
We define fishy an seek iff

HE>0 Tho -- hole ) EIN Sif
. for all Meno : Ian - LICE .

We can show that find In =O .

Take some E> O
.

We need to find some no EIN
with the property that for all nano ,

Int - ol - e#
f- se ⇒
n > I

E
°

Choose no > f- (we can find such an no

by the Archimedean Property ) .

Then for all hzno ,
n - I ⇒ f- < E

.



If Can)n , Cbn)h¥ are such that

feigns an = l , and finer bn =lz
(with 4 , ez EIR ) then :

• ¥1 (an tbh ) = le t Cz

. Ising (an - bn ) = la - ez

• Ijm ( tan tub) = tee tree (VA, peeps)
• fins can bn ) = le ez

• fish bang = fig provided that ez #O
and bn to for all NEIN .

Propositions : If ( an )h% , Cbn In? SIR
are such that Ising an =L , and Islington Az

with la , la EIR then lubing Cantbnfltlz .

PROOF
Tet E>O

.

(we want to find noGIN sit .

Kan tbh) - le , tea) I s E Hn Zno
.
)

Because IT'S an = la
,
there exists MEN such that

Ian - la / c Eg for all mens .



Since Ijm bn = lz , there exists men such that

Ibn - let e Eg for all nark .

Set no = max Ins , nz)
.

Then for all nzno ,

I can tbh ) - Leiter) ) = I can -er ) + Cbn - lol

s Ian - lil t Ibn - ed

< E

g
+ E-
2

= E .

So Lying Cantbn ) =L , tlz .

We say that the sequence Canino SIR
diverges it it does not converge to any
real number i :c .

it does not have a limit in IR ) .

A special case of divergent sequences are
those which diverge to us

.



We say that Carina diverges to tos
and we write fin an = + as ,

if

HM >O fno=noCM ) EIN such that an>M for all

M.fi
.

'
' nano

.

↳
Do

for example , Ijm (2h -11 ) = to .

REMARK : If a sequence does not converge ,
this does not necessarily mean that it
will diverge to us .

E. g .

take
an = ← uh

,
n -4,2, .

. .

We say that Corrina diverges to -0
and we write tips an = -as if

HM>O Ino -holm ) c- IN Sf . ttnzho : an e - M
.

(equivalently : Iim tan ) = too ) .

nooo



THCOREMI.SI ( Interpolation Theorem) : Suppose
canings

,
Cbn )n are sequences such that

aligns an =#ng bn =L
for some LEIR

.
If ( ch )n% is such that

an S ch s bn for all n -4,2, . . .
then

eim on =L
.

has

PROOF
Tet E>o .

Since dinsan =L , there exists
my c- IN such that for all haha,

Ian - Ll s E ⇒ L- E - an e Lt E
.

Since flies bn =L
,
there exists men such that

for all n 7ns,
Ibn - LI se ⇒ L- E L bn a Lx E

.

Set no-Mouthe ,not c- IN .
Then for all n>no ,

L - e can s Cn s bus LTE ⇒
L- E e Cn c L o E ⇒
Ich - Ll s E .

t÷÷÷÷÷:
...



Examples
④
lim na - n + i 1h42 -
↳-Enz

= him'n-tf
Hurt - ha)

i ro e

= s⇐÷¥÷ = : .

I
, do od

④ Isms const = ?
Here we recall that Kosal St for all XER .

Thus

1911 = irony s f- ⇒
- ht s Hh s ht .

since this ft fling 's = o
by the interpolation Theorem ,

lhljm OF = 0 .



too vs

s g

(c) Lying (Vn4T - n ) =

find CVntT-nlCVniT-n# =

✓nest + n

him (n2t)-hZ- = 0
.

n-iovm.T.in =¥z£n
( The last limit is 0 because

Vnztt + n > VNT + h = 2n ⇒

O L b- a
1

VMI in Tn
'

and now he can use the Interpolator 7hm . ) .

ESO he cannot say that
"
Hog -toss -0

")
.

*

showthatifnbman-Tyfng.n.es?:En.i:.:nionw
-



Recall that Can )n is bounded iff
there exists M >0 such that

Ian / C M for all n = 1,2, . .
.

THEOREMI.io : Every convergent sequence
is bounded

.

PROOF
Tet Canon SIR be a sequence which

converges to Le IR .
Let e. =D

.

There exists no C- IN such that
Ian - Ll a 2 for all NZR

.

Thus
Ian I = Ian - L t Ll
s Ian - Ll 1- ILL

set
s t t LL ) for all nzho

.

M = Max { last , lad , . . . , Iain.# I , I + ILL) .

Then for any new ,
he have

Ian l S M if n < no

tant s 11-14 EM ,
if nano

.

Hence lanl SM for all nzs
and can)n¥ is bounded

. room

R

t



E. g . the sequence (njt)n% converges to 1

so it is bounded .

The converse of Theorem 2.6 is NOT true :

the sequence { C- 153nF is bounded
but it does not converge .

However if he add the assumption of
monotonicity

,
then we have convergence .

THEOREMI.fi Ci ) If can )n is bounded and
increasing , then it converges to M -_Supan

hZI
'

Cii) If can)n% is bounded and decreasing ,
then it converges to msninafan .

PROOF M-EM
- #A
(E) Let ETO

.

on .
. . .

Since Ms an
,
there exist no EIN

such that
M - E C Anos M .

Since Canto is increasing , for all NZno ,
M - E e ane s an S M

therefore
Ian - Mls E .

We have proved that for any e.70
,
3no=hd0EIN

s . t . Ian - Ml - E Primo
.

So he,myan=M .

Lii) similar . Ear



Example : consider the sequence Carin

{ as =
zde fined by

any = V6-dnT , n
=L , 3 . .

.

Does this sequence converge ?
If so , to which limit ?

• first we show Carina is increasing .

We need to show that anti > am for all NEIN .

We use induction on new :

- for n=2 : ay =3 , ae=V6tT=r7 > as .

- Assume any,
> an for some NEIN

.

- Then Antz = Volant > V6-ant-an.si .

So any > an for all hat
and Canon is increasing .

• Now we show ( Andrist is bounded above by 3 .

Again we use induction on nzl .
- for h=1 : as = I C 3 .

- Assume an e 3 for some new .

- Thon anti =V6-anT c V6t3=V9=3 .

So indeed an e3 for all NEIN .

Thus Canon is bounded and increasing
so by theorem 2.7 it converges to some lek .



any = Vaart ⇒

fins an, = zV6-anT ⇒
e = Vote ⇒
e.2=6 te ⇒
EZ - e - 6=0 ⇒
( l - 3) ( e -121=0 ⇒
e =3 or e=-2

.

We have an > 0 for all not ,
hence

k¥5 an =3 .

Some more limits of sequences (without proof) :

theo : The fosrowihg hold :

Li ) hlim an = 0 whenever tale 2
.

Cii ) fins
"rn =L

Ciii) LingTa =3 when a>o
.

E. g. : nlim 431=0 (because 33<2) .



> eimznsfsn-neim.int#Iahas
5 + Pst)

→
I

= E.ms/#tagIfn/--o.e=o .

d
o dy

• fin Vents = ?
We know that high Vn = 1 .

ftp.snven-T-uiznvencs-i#T=figgvE.nrn-Ve-z3n =3
.

Also the number e 2,71 , . . .

is defined as the limit of the sequence
an = (s t Ih)

"

,
HEIN

.

So
e - firn (int .



In general this is not true
that if

Llm an = Limbu Hos
4dg 4-36

Then Lying ( oh - bn ) - O .

Take an = 2h42 ,
bh = 2h

'

, 7=1,2 , . . .

Then Liman Stas
,
Lim bn = too

has has

but l, 'm ( an - bn ) =3 .

Xss


