
For any p > I , the series §
,
Fp

is called the howmonicseriesof-rd.es .

We will show that for p=1
the harmonic series diverges .

LEMMA-4.tt: If a sequence Ctn )n converges
to l EIR , then every subsequence (Xknln⇒
also converges to l EIR .

PROOF
Tetcxkn)n be a subsequence of (Xn)n

.

there Exists 2%985137 If 'ef.:•. ..I Xn - et CE for all n Zno
.

Since kn >n for any n -413 . . -

therefore for all n Zno
,
kn Z n Zno

and thus I Xkn - l ) c E for all n7ho.gg



THEORIE : The series Is
,

's diverges .

PROOF
Tetcsnln be the sequence of partial sums,
i.e .

Sh = I 1- Iz 1- . . . th y U = 1,2, . - -

By Lemma at it suffices to find a
subsequence of Csn )n% which dienes .

Szn = I + I t f t . - - - + In
= I + % + ( 3- + f) + f's + f- + f- too) t . . .

' r - + (¥+7 + £+7 + " - + In)
time n#x

Be + f- + ( f- ta) + foot + f- too +

.
. . x ( In + fax . . . + ¥)
-

#2h-i

= It I t Eg t 4-8 t . . . + 8£
= I + ng → os ( as he s )

.

,•



We say that an is a telescopic series

if an =bn+ , - bn for some sequence Cbn )h% .

If I.am is a telescopic series with
an = ban - bn , n= 1,2, . . . and fins bn =ldR
then Egan converges .

Indeed
,
if Sn = a, tax .

. .
+ an

then
Sn = a , t Az t . . .

+ An

Cbd - bi ) -1143 - bath.# ton, - th )
bn
, ,
- by

→ e - bi .

E. g.
Show that €7 1- converges

rich -17 )
and find its value

.

• nine - nnTn. =3 - is
The N -th partial sum of the series is

Sr - E. ¥,
- E. If -⇒

= e -# +I - ¥+1 . - - Iff -÷
= 2

- 1- → 2 as Noses .

Nts



We have proved that ⇐nf = I .

I;n the specific example of n¥,
f was easy to spot that

h¥j = th - ¥ .

We could have argued as follows :

we want to find coefficients A, BEIR
such that

×¥u = I + ¥-1 0×6112150 ,- if ⇒

A- (Xxl ) t Bx = 2 VIERI to , - it ⇒

(A + B) X t CA - e) SO V-XEIRI.to
,
-if

SO A - 2=0
A t B = o / A =LB = - I

.

Thus

1×7×+1, = ¥ - ¥,
and we could proceed with the
partial sums . .

.



This is a special case of the partial
fractiondecompositionoet

f- CX) = 8,4¥ , deg P < deg Q .

* The denom
. QLX) can always be

factored as a product of polynomials
of 1st and 2nd degree

, say

QCX) = ( an X 1- by )h . . . . .
. ( qexxbk )hk .

• ( 9×2 + dixie , )M .
. . .

• ( Ce to#teeth
.

• We want to decompose PAT
AS a sum of fractions QLX )

with denominators
91×+4 , . . . ,

axexibk
, 9×2+4×-19 , . .

. , cexttdextee.
• For each factor Caxib )

"

we want the terms
Az Az
- + Catz T

' ' ' t
€

axtb (axtbh
to appear in the sum , while
for each factor ( cxztdxte )m
we want the terms
AiXt Bi

y
Azx t Bz Amx + Bm
t - Tm
CX2tdx- e ccxztdxxejz

+ " " + ¥dx+e)
to appear ( here At , . . , Am ,

Bi , . . ,Bm
are coefficients to be found )

.



E. g . Decompose 1- into partial fractions .

*+1) (54*+1)

We want to find A , B , C EIR such that
s

fix,
= # t BiH xx # - e ⇒

XZXX -17

A- ( x' + Xxl ) 1- ( BX+ C) (Xxl 1=1 txt- I ⇒
Axe -1 Ax + A + Bxz t BX + Cx +5=1 Fx# ⇒
(A + B) XZ + A- + B + c) x x (Atc-1) so txt - I

A- t B = D A = 2

¥ :& less.
Therefore

( x-11164¥, = x÷ - ×¥+, .



E. g. Examine the convergence of %
, n⇐n+w .

We want to find A , B, C EIR such that
s

Ent)
= f- + %,

+ ¥2 frizz ⇒

A- (n - 1)Ch#2) x Bryn -12 ) x Chch - l ) - 2=0 An 72 ⇒
AH- 1) Lx-12 ) t BXCX -12 ) x Cx Cx -l ) = I HXER

For X=O : A - C- 10.2 = 2 ⇒ A = - 1/2
For X=2 : 3.B = I ⇒ 13=1/3
For x=-2 : C- 2163 ) C - I ⇒ C = 1/6 .

Thus hint, =3 .# + f- .# - I > ht

= 's .cn#-ti-Efn!-nt)
= 's .

-t ) - tch -
.

The N -th partial sum of the series is

Sir -E.am#..o--EE.dha-i-nd-I-E..fnnId--S-G-*+ye-I-l...-¥, -f)
- HE - att 's -¥+4 . 's #¥ .



= 's ( 2 - f- ) - f- ( f- + § -¥ - not) '
so when N → as

,

fin SN = f. 2 - f. ( Ex 's ) =# .

as

Thus E I

M¥+2)
= 7- .

h=2 36

So far we have seen series of the form

Egan ,
where can)n is a fixed sequence
of real numbers .

A series of the form ⇐oQnX" (X EIR )
is called a poverty .

Power series are functions of the
variable X :

fu, = oanxh .

(*)

A power series might converge for some
values of * IR and diverge for some others

.

E. g .
the power series in CH ) converges for x-D .

*A power series thx) =£⇒anxh=ao tax tank .
.
.

can be viewed as
"
a polynomial of

infinite degree
"

.



There exist functions with very well
- known

power series expansions :

2
.
ex = II. In, = I + x txt}÷x .

.
.

,
XER

.

&
. sinx-nIoeun@xnYjI-x_Y.x -

. . . .
xc.IR

3
. c0sx=n§oti5 =3 - + IT - . .

. ,
xc.IR

4 . &× = IoT = 2 + xxx't
. .

.

.

- I < x < I
.

Consider
,
for example ,

the first expansion :

as

ex = [ Xh
↳0h17

, KEIR .

This means that :

• the series ⇐¥, comerges for an XEIR

- for all XEIR , it converges to ex .



The fourth power series §ox"
converges to 1- for all XEC-1,10

.

I - X

That means
,
that if I consider the

function
, , y ,

x ⇐ too , 1) uh , - )
1-x

then f-Cx) has a power series
expansion for all X C- C- 1,1 )

,
so not for

all x in its domain of definition .

in other words , the Agnation
gcx ) = Ex4=0

is well -defined for all - 12×4
and g CX) =fCx) for an -12×4
(but not for all x in the domain of f) .

he:i¥:÷÷÷÷÷÷÷¥mo¥¥If f-(x) has a Taylor series n%anX "
then its Taylor polynomial of
degree N will be Ioana" .

-


