
6. DIFFERENTIAL EQUATIONS

A differential equation is an

equation of the form

f- ( X , y , y
'
, . . . , y

"' ) =D H)

where y = you and n > I
.

The maximum value of n > I appearing
in CA ) is called the order of the D. E .

E.
g .

. y
" t ex ly'T + y = x2 has order 2

.

• yo = Ey has order 3
.

The differential equation CH ) is called
linear if f- ( x , y , . . . , yo ) is linear on the

variables y , y
'
,
.

. . , yin .

The general form of a linear D.E
.

of order n is

you + pn.my
""
x

. . .
+ peony

'
+ poorly =gcX0 .

If gcx ) 0 the D. E
.

is called homogeneous .

Otherwise it called inhomogeneous .

E. g. :
a y

"
t xy

'
+ y
=O

is a linear
,

2nd order homogeneous D.E .

as you + XZY" t y = ex
is a linear , 3rd order inhomogeneous D. E .



An initial home problem

{ FIX , y , . . . , yin
' ) =D

yl Xo ) = Yo ,
. . . , yin

" Lto )=yn- i

is a D. E
. together with initial conditions

.

A D. E
.

does not in general admit
a unique solution

.
The set of all

solutions of a D. E .

is called the

general solution of the D. E .

* When seeking solutions for a D. E
.

we find solutions defined on some

interval I
,
without necessarily specifying it .

From now on me only deal with
D. E

.

of order I
.

A typical example :

y
'
= y ⇒ y

'
-

y
= 0

⇒ e' y
'
- E×y=0

⇒ ( y . e-
x )
'

= O

⇒ y .EX= C
,
CER wrist .



⇒ y = re× ,
CER const .

y = re
't

: the general Sol . of the D. E .

• LINEAR D. E
.

OF ORDER I

y
' t pix) y = gcx)

y
'
t f- y =O ⇒ xy

'

Ty = O

⇒ xy
'

+ Cx)'y=0
⇒ cxy )

'
=D

⇒ xy = c

⇒ y = f- , CER const .



Generally , in order to solve

y
'
t PK) y = gcx )

we multiply both sides by eI%wdt
.

etottodt .

y
'
t pefihttodt.ysga.ge#wdtgfeSEPttidt.

y]
'

= g e

Pttodt

Now we can integrate and obtain

esaipttddt
.

y = {glfgettptwdudt to
and therefore we can solve for y .



Examples : ti ) y 't x' y
=O

An antider . of XZ is 3×3 .

e×%y1 + ×2eM3
y =D ⇒

(e By )
'
=D ⇒

£73 y = C ⇒

y = c. e- ¥
,
CER const

.

Kei ) y
'
+ ⇒ y = 3x

I multiply with ef¥dt = eh×=×
.

X y
'
+ y = 3×2 ⇒

Ky ) ' = ( x3 )
'
⇒

Xy = x3 to ⇒

y =P + § ,
CER const

.



(iii) xy
' text ) y = x ⇒

y
' text y

=L

f. (2kt 2) dx = XZ + enx + r

we multiply both sides by
extent = x ee

.

Xe
"
y
'
t (2x't 2) ER y = xe

"
⇒

( xe" y )
'
= xe

"
⇒

xe
"
-

y = f- e
"
t c ⇒

Y = ¥ t %g ,
C EIR const

.



Liv) Solve the initial value problem

{ y
'
-

y = sins

ylo ) = O
.

First we solve the D. E
. y

'
- y - sins ;

then we find the particular solution
which satisfies ylo ) O .

y
'
-

y = sinx ⇒

e' y
'
- e-×y= e-xsinx ⇒

( y . e-x )
'
= e' six ⇒

y
. Ex = feixsinxdx

I = f Exsinxdx = f Ext- Osx )'dx

=
- Excosx - fl- e-×) C - cost ) DX

= - e-Xcosx - f e-
×
cost DX

= - e' cost - f Ex csinx)
' DX

= - Excosx - Exsinx + fte
" ) sinxdx

=
- Excosx - e-× sin x - I ⇒



EI = -e-×( sinxtosx ) t c ⇒

I = - 2- e-
+ csinxtcosx ) + r

Therefore

y e-
×

= - { e' ( Smx + osx ) + C ⇒

y
= Cet

- f- (sinxtrosx ) ,
CER

.

ylo ) -o ⇒ C
- 21=0 ⇒ c =L

The solution to the initial nerve

problem is

y = { ( ex - sinx - Osx ) .



( V ) { y
'
t Osx .

y = Osx

y lo ) = 2

y
'
t cosx .

y = Osx ⇒

esinx
. y
'
t cosy esthxy = aosxesinx ⇒

( esinx . y )
'
= ( esmx )

'
⇒

esihx y = esinx + c ⇒

y
= I t C - e-

sin

,
CER const

.

ylo ) - 2 ⇒ I t C . e°=2 ⇒ c =3
.

Hence

y = It e-
six

.



• SEPARABLE D. E.
,

i.e
. D. E . OF THE FORM y/=f(X) gcy )

y
'

= flxlgly ) ⇒ ddy×_ = Stx ) gly)

⇒ dy
%

= Hx)d×

⇒

fgdyyj-jfcxsdxE.g.li) y
'
- EX y2=o ⇒

y
'
= Ex ya ⇒

4- = fexdx ⇒

- f- = x' + c ⇒

Y = - ×t¥ , CER .



did y
'
= f- ⇒ fydy = fxdx

⇒ 5g = E- + c

⇒ ye - 22=0 ,
CER

.

Observe that we have found the
general solution of the DE
in " implicit form" ,

i.e . not as an

explicit function y=yLx) ,
but in the

form of "curves" of solutions .



Kii ) Solve the initial blue problem

y
'
= X2y3{ yw =3

y
' =x2y3 ⇒ dy

⇒

& =¥d×
- % = + r

⇒ & = - 23×3--1 c ,
CER const

.

yw =3 ⇒ c - 3- = f-
⇒ c = 3- + f- = g±

Therefore the solution satisfies

& = 7-5-0×3 ⇒ y2= Iq
⇒ y = 3/7-6×-3



( Here we chose the positive square
foot because this is the solution of

the D. E
.

that satisfies yo ) =3) .

* Some D. E 's coin be viewed as

both linear and separable :
e. g . y

'
= xzy

We can solve them in any way we like .
. .

• D. E's OF THE FORM y
'
- f- (¥)

These D.e.
'
s might be encountered

in the form

y
'
= f- ( x , y )

where F( Ax , Xy ) = FCX , y ) , Ht >O .

We use the substitution

u = ¥ lire
. ucxo=Y¥, ) .

Then
y = xu ⇒ y

'
= u + Xu

'
.



Then
y
'
= FB) ⇒

UT Xu
'
= Flu ) ⇒

x W = flu ) - u ⇒

u
'

=
Fluky
×

which is separable .

E. g . Solve y
'
=x
2x - y

'

Y' = =
I-Ii
E - I

×

( alternatively , f- (x. g) = XJR
2x- y

satisfies f-Hx , Xy ) = flxsy ) ) .

Set u=¥ ⇒ y = xu

⇒ y 's u + xd

utxu
= Stu ⇒
2-u



Xu
'
= Etu - u = twenty ⇒

2-he

XW = 7 - u t we

←
⇒

du = * dx ⇒

1 EITEL du = jd¥ ⇒

IS u¥⇒ - E an
= 1¥ ⇒

⇐HET - IS du = 1¥


