
• INTEGRALS INVOLVING Va2txT

Recall the identity costs - Sinha =3
.

Here the substitution

x = asinhy
might work .

E.
g . 1€ set x=sinhy
PEE

=

dx -- ashy dy

t.im?sinndeTny--fF:hn4ydY---y-c--arsinhx-c=lnCx-vx2tT
) + C .

Also in view of the identity
1 1- tank = 1-

CORX

the substitution x = atom O might work .

|dx_ Set x
-

- Tano

¥2
=

DX = dog
COSIO

=fsfo .co#d0--fj*-.Fod0



↳÷Txdx = arctonx + r

L
-

-

= 1%-0 =/ %%d0_ =/ os0d01
- Sino

Set u = Sino
du = oooo da

= I die =/du-lpwoftianeefnckonudeeomp.IT
- we -a) ( l tu)

= Fu + ELITE
= f- lnhtul - Len 11 - ul t r

= Zen 17¥ ) + '

x-tano-z-lnffsssi.no/-rfq=attomaoI--f-en/oso-itano.-o--ii. x' ⇒

Eton ) " ↳ =VtxT

= { lnfvitxz xxn¥× ) to

= lncxtvtxz ) to
.



Be INTEGRALS INVOLVING Vx2-arT

In view of the identity
cosh2X - sinhx = I

the substitution x = acoshy might be useful .

f. Vx2_Tdx Set k= coshu

=/Mt . sinha du
dk = sinhudu

= fsihhudu = If ( cosh Eu - 1) du
= { Joshua du - III du
= f- Sinh Eu - leg x c

= { Sinha
- coshu - Ug t C

= ¥Vx2T - Igarashi t r
= #VIT - f- enCxtVx3T ) + r .



• INTEGRALS OF THE FORM /Q(Sino, so )dO
WHERE QCXIY ) is A RATIONAL FUNCTION .

We have already seen

1¥99 = fc2.si#o----..=zlnfIgjnn0oj+r .

Generally for f Csiro , ooo )do

we apply the substitution

x - tune
z

.

Then O = @ arctoinx ⇒ do
= EDI
1-1×2

.

Also
cost = Eros' Og - I = I

↳ tune
- I ⇒

0050 = 2

↳
- I =

I -1×2

Sino =V1_co→ = 2×1-1×2 '

E.8.SI#o-- 1e÷%× . ,¥. -

d× =

(we set xstomff) )



D= 72-4 - I =-3 .

= f dy = Idt
xoxo (x + If + (FET

set x + I = Bg u ⇒
DX = Fsg du

= grog dufgf.com ,
= EBT archon U t C

= 213 arctan ( 2B3×_ + Bg ) x r .

= 2133 arctan ( 253310M¥ + rg) + r .



B- INTEGRALS OF THE FORM

feaxsinbxdx , feat cosbxdx

E. g .
Find / e- + cost dx .

I = f e' cost DX

=fe-xcsinxfdx-e-x.sinx-fle-xf.sinxdx
= Exsinx t f e-

× sinxdx

= Exsinx + JEX L- cosh
' DX

= e' sinx - e-
*

cost - fee" )'t cost)dx
= Ex (sin x - cost ) - Je

"
cost DX

= Exlsihx - box) - I ⇒

EI = Excsinx - Cosx ) to ⇒

I = LEX Csinx - Osx) + c .



• INTEGRALS OF THE FORM

{ sinks . cosmx DX ( Kim 33 )

• When one of k
,
m is odd

we use it to create a new differential
.

I sina.cofxdx-fsinx.cosbx.oosxdx-fsinx.CI- sin't} cosxdx

Set u=sihX
du -_ cost DX

= fu8( 1 - u't die
= f- u9 - fu

"

t ,3guB - gyu
's
+ c

= f- sink - 3- sin't + ③ sink - fgsnisx to .

• When both Kim are even
,

we may use the ddesguarihg formulas
"

:

coff = 1-0052×-1 ,
she × = 1-00521 .

2 2



Sin 20=251nooooo

fsinxcosxdx = f) sin
'

Ex dx

-_ f- 11-0054×-2×2
= f- fdx - f- fcoslexdx

= Ig -
SMI t C

.

32

• UNIFORM CONTINUITY

suppose f : IRS IR is continuous
.
Let E>O

.

- Since f- is cont
. at + =L

,

38
,
> O S

.
t
.

IX- 21<8 , ⇒ Ifk) -fu) ) - E .

- Since f is cont
.

at x =3 ,

78¥ >0 sit
. IX - II < 8% ⇒ thx)-FTE) ) < E .

- Since f is cont
.
at e= -52

Sofa >O St
. lxtrzfco.rs ⇒ lfcx ) -FERTILE .

In
"

general , the values of 81,8312 , Era , . . .

etc

are not the same .

If they can be chosen to hate
the same nerve , f is called uniformly continuous .



We say f isuniformfycontinuousona set A E Df if :

For all E>0 , there exists 8=86 )>0
such that for all K , y C- A :

IX- y ) as ⇒ Ifcx )-fly II CE .

Remarked Ci ) continuity of f is defined
on a given point to white uniform

continuity is defined on a set A .

( ie
'

) if f is uniformly continuous on
A SIR and B SA

,
then f is

also uniformly continuous on B .

THEOREM-5.rs: Let f :[a , b] SIR
.

If f is continuous on Ca , b] ,
then

it is also uniformly continuous on Aib] .

This is the second instance of a special
property of continuous functions on closed
intervals Caio]

.

The first was that they
always have maximum and minimum

.



PROPOSITION 5.3 : suppose f- : I → IR

( Z is an interval ) is differentiable
and there exists M > 0 such that

ffkxdl S M for all XEI
.

Then f is uniformly continuous on I
.

PROOF

ByThe Mean Value Theorem
,
for all x.yet

with KEY there exists ng
-

- rgcxy ) EI
such that

f- (x) - fly ) = floss . Lx - y ) .

Let E>0
.

If we set 8=1-70 ,

then for all Ky EI ,

1×91<8 implies lfcxt-flyd-lftzttx-yl-M.ae=E .

So f is unit
.

Cont
. oh t.gg



Exercise : Show that f:(on )slR ,
fcx) - f-

is not unit
. continuous on loud

.

( Here the idea is that f
'
is not bounded )

.

Assume for contradiction f is

uniformly continuous on Cosi )
.

Take E - I
.

Because f is unit
. cont . , there exists

870 such that
Ix -yl - s ⇒ 1¥ - f ) < I .

Let N > 2 be such IN < 8 .

Then for any ocxey < I
such that ⇐ < y

- x - f-
we have ¥ - g < I .

Then

I > ¥ - 1g = 150501 .ly -xl

= yay - x ) µ
> t-y.TN '

l€
.

Now if we choose
y =L ,

he gets
> ¥ ; contradiction

. d%¥#9


