
• IMPLICIT DIFFERENTIATION

suppose we are given a curve C
in the plane and we want to find the
slope of the curve at some

given point B - ÷¥¥÷÷¥"
"

If the equation of the aerie :

is
y = fcx)for some differentiable function f , Xo

we know that the slope of G
'

at (Xo , f-Hoo ) )
is fkxo ) ,

and the tangent line is

y = f-
'
(Xo ) - (x - Xo ) t fcxo ) .

Very often the equation of the curve
has the tomfcx

, y ) = O
for some f : 1122→ IR ,

and such curves
are not always graphs of functions .

YEEneIenneng . tmh.sn#Iteion -

given implicitly in the form
FCX , y ) - O

and we might have to find the
"
rate of change" fY×- .



If we have to find dy_ when xoxo , ysyoDX
then we differentiate the relation

f- (x, y ) = 0

with respect to x
.

'

T.f.tn 'RE)
- -

-

&. . .
E. g. Considering. Init doe u ,
Find the tangent line of the circle
at the point ( 1g , Bg) .

• We differentiate CI ) " implicitly "
with respect to X -

Xe + y2 - 1=0 ⇒

Ex t Ey . y
' = O ⇒

y
'
= - kg .

Therefore at the point (kik) - i.e .

when x=I ,
y=rg3 - the slope of the circle is equal to
It = - 7£ = - kg .



The equation of the tangent is

y - Bg = - Bg - Cx - t ) ⇒

y = - Bg x x EFF .

* A different argument :

The circle is not the graph of a function ,
but in some internet around 12 we can
"solve Wrt y

" and get

§y=VFx2 .

So there is a "part
" of the

"

circle that coincides with
the graph ftp.vs-XT

.

Now we calculate Stx) =
- z÷*.2x=q¥⇒

and he fend FYI ) , etc . .
.

This is correct , however he cannot
always solve for y .



E. g .

We are given ysinx =P + cosy
and we need to find dydx °

(* Here we cannot solve for y ! )

ysinx = x' + rosy ⇒

⇐ ( ysinx ) = ddg 1×3 + cosy) ⇒

y
'
. sinx t y . cosx = 3×2 - sing . y

'
⇒

y
! ( sinx t sing ) = 3×2 - y cost ⇒

y
'
=
3×2 - y Osx
j

sihx + shy
^

The same procedure can be applied
to find derivatives of higher order .

(see Book ) -



* DERIVATIVE OF THE INVERSE FUNCTION

THEOREMI.io: Let f : I → IR
,
I an interval .

Assume f is invertible on 3 and

differentiable at AEI with F'cxo ) -40 .

Then f
'

: f- ( e ) → IR is differentiable
at yo = f- (Xo ) with

( f- 'Hyo ) = •

REMARK : The previous relation is often
written as day = ¥- .

This is easy to memorise because
it looks like a quotient

,
but it is not

To see why Theorem 3.13 is true , recall that

fit ( f- (x ) ) =X for all XEL
.

If we assume that ft is differentiable ont
,

(ft Ycflx )) - fkx) =3 ,
HXEI ⇒

( ft )kfLx)) = Fg ,
Tx EI

.



Now we can prove that

( arcs.my/=1Vs--yz I
→ < yes .

Let -Icy - 2 .

There exists
- Iz ex < Iz with sinxsy .

Set f-Cx) -- six , F' Cx) -_ oircsinx
SO Theorem 3.13 goes

(arcsinyf-gf.gs#x--t-Vl-sih2x
= 1- .

* Apply Theorem 3.13 to prove that

( arctanx )
'
= -2 .

I + ×2



• TAYLOR'S THEOREM

For any n - 1,2 , .
. .

we define
the factorial of n to be the
number

n ! = 1.2 .
. . .

. h

for n=o
, we define o ! =L

.

Thus 2 ! =L . 2=2
3 ! = 1. 2.3=8
41. = 1 . 2. 3.4=24

:

:

Let fi Is IR be
differentiable and to EI

.

÷¥÷±:÷÷÷÷÷÷÷.
i

#

Xo
The function

Pg (x) = f- (Xo ) + ft Xo ) - CX - Xo )

is a 1st - degree polynomial
Umd is called the Linearisatdn
of f at Xo .



Pdx) is the best 1¥ - degree ( linear )
approximation to f , because

Pg ( Xo ) = f- ( Xo) and PICK )=ftxo ) .

What if we try to approximate f by
polynomials of higher degree ? Suppose
f is twice diff

.
and we want to find

a polynomial Pzlx ) of 2nd degree
such that

Pa (Xo) = f- (Xo )Is:*: : :
.

Afhseurnne Pdx) = Eklx - top -1¥ . Cx-w ta .

Pecks ) = fcxo ) ⇒ do = f- (Xo )
.

PICK ) = flexor ⇒ as = F'cxo )

PECK ) =fNxo) ⇒ Zaz = f-
"
exo )

⇒ az = f"¥ .

2

Pzlxlsfcxo ) x ft Cx-Xo) + f"¥Cx-Xof .



Even more generally , suppose f is n times
diff . and we want to find a polynomial
Prix ) of degree n such that

Pnw) = flood
, Pico ) - ftxo ) , . .

. ,
Pnlndcxo) = FYI)

.

Set
Pncx ) solo x ailx- Xo ) t . . .

t an ( X - Xo )
"

.

A direct coxlculortdn of the derivatives yields

do = f-(Xo )
,
a ,
= ft Xo )

,
Az = 7g f-

"
(Xo )
,

03 = f{3?gI = THAT ,

3 !
and generally

Qk = ftp.ftkkxo ) ,

k=O
,
1 , . .

.

,
h

.

If f is n- times differentiable in I
an Xo C- I

,
then the polynomial

Pn (N = f- (Xo ) + fkxol . Cx- Xo ) + .
. .

. -1 t"n! Cx-af
is called the n-thTaylorpolynom
offatthepoin



We have seen that the n-th Taylor poi .
has the same derivatives with f at Xo

,

but how good an approximation is it too fun ?
( In other words , how smart is the
difference g-Cx) - Pncx ) ? ) .

THEOREM3.IT Gaylor's Theorem ) : suppose
f- : I → IR is n -17 times differentiable
and Xo C- I . Let

Pn Cx) = fcxoiftxodlx- to ) x . .
- + fmn%# (x- xD"

be the n - th Taylor polynomial of f at Xo .

Then for any XEI there exists some

r between Xo and t such that

f- Cx) = Pncx, +
#"tr )
¥1

(X - toft ' .
PROOF (NON- EXAMINABLE)

.

1 PIX )
Ine "%

We will use induction on n
.

then

II. nineteen.int:9:
such that ¥8 ×

f-(x) - flux ftp.cx-xd
.

This is true by the Mean Value Theorem .



* Assume the Theorem is true for some n .

• We prove that it is also true for htt .

Set

Erich = fcx ) - Pncx )

Then En is n - times diff
.
and

Erik) = flex) - Pri Cx)

= 5-
'

ex ) - ( f + ft Cx-xodx .
. . )!

By the Generalised MVT for the
functions En CX) and (X- Xo )

" 't
,

there exists rerxo, to with

eY¥x¥ ⇒

fxn. .

=E
n

.

In -11 ) (r- to )

Now observe that C-n' ( x )
is the n - th degree Taylor polynomial
of ft , so by the inductive

fhypothesis it is equal to t"+n ( x- ton .
DB



E. g .

Find the 3rd degree Taylor
polynomial of f- (x) = ex - t
at Xo -_ I

.

• f- CX ) = ex
' '

f' Cx ) = ex
- l

,
f-
" CX) -- et"

,
f'"Cx) = ex- t

.

The 3rd Taylor pot . at Xo =L Is

Bex) #to + fhcx-vxtyycx-ef.tk?cxoP--d-Cx-10-1Cx-l5-f-Cx-tP
.

In the specific case when to -_ O ,
the Taylor polynomial around O

is called the McLaurin off .



E. g .

Find the McLaurin polynomial
of Sth degree of fcx )=sinX .

• f- Cx ) = sins

f-
'
CX ) = cost

f- " CX) = - Sint
flow ) = - cost
thx) = sin
f
's'
CX ) = Cost

f- (O ) = o , floss , f-
"
( O ) = o

,

f-'340 ) = - I
, fuoco ) =D

,
fuoco ) =L .

The McLaurin pot .
of 5th degree is

BCX)=fG) + flux + ftp.x2 + . .
. + ftsghfxs

= X
- ×÷ +5¥ .


