PROPOSITION 2.1 The se+ A SR s bowdsd
W Ovd Dnla *  4here exists some M >0

Such hot
e la] <« M Hdor atk achA .

PROO
:_5: A ssufne A (3 bDuméecl.

There exist My, My elR  such bty
‘CY\DL‘E M. O M
MzsasMi,/(vra\lqu. i *

Set M =wmax] M|, IMl}, then :

o £ My £\Mi) s M b -M < a <M YA
o 2 Mg Z-IMp| Z M

SO we hawe sthwn that Jal<M YoeA.

& F )M YaeA | then
—~M<<asM Hor al acA,
so A s botn bounded How dosve ound
below ;, so A i bounded. -

Exomde: The Sollowing sets  are bownded :
- [0)2) , an upper kownd iy € - and also 3 wil do.
- =ho) UQQ)S} ,_an wpper bawnd s 5, o Jower s —&
.+ §-2,-1,0,4,2,3} 5 (s on wer bound ; =4 Iy
o |lower bownd.

The ‘FDUOW_maJ Sty ae hot bounced:
Co,o0) L [=(,0) U(1,00) , (—@,5).



et A<SR. (Ve 53 thet M (S the
m{dximum of A and we wrke M=max A,
(+ -

(i) MeA

(xt) aa <M Hor aul acA .

We. Y that m s the Mniynun. of A
and we wnte v =vwmb~A R
L) mM€ A

(i) m<sa Hor all aeA .

E.%\ £ A=142,4t maxA=4 and A =71
1 B =[] moxB =71 ond mnmB =0.

Vot all sets howve moxkimum  cand minimum,
for eX:tmp\e A=(1,0°), B=Co, ol

Eyen bounded sets might  not nave
MIxiMum  and  mMnmMum , toke for example
the se+t A = (o)1),

iuppose A hay A YnaxXimum , M =maxA .
hen M€A = Me (1) = M<1.
Set X = ’L:s-zﬂ _ Then

x
A

D <X - IxM 1+9 _ 4 6 A M 4
= 2

0 Xeh. Also X:/\figﬂ>“L42’M:M)
Ao ontradiction.




Y i Hfor all 3 : there exists

Let ASR. We soy MeR s +he
supremum  (Or  ledtt wpper bovmci) ot A
ond We write M= supA , o

M & an upper bownd eof A and

for ANy upper  bound M7 of A we hae MW,

This defiiition hos on counglent Jormuleation .
N :SupA F and DnL\& IR

(1',) x. = M for all XEA , and
(11) VE€>0 FX =X €A Such that M-¢£ < X
Vs
. . TR
A M
Exampe:  Sup (~ov, 1) =1 . Indeed:
Y X <4 Hor ol Xe(—o1).
(1<) Toke an arlo"rtrur\a s>0
p)
Then 1—e<x< 1.
\We howve Shown tnat Hor on
thee exists X=Xy € (-2 1)
Such Tty {-¢ < x.

3 S>>0

Thus Sup (,‘CD} 1) = L.



We 539 melR (s the Lnfdmum of A <K
(or greotest |ower bound ) ond We wrlte
» VY (s oL lower Dound of A, and

for any fower bound W/ of A, we hae m sm .

E ui\/@lenﬂ%  m=mfA F and only
<) m <z for all xeA
G“i) ve>0 E\X:Xgé/l( uch that X <Mm~g

T
bv;/w?, A
o exarmple , n€ (0,0 ) =0 Indeed :
L) D <X Ao all Xe(oe).

() foc any €70, the <€lement X=

s wn (90) and
O <x < 0+£&.

£
2

X £ o setr 1 mot kouwnded fom
aloove , we Sometimey Write, SupA =os.

We hove seen +hayr there exst Subkhs of R
that db not howe mox  and in (even SOMe
Downd e 5e+s), But what happens with Lhe
Suprouna - and Tr tnfum
o The 'C'mS\}VGr J(‘l)x(v tniy  Sollows Ao,

L EON stiucton of
mm& %{)@t 0 | ,Const b the cer =,



COMPLETENESS AXIOM : EVey bounded set
A <R has a supremum (and an infimum)
m R,

Ustng The  Completeness Axlom e (an  prove
Propecties  Which  othenwvise seem  profownd.

THEOREM 2.2 (Archimedean Pmpermd):
The Set N SR (3 not bowdedo.
PROOF
Acsume  IN SR s Dounded .
By the (ompleteness Axiom , there oxists
M =<up IN €lR .
Now M‘—_L (S nov  an uwpper bowg of )N)
O there existe NelN such +hat
M~-1 < = N+l =M.
But n+leIN ; o contvadiction. ~

COROLLARY 23 (Archivnededn Property) .
For an £20 , there oxists nelN
Stan - that —%_ < E.

PROOE.
Consiser Fhe Number %70

Snee  IN T8 ot bounded, +there ©Xis¥s
neiN  sudn Yt
n>1=1 & 1 <&£.
E e

7



Gongdder the et

_ 1.1 Ly =21 . :

A_{i)a)gjq).} {W,nelN}

Now we can Show that €A o
'2 1

S 73 3 1

W~

e‘v‘T?D o all ne .

s Toke on arbhmy £>0 .

e Archimedéin p(bpeﬂ“\at (Garol Hang 92)
fhere  exists nelN  sudh ppat L <g,
1.2. O < 4?)_ =< 0 + ¢.

% méig ﬂelNE =0
(e, of Gourse, 5UPH—L :nen\[}— =1 )

» SEQUENCES AND ULIMITS OF SEQUENCES .

A Ssequene 5 0 funchbn  wibn  domaiy
of defivitblon  equal t [N.

Tnstead of thm% N—=R  ne=aln)
for  a segquence” of mL T  we dencle
Gn  for the vi-th  denm of e sequerce
rother tnan  aln) ) y



ond the Sequence. 1tself s weikken oS

<C1V\)Y\0‘;| ) (QV\)HZJ / (@h)ne“\] of {an}heu\l-

The Sequence kself€ & a function,
while  the set  fan: neNy of all tems of
the (equence & o0 Set ofF redl viumbers.
However we Often ¢l both objecks

/ the sequerce.  (an)ng 7.

Ela U\/heﬂ an:% )r;':)JZ)_..

we have the sequence
(’/Iﬁjn:\ — (ijizjé*/"‘)

W hen bq = C/Uh = costmm ) n<),Z,..
then e sequence by (s %Q_ Seuuen
(e )nsy = (-4, 1, —t, 1, ).

AHhaugh we offen have an exollar Hfomula
0. Seduence. , €. %
| O = 9°+1  ¥YnelN
sometimes o sequence  (an)nd  ynight be defined
tn (bugh aL re_cursNQ relation , £ exu,mp\g:
(11 = ,
i{ Gy = Pa~ + 1

5 Y]':4JZ)5J...

Hee we an Hind: 0p =90, +1=3, @20, %1=4, ...



The Yhost Comwmon  €xample oF & yrecursnel
defined seguence (s Fhe Sequewce.  [Fn)w oﬁ&
Filbonaccl  pumbers

{ F;L - FZ. :_'1
F(H‘Z = 1 +'7[:n ) N=1,2,...

We @n clwloe B =2, £23, ek

We  soy thai the Sequene (o) €R < .
(1) bouded atoe by M, f
Ay < \/| for all n=1.

) bounded below by vn , if
On =M for all vzl

(i) oounded , & it (& both bouwded fom
ploov®  and  below oy Sme M, mefR
(cspec Al\lelxa :

(L\/)l\/\deo.slh% H— A+l Z O -?o( all nzl, ond
Strictly J'Y\C(\@CLséYﬁ)% F 0> Qn for all izl

(v) decreasing ¥ aAmn € 0 for all nz=l, and
Strictly decredsing. 1€ Opiy < G —4or all Nz |

A sequene (0w (s called  constont
it Ongr =0n  For ull neN
(3. Gn =0 VneN)



We _know that +4he limit of o seguence

() & equdl T e yumber L £
//’FinQLLL\é ol fRyms OF e Ss€quence
become arbttmm& cfose —o 7 _

We wont Jo gue & Jonma| defindon for his.

We Sy that the sequene (anlng <R

wonverpes o the rewl number L

ond  We \/\/Vijc@ Y'\e_L)YY\ an = ¢ A
Co

Ve>0 Insh@eN  suh that: for all vizn, la,—£)<e.

al .. However small [
I = e (00 €70,

T ’ Fhere will exist
.' some veelN  such
. ;, Hho
: B g < ans e Vo

Eo. W can show  m 4 =0
NJoe N




