
So there exists hz >n, with xnzzxn, .

In turn Xnz is not a peak , so
b- here exists nz > hz with Xnz 7- Xhz .

So we can recursively define a
subsequence CXhfk§ which is increasing -

gag

THEOREM-2.to (Bolzano - Weierstrass ) :

Every sequence (Xn)n SIR which is
bounded has a convergent subsequence .

PROOF
- Femme 2.15

,
(xn)n has a

monotone subsequence , call it Lyn )n .

Then cyn )n is also bounded - because
so is an)n .

Thus (yn)n% is bounded and monotone
,

so by Theorem 2.7 Lyn)n% converges .



LEMMATA : suppose f :[a.b) → IR is
continuous

.

Then f is bounded
.

PROOFS
Assume f is not bounded

.

Then for each n -- 1,2, . . . there exists
some *c- Ca ,

b] such that
f- (xn ) 7h .

The sequence cxndn Eca , b) is bounded
so by Theorem 2.16 it has a convergent
subsequence - call it Cxkn )n% - and let

f = firms *kn .

Then as Xians b ⇒ as l f b
.

Since f is continuous
,
therefore

f- ( e ) = him flxkn)
ngos

z kn for all h -4,2, . . .

A contradiction
, so f is bounded

. a.

Now we can finish the proof of the
Heine- Borel Theorem

.



Tf f :[a , b) → IR is continuous ,
By Lemme 2.17 it is bounded

,

so there exist

M = sup { fix) : as x Sb) EIR
and

m = int f th) : asxsbf EIR .

We need to prove there exists Xyecasb]
such that fix , ) - M .

Assume this is not true .

Then f-(x ) - M for all XECO.by ,
so the function

g :[a. b)
→ IR

, gas) = 1-
M- fix)

is well - defined and continuous
.

By Lemma 2.17 g must be bounded
( g is continuous on Combi ) , so there
exists A > o with

gcx) a A for all XEEOI , b] ⇒
M - f- Cx) > ¥ for all XE[a , b) ⇒

f- (x ) < M - ¥ for all xe[ails
.

A contradiction , because M=sup{thx) :#lbf .
So there exists YEA , Sit

.
fixed --M .

Similarly he show there exists *Costs]
Such that flxz ) -m . Amos



" TRIGONOMETRIC & HYPERBOLIC FUNCTIONS

sing . . . . . . .?. Cx, y
)

sin : : :
as

wino -_n%=¥
sin

oto-0.LI = xg
s:÷÷÷÷÷

.

'on

( exercise)



"

÷÷i÷"
"

⇒



Important Identities :

sin2x-Cos2x=J 2+4054=1*6
sine- x) = - sin x - x) -si:¥÷⇒::
sin ( xty ) = sin x. cosy 4 Asx . sing

i::±i÷÷÷÷÷
=1¥× 054=1-208×-10



The function f. 1123112 ,ntfinvsermfiaeisde.ru#e.g.fCol=f4T
)

.

Consider the function
2b yssinx

die.IE?iesItiEaIn4EIIehx.:.no/#sine on Ertz
,
012]) 2

-1 .

This function is 1-1 Land thus invertible )
and its range f- (Ertz, -17120=5-1,3]
so it has an inverse

ft : fi
, i] → C- I. I]

which is called drain .

The function arcslh : El , i] → f- I
maps every number XEEI , I ]
to the unique "

angle" OE ERK ,
Such that Siho -X

.

Ie
.

sinO=×⇐arcslhX#
E. g .

arcsino =D because Sino =D
.

Sinh =L ⇒arcsinhq-rfarscsinff.no#sinffj=-lg -



Similarly the function As : in] → C-1
,
I]

is invertible
,
and its inverse is

a function
orcas : ft , → [o, it]

with

ar⇐os×=O⇐×=0#
E. g . Cosas -_ F- ⇒ Oreos = ng .

=tonx

The function ittonite ,
SIR is ±- e

, -E÷#
and its inverse function is

arctos : IR → f- Rg , .

.
. - - - •

Eh
-
-
- - - -

go.my#rdEnxwith=arcYtanx--sonyx#
¥¥÷i÷÷÷÷÷.÷

. . . . . . .



Similarly for cot : G.t) → IR
there exists the inverse function

arcot : IR → (0,17 )
such

tyhatar←t×⇒ooty##
The inverse trigonometric functions
are sometimes denoted as

sin
'

,
05'

,
tan

'

,
cot
'd

.

E. g .

sin' = arash = I
found ft ) = arctanl-b) = - ng .

(9) Be careful
,
not to confuse sink

with ↳ ihx5= I
Slhx

'



We now define the hyperbolic
Sinh

,
cosh

,
tanh

,
coth

.

sinhx = e×gE×_ ,
XEIR

coshx = e×ze ,
KEIR

tocnhx = sihhx
⇒ =

ex - e-×

exiex ,
XER

cothx-so.ph?-=eeIseIe , a -1-0 .

÷÷÷÷÷
.⇒.. - - - - - - -

-I y=o



Important Identities :

rosh4-sihh2x=J
sink-x ) = - sinhx sinha = EsinhxioshxDixon omex¥÷¥÷÷

aint in the plane
has coordinates ( cosha

,
Sinha) .sin:P::c::

. 1¥Since
Oshea - sinha =s

The:*:÷÷÷÷÷÷÷.÷÷:mm
.



We may also define inverse hyperbolic
functions :

Sinh
-dik → IR

,
sinha x =ln(xtVx2tT)

cosh't : Ed
, e) SIR

,
cosh"x = en (xtVx2I)

tanh
' '

: El , 1) SIR , tomtit = tglnfsttx) .

The inverse hyperbolic functions
are sometimes written as

arsinh
,
arash

,
artoinh

,
etc

- Here " ar-
" stands for area

and not for arc !



(

3. DERIVATIVES
suppose I EIR is an open internal ,
f- '

. I → IR is a function and XOEI
.

We say that t is differentiable at Xo
if the limit
-

lim ( = ftp.flxo-hdh-flxod-i)xoxo

exists and is a real number
.


