
KENAI : The same result is true for
the improper integrals

fa*d¥p for any a>O .

They converge if and only if p> I
- but the wave to which they
converge depends on a .

Exercise : study the behaviour
(convergences divergence ) of the improper
integral

go
'

d××q for the different
willies of 9>0 .

• When g > 2 ,

f.¥, = 1%-94=4%1:

=L- q÷xa - ' Tu
us,

= q÷u→ - # → too

and the integral diverges .



when 9=1 ,

1¥ = [ lnx ]: = - enu + o

and the integral diverges .

When 0<9 - 2 ,

six
- ' ax = = # - ÷: is:*

and {
'

d¥g converges to egg .

The improper integral

f%×gdX Converges if and

only if g
<3

.

* We did not examine the case 9<0
at all

,
because convergence is then trivial

-

the integral

god# DX
is a Riemann integral and not
an improper integral .



REMARK : Observe that

§%¥ cos ⇒ p > 2

while
, on the other hand

,

f 'd*< a ⇐ a - e .

This was expected .

% 9=49
.
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The inverse of the function

f-Cx) = is the function

glx ) = 591
.

The area on the figure
on the left is "

equal
" to the area

on the right .

The improper integral of 4×19 converges
if and only f- > I ⇐ 9<2 .



- For which values of 270 does

f-e-* dx converge ?

ANSWER : for 230
,

f- e-wax =L- EI] !
= g - E.

"

Ig
so f%→×dX = 1g for any 270 .

Comment : This should also be expected .
For any 270

,

lim e-ax

xoxoT
= firn, ¥ - O

TX

so heuristically ,

e-
*

is much "smaller"

thou za .
And since ftp.dx so ,

we expect that so does f%→×dx .



THEOREM 5.17 : Suppose f, g :[ a , A) SIR
are such that

O S f- (x ) sglx ) for all XZXO

( for some XoZa) ,
then :

(i ) if fiogcxldx converges , then so does %fkHx .

Cii ) if fifty DX diverges
,
then so does fetsglxdx .

(The same is true for type# - improper integrals).

This theorem helps us decide if
an improper integral converges or not

,

even if we cannot find its value
.

Apparently in order to use Theorem 5.17
we need to know basic improper integrals
which converge or diverge .

• 47g dx so when p > I

• §%→×d× soo for any DO



• So'd¥ soo when as I

* fdlnxdx so

Examples
÷.

① So adx ?

For x > 2
,

= ÷÷tea=¥
and fb¥dx cos ,

hence so

does

qq.sn#dx
and also

go
.

DX
.



S.mg#. ?

For x > I
,

rx + s s rx + Rx = Efx and
x' + i > x2 ⇒ ×¥, a ¥
hence

r¥ < ¥. .

Since f-dpj converges ,

+A

so does f r dx .

° XE -17

* suppose fbaflxldx is improper
at both a and b

.

We examine

I,=fa×°fCx7dx and fobftxdx.IE .

If the int
. converges ,

the values of I , and Zz depend on Xo

but the sum

Ii 1- Iz
will not depend on Xo .



ios

(iii ) f
DX 7

O V¥X3
.

We examine fjd¥→ and %¥¥ .

For Osx S2 ,

Fix = Tx . Vast > Tx ⇒

I

Vx
< ¥

and §d¥ cos ,

hence so does f .

For XD Is
× + ×3 7×3 ⇒

< ¥12
and

go,÷dx s -
hence so does f?

DX
.

Therefore §d soo .

V¥



ios:
For X > I ,

X -1×2 < 2×2 ⇒

s

r⇐.
> Ex

and f%×_ dx diverges ,

hence so does

f%'¥dx
.

Therefore f%d¥* = - .



Recall that in order to apply
Theorem 5.17 for an integral

So?fLx)dx
we only need O s f CX) sglx ) , X>Xo .
But if

,
in addition ,

we have

O S fcx) sglx ) for all XZA

then we may deduce

faosflx) dx € feoogcxldx .

Example : prove that 1%-5 doc
converges

,
and also

f-e-
"
dx e I t ed .

• for X> I
,

K > x ⇒ -Rs -x ⇒ e-Feet

and f%×dx cos , hence so does %e⇒dx
Thus f%⇒dx converges .



f-e-
*dx =fI*dx + f%*dx

For 05×52 , we have

- x
-

so ⇒ e-
K
s I

⇒ {
'
e'Pdx a 2

.

For x > 2 ,

e-
K
s e-

×
⇒ 1/1114

[ e-Rdx a f-Exdx
= fish. {TE×dx
-

- fist. te - et)
= 1- .

e

Hence f%*dx - I + ¥ .



REMARKS : Theorem 5.17 only covers

the case when fix) , glx ) are both
positive .

When both fix) , gas) so
Theorem 5.17 implies that whenerr

then
94) f ft SO for all x

C ) if febgcx)dx converges ,

then so does fabftxdx .

Cii ) if Sabflxldx diverges ,

then so does febglxldx .

E. g .
Does {

"

{sinxtllnxldx converge ?

For 02×52 , enxso

O - sinx a 2 ⇒
O > sinx.mx > thx ⇒
Inxs sinx - thx so µ

and f' lnxdx converges
$ f'lnxdxsos

hence so does f's.mx - lnxdx

and also forksMx . lnxdx .


