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Hvilke av fglgende utsagn er korrekte? Svar med «Sann» eller «Usann». Begrunnelse
trengs ikke pd denne oppgaven.

a) Hvis en deriverbar funksjon f : [0,1] — [0, 1] har et maksimum i x = 1/2, s& er

#1(1/2) = 0.

b) Hvis (a,)52; er en konvergent folge, kan ikke folgen (1/ay)5° ; konvergere.

c) Funksjonen f : (0,1] — R definert ved f(z) = zsin(1/x) kan utvides til en

d) Hvis grensen limy_,

kontinuerlig funksjon pa [0, 1].

w eksisterer, er f kontinuerlig i x.

e) Enhver kontinuerlig funksjon pa R er begrenset.

f) Hvis en kontinuerlig funksjon f tilfredsstiller 0 < f(z) < % for alle x > 1, s&

konvergerer [ f(z)dz.

g) Hvis en kontinuerlig funksjon f tilfredsstiller f(x) > ;12 for alle x > 1, s&

divergerer [ f(z)dx.

h) Hvis (a,)52; er en konvergent folge, sa er lim,_, |an — az,| = 0.

i) Hvis f : (0,1) — R er kontinuerlig pa (e¢,1) for hver 0 < ¢ < 1, sa er den

kontinuerlig pa hele (0,1).

j) Det finnes reelle tall a, b, ¢ slik at

/ sin(z) cos(z)[az* + bz? + ] dz = 2.

—Tr

Solution:

a) True:

Critical point derivative zero.

b) False: E.g. a, = 1.

c) True:
d) True
e) False

f) False:

g) False

h) True:

f(x) > 0asx—0.

Differentiable implies continuous.
Eg. f(z) ==.

E.g f(x) = %

E.g. f(r) = 5.

Linearity of limits.

i) True: For any x € (0,1), z € (g,1) for some £ > 0. Continuity is a pointwise property.

j) False:

0Odd function.
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B Inx

Bestem intervallene der f er voksende eller avtakende. Bestem ogsa alle vertikale,
horisontale, og skra asymptoter til f. Lag en skisse av grafen til y = f(z) med hjelp
av dine svar. Finn det stgrste verdiet som f antar.

Solution:
To find where f(x) is increasing or decreasing, we first find its derivative:

z-f—Inz 1-Inz
f/(.’IZ‘): IQ = P) .

x x

From this we see that f is increasing on (0, e) and decreasing on (e,00) while z = 1 is a
critical point.

Asx — 0, f(x) = —oc0 so x = 0 is a vertical asymptote. Meanwhile as z — oo, f(z) — 0
so y = 0 is a horizontal asymptote.

Since f(z) increases for z < e and decreases for x > e, we have a maximum at x = e. The

maximum value is
Ine 1

fle)="5=—.

(& (&

The function takes on the value 0 at x = 1 which we include in the graph.

-
W

Figur 1: Sketch of f(z)
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a) Beregn Taylorpolynomet av grad 3 rundt punktet x = 0 til funksjonen
flx) =ze™®.

b) Ved & bruke Taylorpolynomet av grad 2 rundt punktet z = 0, finn en tilnserming
til £(0,1) med feil mindre enn 0,0005.

Hint: Husk at

B f(n—i-l)(c)

f(z) =T,(x) + Ry(x), R, (z) = m(m — )"t

Solution: a) We compute [’ f”, " as follows:

fllz)=(1—-2)e* = f(0)=1,
f”(.’L') — (.’IJ _ 2)e—x _— fl/ 0) — _2
f”’(x) _ (3 _ x)e—x — f”/(O) — 3.

Hence the third order Taylor polynomial of f around x = 0 is

1) f0) 5 f70) 5 2, 13
+ 1 T+ o1 xr° 4+ 3 T =xr—x —i—ix.

T3(x) = f(0)

b) Recall that the error of using the first n terms of the Taylor polynomial to approximate
the function value is equal to

Bul@) =

If we attempt to use the Taylor polynomial we calculated in a), we set n = 2 and bound
the value of Ry(0.1) as

(3—c)e ¢ 3e!

|R2(0.1)] = 2 0.1% < ?0.13 = 0.0005.

Hence an appropriate approximation for f(0.1) is
£(0.1) = 0.1 —0.1%2 = 0.09

which has error smaller than 0.0005.

B li 5n%"% + 3n + 2n® + 8
a) eregn nl—{& 212023 4+ n7 4 8n2 + 2

1
b) Beregn lim ntan —.
n—oo n
c) Vis at
2n
lim — =0.
n—oo n!

Hint: Sammenlign hver faktor i telleren med en faktor ¢ nevneren.
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Solution:

a)

By dividing by n2°?3 on both the numerator and denominator, we get
3nY +2n3 + 8
5+ 2023
n
—_———
o 5n?023 1 3nf 4+ 2n3 48 , e 5
lim = lim = 3 = —.
n=oo 2n2023 4 n7 4+ 802 +2  nooo n'+8n°+2 2
2 2023
n
N—————
—0
b)
We rewrite the limit as
1 tan + sin L 1
lim ntan — = lim —— = lim —"*cos — =1
n—o00 n n—o0 - n—o00 - n

since both factors converge to 1 as n — oc.
c)
Both the numerator and denominator have n factors and so we can group them. Indeed,

on 2 2 2 2 2 2 2 4
nl 1 23 n—-1n"1

Hence 0 < 27 < 2, demonstrating that 2; goes to zero as n — 0o, by the squeeze rule.
n! n n!

Betrakt folgen (a,)22 , rekursivt definiert av at

n=1»
a1 =0, an+1 = V06 +an, n > 1.

a) Vis ved hjelp av induksjon at fglgen er voksende.
b) Vis ved hjelp av induksjon at folgen er begrenset.

c) Motiver at fglgen er konvergent og beregn lim,, o ay.

Solution:

a) Consider the function f(x) = +/6 + = which clearly is increasing. The show that the
sequence is increasing, we first note that as = v/6 > a; = 0. For the induction step,

an < Upy] — Aptl = f(an) < f(an—l—l) = Qnp+2-
b) Here it helps to have a guess for what the "ceiling” for the sequence should be. It holds

that /6 +x = x when x = 3 and so it should be reasonable that this is the upper bound.
Clearly a1, a2 < 3 and so we prove by induction

an <3 = apy1 =V6+an <V6+3=v9=3.
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c) The sequence converges because it is both bounded and increasing. To compute the
limit L, we can use that f(z) is a continuous function to say that

L = lim a, = lim apy; = lim va, +6=,/6+ lim a, =vV6+L — L =3.
n—oo n—oo n—oo n—oo

@ a) Beregn

/ T

V3r—1
RO |

b) Beregn /0 2.3 j_ 3 dz.

1
1
C) Beregn/o mdﬂj Hint: x:tan(u).

Solution
x
a) To calculate | ———— daz, let u = 3z — 1, so du = 3dx or dz = %,
) / V3r—1 3
x 1 fu+1
———dr == | —du
/ V3r—1 9 Vu

:1/u1/2du—|—1/u_1/2du
3 9

2 3/2 2 1/2
= — — C
27u + 3u +

2 2
:2—7(356—1)\/33:—14—5\/335—1—1—0
_ 2 3z — 13z +2) + C.

27

oo
b) To calculate / % dx, we can make the substitution u = 22 + 3, so du = 2zdx or
0 x

— du
dw—%.

The integral diverges.

1
1
c) To calculate / ( dx, we can make the substitution x = tan(u), so dr =
0

T+ 2272
—L _du. When z = 0, u = 0 and when x = 1, u = 7/4. Using that 1 + tan(u)? = COS%U)Q

cos(u)?
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we get

/ . S - / du
o (1+22)3/2 o (1+tan(u)?)3/2 cos(u)?
w/4 1 1
:/ T 5 du
0 (W)g/z cos(u)

w/4
= / cos(u) du
0

= [sin(u)]7* = sin(r/4) =

1
E.

a) Vis med delvis integrasjon at

/sinxdx: 1 —cosx +/1—czosxdx‘
T z T

b) Med utgangspunkt i formelen fra a), vis at

00 -
Sinx
dx
1 X

er konvergent.

Solution

a) We use integration by parts with u = 1 and v’ = sin(z), then v’ = =3 and v = 1—cos(x).

We get
/sm(:p) dr = /uv/ dr = uv — /ulv dr = 1 — cos(z) +/ 1= C(;S(x) dz.
T T T

Note that the choice of v = 1 — cos(z) was to match the desired form. Generally, we can
always add a constant term to v when doing integration by parts. b) Based on the formula
derived in a), we can rewrite the integral as

t

1)

® sinx . t1—cosx 1—coszx
dr = lim 72dx+7
1 X t—o0 1 i X

goes to zero as t — 0o, we only need to show that || 100 17;% dx is convergent.

1—cos(t)

Since ;

Notice that 0 < 1 — cos(z) < 2, therefore, by the comparison test,

*© 71— > 2
/ C(;S(x)dxg/ —zd:c<oo.
1 T 1 T

o0 si .
Therefore, [[™ ®LE dz is convergent.
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