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. . . . Exercise set 7: Solutions
Norwegian University of Science

and Technology
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Sciences

Show that the functions f below are bijective, and calculate the inverse functions
f~1. Specify the domains and ranges of f~.

a) f:[l,00) >R, z—+x—-1

b) f: (=00, —1)U(-1,00) > R, z~— T

1+

Solution.

In this two questions, we denote Z(f) and Z(f) as the domain and range for a function f.

f(z1) = f(z2) =Vr1 —1=Vro—1, (x1,22>1)
<—xr—1=29—-1=0
T = I2.

Thus f is bijective. Let y = f~!(x).
Then z = f(y) = vy — 1, and y = 1 + 22, Thus f~!(z) =1+ 22, (x > 0).

Z(f71) = 2(f) =1[0,00), Z(f1) = 2(f) = [1, 00).

b)
T
J(@) = 1+
If f(z1) = f(z2), then {7 = {72~ Hence z1(1 +22) = x2(1 + 1), and on simplification,
x1 = x9. Thus, f is bijective.
Let y = f~!(2). Then z = f(y) = 1—Z|/—y and z(14+y) =y. Thus y = 1 f o= ().

2(f~1) = R(f) = (=00, 1) U (1,00), Z(f 1) = Z(f) = (—00,=1) U (~1,00).

Differentiate the given functions below and simplify your answers if possible. Also
state when the domain of the derivatives.
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Exercise set 7: Solutions

a) f:R—=R, z~ el

e.’L’

b) f:R—>R
) [ R—R, x|—>1+e$

c) [ R=>R, =z~ 9(a?~3+8)

Hint: Use chain rule of differentiation.

Solution.

a) f(z) = el f'(x) = el*e® = e+ 1 e R.

b) f(r) =15z =1— 1, ['(2) = (1+eezw)27x€R

c) fz) = 2@ =3+8) /(1) — (21 — 3)(In2)2(*”—32+8) 1 c R,

Find the value of x when

2

27" =3 — gy,

Solution.
2078 = 47 = 2% — 42 — 3 = 2.

22 —2r —3=0= (v —3)(x+1) = 0. Hence, z = —1 or 3.

Let a function given by f(x) = Ae” cos(x) + Be”sin(x), where z € R, and A, B are

1 tants. Find — .
real constants. Find — (x)

Solution.

d

— f(z) =Ae” cos(z) — Ae” sin(z) + Be” sin(z) + Be” cos(x)

dx

=(A+ B)e" cos(z) + (B — A)e” sin(x).

d
Find e <Ae‘” cos(bzx)+ Be sin(bx)) and use this to calculate the indefinite integrals
x

/e‘” cos(br)dz and /eax sin(bx) dz.
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Solution.
d (Ae‘” cos(bzx) + Be™ sm(bx))
da
=Aae* cos(bx) — Abe™ sin(bx) + Bae®” sin(bx) + Bbe™ cos(bx)
(Ba — Ab)e™ sin(bx).

e cos(bx) +
Thus

—(Aa + Bb)

If Aa+ Bb=1and Ba — Ab =0, then A = %>
cos(bx) + be™” sin(bx)) +C.

axr 1
/e cos(bx) dz = m(

— a
= oe Thus

If Aa+ Bb=0and Ba— Ab=1, then A = e and B
/eax sin(bz)dz = ;( e sin(bx) — be®* cos(ba:)) +C.

a? + b?

@ If functions f and g have respective inverse f~! and ¢—!, show that the composite
function f o g has inverse (fog) ! =g to f~L

Solution.
If y = (fog) Yxz), then x = fog(y) = f(g(y)). Thus g(y) = f~Hz) and y =
g fHx)) =g tofl(x). Thatis, (fog) t=g tof L

Find the sum of the given series below, or show that the series diverge

X 9k+3
a)zek—:’,
k=0
> 1 1 1 1
b pr—
);(zn—n(znﬂ) 1x3 7 3x5 " 5x7
1 1, 1 1
Hint: that - = _ ,
int: Use tha (2n—-1)2n+1) 2<2n—1 2n—|—1)
> 1
C)gzn—l
Solution.
a)
2k+3 3 864
( ) %:6—2.

b)
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Exercise set 7: Solutions

Let

e~ 1 N S S S
(2n—1)2n+1) 1x3 3x5 B5xT

n=1

Since

1 _1( 1 1 )
(2n—1)(2n+1) 2\2n—1 2n+1/’

the partial sum is

1, 1y 1,1 1 1, 1 1 1, 1 1
8”25(1_§>+§(§_5)+'”+§<2n—3—2n—1)+§(2n—1_2n+1)

1 1
_5( o+ 1)
Hence,
o0 1 _ 1' _
X e A
c)
Since 2n£1 > % = % . %, therefore the partial sums of the given series exceed half those of

[e.e]
1
the divergent harmonic series Z —. Hence the given series diverges to infinity.

n=1

Find the required Taylor series representations of the functions below.
a) f(x) = e 2 about —1
b) f(z) = cos?(z) about g

Solution.

a)
Lett=2x+4+1,s0 x =t—1. We have

(-2t

flo) = e 2 = e 200 25 20 2 5n (=D"2"(z +1)
n=0 n=0

n!

(for all z).

n!

b)
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let y =z — 5; then © = y + 5. Thus,

cos?(z) = cos® (y + g) = 1[1 + cos (Qy + %)}

2

:% {1 + \}i cos(2y) — \2 sin(2y)}

1 1 2y)2  (2y)* 1 2y)%  (2y)°

=3t aval -t el S ]
2 3 4 5

:;+212{1_2y_(2§/!) +(23y!) (24y!) _(25?/!) _}

1 1 Ty 22 ™2 23 a3 24 4

~3 5l —g) —qle—g) +5le-g) +5(e—3)

1 1 1 & . 22t m\2n-1 221 T\ 2n
=5+ 35+ 55 2 () [M(x—8) +(2n)!(g;—§) ] (for all z).

@ Decide whether the given statements are TRUE or FALSE. If it is TRUE, prove it.
If it is FALSE, give a counterexample.

[e.9] o
1
a) If Z an converges, then Z — diverges to infinity.

n=1 n=1""

[ee)
b) If a,, > ¢ > 0 for every n, then Z an, diverges to infinity.

n=1
[e.e] oo
c) If a, > 0 and Z ay converges, then Z(an)2 converges.
n=1 n=1

Solution.
a)
o (="
FALSE. A counterexample is Z . Clearly,
n=1 2"
1 1\n
x (~1)" “th--9" 4
Z = lim il =—
o 2 e 1-(=3) 3
o n
is convergent. However, Z 1) is oscillating to —oco and oo as n — co. So it diverges,
n=1\

but not only diverges to infinity.
b)
TRUE. We have

Sp=a1+a+az+---+a, >2ct+c+c+---+c=nc,
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and nc — oo as n — oo.
c)

oo
TRUE. Since Z a, converges, therefore lim a, = 0.
n—oo

n=1

Thus there exists N such that 0 < a,, <1 forn > N. Thus 0 < a% <a, forn > N.

Ifs, = Z a2 and s, = Z ag, then {S,} is increasing and bounded above:

k=N k=N
[e.9]
Sngsn§Zak<oo.
k=1
[e.9] o0
Thus Z a2 converges, and so Z a2 converges.
k=N k=1
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