
PROPOSITIONED : The set A SIR is bounded
if and only if there exists some M > 0
such that

PROOF
lol S M for all DEA

.

⇒ assume A is bounded .

There exist Mi , MzEIR such

•i#that Me Ms
Mz s a s My ,

for all AEA .

Set M = Max { I Msl , IMelt
,
then :

Q s Ms s IMSI SM
Q Z Mz z - Imel z -M }⇒

-Msa SM tact

so we have shown that lal SM tact .

⇐ if lal SM torch
,
then

- ME as M for au AEA ,
so A is both bounded from above and
below , so A is bounded

. was

Examples : The following sets are bounded :

• [0,2) ,
an upper bound is 2 - and also 3 will do .

. C- 1,0] Ute , 37 , an upper bound is 3, a lower is -2 .

• f - 2, -1,0 , s , 2,37 ,
5 is an upper bound , -4 is

a lower bound .

The following sets are not bounded :

[o
,
as ) , f-I , o ) U ( s , as) ,

C-00,5 )
.



Let A- SIR .
We say that M is the

maximum of A and we write M=ma×A
,

if :
(i ) MEA
Cii) as M for all QEA .

We say that m is the minimum of A
and we write mornin-1 if :

E) ME A
Cii ) m sa for all AEA

.

E. g .

if A={42,47
,
maxA=4 and mint =L

if B = Co, I]
,
max B = I and min 8=0

.

Not all sets have maximum and minimum
,

for example A- = (n , as) , Beto , O] .

Even bounded sets might not have
maximum and minimum

, take for example
the set A = (0,1 ) .

Suppose A has a maximum
, M=maxA .

Then MEA ⇒ ME (0,1 ) ⇒ Me 2
.

Set x=1zM_i .

Then
x

o - x =
' dat se

so XEA
.
Also x -11¥ > Midas M ;

or contradiction .



Hi for all F : there exists

Let A- SIR
.
We say MEIR is the

supremum (or least upper bound ) of A
and we write M = sup A ,

if
• M is an upper bound of A

,
and

• for any upper bound M
'
of A we have MEM!

This definition has an equivalent formulation .

M = slept if and only if i

ti ) Ks M for all XEA ,
and

Cii) V-E > O 3- X = Xe EA such that M- E CX
.

ME

Example : sup too, 1) = I .

Indeed :

ti ) K C b for all XEC -00, 1) .

( ie
'

) Take an arbitrary E > 0
.

Set x =L - Eg .

Then 7 - E CX < I
.

We have shown that for any E> 0
there exists x - Xe C- C- 00, 1)
Such that 1 - E L X

.

Thus sup too, 1) =L .



We say MEIR is the infirmary of A SIR
( or greatest lower bound ) and we w# ite
m = in FA if
• m is a lower bound of A , and
• for any lower bound m

' of A
,
we have m

'
Em .

Equivalently : m=infA if and only if :
(i ) m s x for all XEA
tie ) V-E > O 3X=Xe C- A such that x <MTE

.

M w

F-
ME A

for example , in f- (O, - 1=0 .

Indeed :

Lil O < X for ALL X C- (Ojos ) .

Lii ) for any E>o
,
the element x = Ez

is in Lo, ) and

O L X s O 1- E
.

* If a set is not bounded from
above

, we sometimes mite Supa soo .

We have seen that there exist subsets of IR
that do not have Max and min (even some
bounded sets )

.
But what happens with the

supremum and the infimum ?
The answer to this follows from

the definition / construction of the set IR
from the nationals

.



COMPLET.CN#SSAt0M : Every bounded set
A SIR has a supremum (and an infimum )
in IR

.

Using the completeness Axibm we can prove
properties which otherwise seem profound

.

THEOREME.TLArchimedean Property) :

The set IN SIR is not bounded
.

PROOF
me IN SIR is bounded

.

By the completeness Axiom
, there exists

M - sup IN EIR
.

Now M - I is not an upper bound of IN ,

so there exists NEIN such that
M - s en ⇒ n -11 > M .

But n-11 c- IN ; a contradiction . g%

COROLLARYQ.IEArchimedean Property ) :
for any E>O

,
there exists NEIN

such that f- CE .

PROOF
confider the number te >O

.

Since IN is not bounded , there exists
NEIN such that

n > f- ⇒ In < E .

Sam



Consider the set

A ={ 1 , } , 31,1g , . . . } = { f- : new} .

Now we can show that int -1=0
.

i¥÷:
• f- 70 for all new

.

• Take an arbitrary E>0 .

By the Archimedean Property ( coronary 1%3)
there exists new such that f- < E ,
i.e

. o - In - Ot E .

So int ft : new ) = o .

( Here
,

of course
, sup Ith : new)- =L ) .

• SEQUENCES AND LIMITS OF SEQUENCES
.

A sequences is a function with domain
of definition equal to IN .

Instead of writing a : IN → IR
,
n ↳ acn )

For a sequence of real numbers
,
we denote

by an for the n- th term of the sequence
( rather than acn ) ) ,



and the sequence itself is written as

( an )nI , ,
can )n⇒ , ( An )neiN or { an }nEN .

The sequence itself is a function
,

while the set { an : new )- of all terms of
the sequence
-

c's a set of real numbers
.

However we often call both objects
" the sequence can "

.

E. g .
When an = In , no , 2, . .

.

we have the sequence

(f)n% = ( s , I , } , . . . )
When bn = C- 1 )

"
= cos Cnn )

,
hsi , 2, . . .

then the sequence Cbn )n% is the sequence
( c-it )n% =L - 1 , +1 , -1 , e- I

,
.

. . ) .

Although we often have an explicit formula
for a sequence , e. g .

an = 2h -11 # NEIN
sometimes a sequence canines might be defined
through a recursive relation .

{ as = I
# ,

for example .

Any, = Ian 1- I
,
he 1,2 , 3 , . . .

Here he can find : Qz= 204+1=3 , 013--262+1=7 , .
. .



The most common example of a recursively
defined sequence is the sequence ( Fn )n¥ of

Fibonacci numbers :

{ Fs = Fz =3Fritz = Fn -11 t Fn ,
n - 7,2, . . .

We can calculate -53=2 , Ee =3 , etc .

We say that the sequence canines SIR is :

(E) boundeda-b.ae by M
,
if

an S M for all hat
.

Lii ) bounded-be.tw by m ,
if

an > m for all had .

( iii)bounded_ , if it is both bounded from
above and below by some M , MEIR

respectively .

Liv ) increasing if anti Fan for all hat , and
strictLyincreasing if anti > On for all HZI .

G) decreasing if dnt, San for all NZI , and

strictlydecreasihg-ifar.tl Cdn for all nzt .

A sequence Canino is called constant
if dry ,

= an for all NEIN
-

leg . an = 0 Knew )
.



We know that the limit of a sequence
(anime is equal to the number L if
" finally all terms of the sequence
become arbitrarily close to l"

.

We want to give a formal definition for this .

We say that the sequence can )n SIR
convergent to the real number l
and we write neiman = e ,

if :

V-E > O 3- no-_ Hole#N such that : for all nzno
,
Ian- else .

e÷¥÷÷÷i÷In: is:¥÷
; some no EIN such

i. that
nolo l - e s ans et E th 7th .

E. g .
we can show him in = O .


