oo
for any P=1, the serdes Z%
=

is Colled  the harmenic senes of odec p.

We  wil) show that {5 p=

the hanmonic  seaes  diverges.

LEMMA 4.7 © 1f a seauenw 0 Yo ) Conerges
o leR , then every subsequence (X, o)
also coweftyes o (eR.

PROOE. . o

Ler  (Xin)ns e a gubsequence of (Xv,)h__)

et £>0 . Becaue Mwx.=4, ‘,

Yhere exists noeN  Snda thax ple o
| Xn—~ 2] < €&  Hor adk M2V . ® o o °®

Chvce & =zn  for any N=lZ)
Thewfore for adk Mzn. | kv\ n =n
and  Ahus IXe, =0} <€ for ak MZNs. 5



TLEOREM 4.8 The sedes T Ji
PRO0E . e sefdes Ly diverges.

\Lg:‘r C%W\\:j\ e the seqQUeVR. of mrth\ NWS

X — /]
g\/\ ~/l+-—?_; + ..\—f—?‘]— / MZ))Q,)-‘~

%U Levorma 4F 1k O%mcﬁces o fond
subsequence  oF (Snlng Whidh  dierges.
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>3 0L () 2 (5 g) o
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:—.l+:‘2_+219;_+~%_+ *2\,:,



O
We  say  thet h}:ozn & o telescopic senes
UJC Ay, = by\,H —bv» ‘FD(‘ SOme seque\ﬂ(_@ qu]y:j _

Ca ,
1+ Z\Q}’\ [\ o tclescopic  series \NLt\q
dw — bv\-ﬂ -—b,, y N= \}2) R O\V\A LYY\bf) QGR
then

o &
hJ\Qv\ Converyges .

Iﬂéee‘i it gn:a1+a7_+.“+6\«\

+hen
= Ay + Qq F ... F Qv
’:LZ?~61£ +(B§—%) —)'_\/%—(b«-H‘”%w)
— ¢ —5 _'L-
E% Show “hat Z ConverQes
W(h+1)
ond  fnd T walue .
* L — Y‘_')__L;Il = é'_.__. W
Nin+) v+ 12 N1
The N —Hr\ pastidl Sw  of +he sedes s
N
N z Wﬂ) Z<—'”vﬁ
= 1
/Z +\ /% N+1
= I i as N—>co .

z
pt



We nove proed hat o7

= 1 .
W=\ ) 0o
(=
Tn the  cpectfic  exowpe  of Zn;ﬁ]
: Y= )
v WY ey T o That )
d — 1

y
h

v (0+1) N+

We couwd hove amued o follows:

We. Want o fnd  oefficients A, BelR
Such ‘C,h:fr/]

- A 4 B ¥xeR\orll =
X (¢+1) X X+ 1
4

AlX+1) +F Bx = V>\€\Q\{D)4} >
(AF+DBIX + (A-1)=0 xR\ -}
SO A_j_ — O A =
Ay =01B=-1
THhw
= -4 _ 1
xlx+) X X1

and WwWe csuwld Pmceea WAth <+
(JowJu'dl CWMms ..



Thiy [y a Specisl ahe of + purtis

£Q1(;Ei,g5 dgfgommg | o
(et
£¢0) — ;Cég , odegP < des®

« The ‘clensm_ Q) an olwdys e
foyctornsed  as o prduct of po\y‘no\m;\ds
of- 1 and ¢ depwec , soy

N, "
PK) = (ax ¥o)° ‘-"(W%XArbV—BK' )
e (e Xy dixre Y v v (g X rdy x+€).

+ We wont 40 decempose P OO
4y o Swn of  —focton s P
withh  denominators
ax +br ) o, Qux+be, g@rdixte ) L, lidig

. o eadn fuckor (ax+ b)Y

v 4
\A/QA\i\mn &Aﬁzﬁf\ms A

Y —— F -~ ¥
aX ¥ b (ax ﬁ-\a)?‘ , (q%+b_)h
oppewr A ~\J€ Sww wh

B \ o -
for excn foctsr (CcX2+dXxte)
we  want e tms

7A1><*\- By 4 A, X & By b e A\m><+gwn
CX2tdx e (o= rdxae )2 (CXQ+J><+G§M

+o appear (hew A1y Am, By B
are. cefficlenyy T e found )



£ 5. Oecompose _ 4 into posthl frockons.
(1 YORen)

We. wary do find A B, C €IR  sSwdr that
L A Bya T yxEol D

eSS X XX+

A (3 FX+1) F (BRxa G )x+1) =1 Vx+#-1 =
A X5+ Ax A *» Bx2r BX +Cx o C =1 xS

(A+BYX2 + (Aresc) s + (A+CHA)SD  Yrd
AT D = D A =1
A+ Bbyc=o | B =
A+ C—1 =0 G =0
Theefoe
4 4 X

(X+DOSXH) X1 X2 X+ ]



EB gXOYﬂ;Oe —H\Q convergence  of Z t '
n=2 Nh-1)(n+2)
A B CER  sud that

We woastr o Lnd
A = Hfa\ + i s < Ynz2i )
100 -1 )0 2) n N—1 N+ 2

AN-1YNn+2) + Bnh+2) &+ Cnin=1) — =0 ¥YN22 =
A= 11 (x¥2) + Bx(x+2) » Cxx-) = | ¥xeR

Fr x=0 @ AGC12 =1 = As-lp
for X=21': >R = 1 - B = 1/3
for x=—2+ (2)yx®)Cc =1 = C =1L/
T L _ a4 7 A A
NHN-Dn1Z) 3 N~ & W32 2
-1 (1 1 i, / _i,
3 (V)—] h) T é (YF):E V)

1

.

:é—‘(’ﬁ%—%j_ %(%  nre

The N \?\1 portia]l  Suvwi  of the senes /é,sN
VAR U o CI D o (0
N=g Y- o2 =™ h 6 w=a\N P2



o when N = co

)
Lim Sy = 1, 1 L):i>
e g N . i’?(i*}} =7
Thw > = 7
=g N h-1)0n32) 24

Jo_ 80 ue Nae seen sedey of he Hom
>dn, Wher (Anes & o fixed sequence
" of  real Y]umnberg

A Series of Fhe fom Zaﬂx (x €R)

1S called a power sedes. n=e
Po\/\er senes o Hunctlns of e

Vorlalkde X oo
£ =2 anX" ()
N=0

A Dower senes  wmight conwrge for some
value) of xR and divege o~ some  phhes,
£9. the oomer  sedes an (¥)  conenges & 0.

*/\ pov\ef Sedes + (X) :V]ZQO\Y\ xh = Cdg ¥ OXx + azxqﬂu..\

Coln be \/Lﬁ\/\/e& aY o po\ghowﬂ al of
UnFinite d@gf@@



There, €>\'l§‘r functons  with very we) - known
Power Seret  fXpunsions :

o= N

1. e_x o X — }i X:} . c
YEO T]' — 1 + >< -+ 2{ +§r+ / XCR °

. s Zntl E

2, snx =5, 1) X NI SN >R
=0  (2n4l) 3T 7B ’
s b2 2 4

2 00X =) ). =L x X xR
n=o  (2n) ol 4
= \g]

A= R R = 1yxxXT4 _1l<x <1

14— N=o

CDT\S)ClQ(‘) for QXCXWP\G, He frsd @xpunsllon :
9

& — 5 X 1R,
W= Y\l.
Thfj medns 4t
- the Seaes 5 X Oonwiped  for ow xelR

- for au xeR, it onees B eF



The fourth power senss %xv\
w=0D
gonvenges o 1 $or a  xe(CHiy1)

1—X
Thatt yneans | that 1§ T coNsider tle
'-]C(/w\cfcb(\
4(X) - ; 2 c(-%,1)L(1,2)
’1~)<

v hen WC(K) hay oL e ser(fis

expo\nsmn for all Xel1)1) not for
all. X 1o B doman  0f oae(m.uon

N othee words | He. Runckion
) = ZX

=20

s Well-defined for . 1< x <)

and gx) =€) Freoan —lex<)

ur  no¥ for alh X n +he domuw of £)
o

V)
f\r\Q power  Sede, of He +OmM DO X {9%
s called a Toybr tedey omwd O V=D \
(or als» 4 McLauwwn 58“@5)

16 ) hay o Toylr senes Zcu\
then its Toylor polynomyal of h=s
degree N wl) be Zawx




