latexit>

✓ 7! �✓

Om y-akselen:
<latexit sha1_base64="/QI7gRHV9B0KOelSmhqfHXI9k0c=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUaMuMKLosunFZwT6gM5RMmmlDk5khuSOU0qUbf8WNC0Xc+gnu/BvTdhbaeiBwOOdebs4JEsE1OM63tbS8srq2ntvIb25t7+zae/sNHaeKsjqNRaxaAdFM8IjVgYNgrUQxIgPBmsHgZuI3H5jSPI7uYZgwX5JexENOCRipYx8VVcmDPgNyij1JEg0xLpZVqZyJHbvgVJwp8CJxM1JAGWod+8vrxjSVLAIqiNZt10nAHxEFnAo2znupZgmhA9JjbUMjIpn2R9MgY3xilC4OY2VeBHiq/t4YEan1UAZmUhLo63lvIv7ntVMIr/wRj5IUWERnh8JUYJN20grucsUoiKEhhCpu/oppnyhCwXSXNyW485EXSeOs4l5UnLvzQvU6qyOHDtExKiIXXaIqukU1VEcUPaJn9IrerCfrxXq3PmajS1a2c4D+wPr8ATjAmDE=</latexit>

(r, ✓) 7! (�r,�✓)

Om origo:
<latexit sha1_base64="MOzT+2QGo+mRAygkvWmD8UTwW4w=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi2VXFD0WvXisYG2hu5Rsmm1Dk2xIskJZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8WHFmrO9/e6WV1bX1jfJmZWt7Z3evun/waNJME9oiKU91J8aGciZpyzLLaUdpikXMaTse3U799hPVhqXywY4VjQQeSJYwgq2TQo1CgZWxKTrTvWrNr/szoGUSFKQGBZq96lfYT0kmqLSEY2O6ga9slGNtGeF0UgkzQxUmIzygXUclFtRE+ezmCTpxSh8lqXYlLZqpvydyLIwZi9h1CmyHZtGbiv953cwm11HOpMoslWS+KMk4cj9OA0B9pimxfOwIJpq5WxEZYo2JdTFVXAjB4svL5PG8HlzW/fuLWuOmiKMMR3AMpxDAFTTgDprQAgIKnuEV3rzMe/HevY95a8krZg7hD7zPH1K7kTc=</latexit>

r 7! �r

Stigningstall for kurve r = f(θ)
Ved kjerneregelen:

<latexit sha1_base64="2ueK2+9YdxzI0Y5PuhLfn7GRbO0="></latexit>

dy

dx
=

dy

d✓

d✓

dx
=

f 0(✓) sin(✓) + f(✓) cos(✓)

f 0(✓) cos(✓)� f(✓) sin(✓)

Dersom  i et punkt (kurven passerer origo):f(θ0) = 0
<latexit sha1_base64="L5PR44ZTqlUYmiGrNCDgeSKh7xA=">AAACKHicbVDLSsNAFJ34rPUVdelmsAi6KYkouikW3bisYB/QhDKZTOzgZBJmbsQS8jlu/BU3Iop065c4fVB8HRg495x7uXNPkAquwXGG1tz8wuLScmmlvLq2vrFpb223dJIpypo0EYnqBEQzwSVrAgfBOqliJA4Eawd3lyO/fc+U5om8gUHK/JjcSh5xSsBIPfvcixSheTgo8vChwLVJ6WkuDzzoMyCHRe7RRM8qXMMekJnbsytO1RkD/yXulFTQFI2e/eqFCc1iJoEKonXXdVLwc6KAU8GKspdplhJ6R25Z11BJYqb9fHxogfeNEuIoUeZJwGP1+0ROYq0HcWA6YwJ9/dsbif953QyiMz/nMs2ASTpZFGUCQ4JHqeGQK0ZBDAwhVHHzV0z7xEQFJtuyCcH9ffJf0jqquidV5/q4Ur+YxlFCu2gPHSAXnaI6ukIN1EQUPaJn9IberSfrxfqwhpPWOWs6s4N+wPr8AmBHprc=</latexit>

dy

dx
=

sin(✓)

cos(✓)
= tan(✓)



Kardiode

Areal i polarkoordinater
Region mellom to kurver og to vinkler:

<latexit sha1_base64="5o6Zf10DJWYzsEESkSip82+erwU=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCXVgSUXQjFN24rGAf0IQymU7aoZNMmLkRaij+ihsXirj1P9z5N07bLLR64MLhnHu5954gEVyD43xZhYXFpeWV4mppbX1jc8ve3mlqmSrKGlQKqdoB0UzwmDWAg2DtRDESBYK1guH1xG/dM6W5jO9glDA/Iv2Yh5wSMFLX3lP4Erv4GHtU6ooHAwbkqGuXnaozBf5L3JyUUY561/70epKmEYuBCqJ1x3US8DOigFPBxiUv1SwhdEj6rGNoTCKm/Wx6/RgfGqWHQ6lMxYCn6s+JjERaj6LAdEYEBnrem4j/eZ0Uwgs/43GSAovpbFGYCgwST6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yX9I8qbpnVef2tFy7yuMoon10gCrIReeohm5QHTUQRQ/oCb2gV+vRerberPdZa8HKZ3bRL1gf35xNk2g=</latexit>

r = 1� cos(✓)

<latexit sha1_base64="tlxr1fkLudOy07PJel5Jvu9F+BA=">AAACKnicbZBLSwMxEMez9VXrq+rRS7AIFaTsFkVBhaoXjxXtA7plyabZNjT7IJkVytLP48Wv4qUHpXj1g5huK2jrwJA/v5lhMn83ElyBaY6NzNLyyupadj23sbm1vZPf3aurMJaU1WgoQtl0iWKCB6wGHARrRpIR3xWs4fbvJvXGM5OKh8ETDCLW9kk34B6nBDRy8jeP+BrbCbaJiHoEX2EbegxS4er3xL7EnmMVp/RYY6nTc8o/xB46+YJZMtPAi8KaiQKaRdXJj+xOSGOfBUAFUaplmRG0EyKBU8GGOTtWLCK0T7qspWVAfKbaSXrqEB9p0sFeKHUGgFP6eyIhvlID39WdPoGemq9N4H+1VgzeRTvhQRQDC+h0kRcLDCGe+IY7XDIKYqAFoZLrv2LaI5JQ0O7mtAnW/MmLol4uWWcl8+G0ULmd2ZFFB+gQFZGFzlEF3aMqqiGKXtAbekcfxqsxMsbG57Q1Y8xm9tGfML6+Af39o10=</latexit>

S = {↵ < ✓ < �, f1(✓) < r < f2(✓)}

<latexit sha1_base64="H+UePSOFkUCfs/wlwvUI8tQ2vmQ="></latexit>

A(S) =
1

2

Z �

↵

⇥
(f1(✓))

2 � (f2(✓))
2
⇤
d✓

Areal ved integralet:

Buelengde av kurve , for :r = f(θ) θ ∈ [θ1, θ2]

Buelengde i polarkoordinater

<latexit sha1_base64="RVv/3PIDupJ+Kna2GEK9gFd4t3M="></latexit>

L(�) =

Z ✓2

✓1

�
(f(✓))2 + (f 0(✓))2

� 1
2 d✓



Repetisjon  
lineær algebra (10.1–10.4)



Vektorrommet R 3

Det euklidiske rommet (kartesiske koordinater)

R3 := {(x, y, z) : x, y, z 2 R}

er et eksempel på et reelt vektorrom V:

1u = u

a(bu) = (ab)u

a(u+ v) = au+ av

(a+ b)u = au+ bu

u, v, w 2 V a, b 2 R

u+ v = v + u

(u+ v) + w = u+ (v + w)

u+ 0 = u

u+ (�u) = 0



Avstand og lengde

d(P1, P2) =
p
(x2 � x1)2 + (y2 � y1)2 + (z2 � z1)2

Avstandsformel

Lengde av vektor v = (x,y,z)
|v| =

p
x2 + y2 + z2

{x, y, z 2 R3 : x2 + y2 + (z � 2)2 = 1}

Eksempel: enhetssfæren med sentrum i (0,0,2)



Skalarprodukt

slik at

Et skalarprodukt (indreprodukt) er en avbilding
(u, v) 7! u · v

u · v = v · u
(�u) · v = u · (�v) = �(u · v), � 2 R

u · (v + w) = u · v + u · w
u · u � 0 med likhet kun for u = 0

V ⇥ V ! R

Spesielt:                                er et skalarprodukt.u · v def.
= u1v1 + u2v2 + u3v3



Det euklidiske skalarproduktet 
For skalarproduktet                              gjelder:u · v = u1v1 + u2v2 + u3v3

u · u = |u|2

projvu
def.
=

(u · v)
|v|2 v, v 6= 0

u

v

u

vprojvu

Eksempel:  u = (1,2,2), v= (-2,-2,4)
u · v = 1(�2) + 2(�2) + 2(4) = 2

|v|2 = (�2)2 + (�2)2 + 42 = 24

(1, 2, 2)

(�2,�2, 4)

projvu = 2
24 (�2,�2, 4) = 1

6 (�1,�1, 2)

u · v = 0
def.() ”u er ortogonal med v”



Kryssproduktet 
For kryssproduktet                            gjelder:u⇥ v

def.
= (|u||v| sin(✓))n

u

v

✓n

u⇥ v

|u⇥ v|

(ru)⇥ (sv) = (rs)(u⇥ v)

u⇥ (v + w) = u⇥ v + u⇥ w

(u+ v)⇥ w = u⇥ w + v ⇥ w

u⇥ v = �(v ⇥ u)

0⇥ u = 0

Spesielt er:

u⇥ v = det

2

4
e1 e2 e3
u1 u2 u3

v1 v2 v3

3

5

= (u2v3 � u3v2)e1 + (u3v1 � u1v3)e2 + (u1v2 � u2v1)e3

= (u2v3 � u3v2, u3v1 � u1v3, u1v2 � u2v1)



Det skalare trippelproduktet 
Ettersom

u

v

w

|projnw| n

u⇥ v

u⇥ v = det

2

4
e1 e2 e3
u1 u2 u3

v1 v2 v3

3

5

= (u2v3 � u3v2)e1 + (u3v1 � u1v3)e2 + (u1v2 � u2v1)e3

er
(u⇥ v) · w

= (u2v3 � u3v2)w1 + (u3v1 � u1v3)w2 + (u1v2 � u2v1)w3

= det

2

4
w1 w2 w3

u1 u2 u3

v1 v2 v3

3

5

|(u⇥ v) · w|



Linje: ligning og avstand
Linje gjennom punktet P0  parallell med vektoren v 

Avstand mellom et punkt P og en linje l = P0 + tv

d(P0, l) =
|��!P0P⇥v|

|v|

l = {P0 + tv : t 2 R}
P0

v

v

lP0

P

��!
P0P ⇥ v

|��!P0P ⇥ v|

|v| (grunnlinje)

d(P, l) = høyde

=
areal

grunnlinje
=

|��!P0P ⇥ v|
|v|



Plan: ligninger og avstand
Plan gjennom punktet P0 generert av vektorene u, v

P = {P0 + su+ tv : s, t 2 R}

Plan gjennom punktet (x0,y0,z0) ortogonalt mot vektoren (A,B,C)
P = {(x, y, z) : A(x� x0) +B(y � y0) + C(z � z0) = 0| {z }

Ax+By+Cz=D

}

Avstand mellom et punkt P og et plan  
Ax+By+Cz=D gjennom punktet P0 = (x0,y0,z0). 

d(l, {Ax+By + Cz = D}) =
����
��!
P0P · (A,B,C)

|(A,B,C)|

����

u

v

P0

P0

P

(A,B,C)

d = |proj(A,B,C)
��!
P0P |



Familier av kurver som beskriver skjæringer mellom plan og 
en kjegle (dobbeltkon).

8.1 Kjeglesnitt
y2 = 2x + (e2 − 1)x2

e = 0

0 < e < 1

e = 1
e > 1

For tilfellet når kurvene er parallelle med x,y-aksene:

Sirkel:                            (x − x0)2 + (y − y0)2 = R2

Ellipse:                      ( x − x0
a )

2
+ ( y − y0

b )
2

= 1

Hyperbel:                  ( x − x0
a )

2
− ( y − y0

b )
2

= 1

Parabel:                            eller      (y − y0) = c(x − x0)2 (x − x0) = c(y − y0)2



Funksjoner , kalles vektorevaluerte. De er kurver i .I ⊂ ℝ → ℝn, n ∈ ℤ≥1 ℝn

11.1 (og 11.3)  Vektorevaluerte funksjoner

I ∋ t ↦ γ(t) = (γ1(t), …, γn(t)) ∈ ℝn

Kurven  er kontinuerlig dersom  er kontinuerlige for alle γ γj j = 1,…, n .

Vektoren  er hastigheten, skalaren er farten.v = ·γ |v | = | ·γ |

Kurven  er glatt dersom   på et gitt intervall. γ | ·γ | = (
n

∑
j=1

·γ2
j )

1/2
> 0

Buelengden  er lengden av  fra  til .s(t) = ∫
t

t0
| ·γ(τ) | dτ γ γ(t0) γ(t)

 er enhetstangentvektoren. Den andrederiverte  er akselerasjonen.T = v
|v |

a = ··v


