
THEOREM 5.15 :(Mean Value Theorem
of Integral calculus ) : If f : Ca , b)SIR
is continuous

,
there exists Beca , b)

such that

Hoos

"B ) =b¥µHd× .

Detfhex ) = fatfltldt ,
xecdib] .

F is continuous on [a. b] and

differentiable on Ca , b ) , so by the
Mean Value Theorem there exists

of C- ( a , b) such that

Fkrgj = Flb0-N# ⇒
b - a

f-( B ) = btafabflxdx .
••

RE⇒ : In the literature
, Theorem 5.15

is proved using only the definition of
Riemann integration ,

and it is then used
for the proof of the fundamental Theorem
of Integral Glkulus

.

Here he followed the opposite
direction .



• IMPROPER INTEGRALS

we have defined the Riemann integral
of functions f :[a. b) SIR on intervals
[a, b] where a,

b EIR
.

We want to define integrals of
functions on intervals ( a , b ] , Ca , b) , Ca , b )
when :

- at least one of a,b Is IA
,
or

- f cannot be extended to a
Riemann integrable function F- :[oiik SIR

.

• Improper Integrals of Type I

• Let f- :[ a , as ) → IR be Riemann - int
.

on every internet of the form

[it , T] ,
770L

.

We say that the improper integral

£+761 dx converges to the real number I

if figs fatflxldx =II .
Otherwise we say that

fitflxldx diverges .

!%"""
a



In the special case when

flying faiflxodk = too

we say that fatsfxldx diverges to Ics .

When faithful dx converges to IEIR

we may write fiofcxldx - I .

*
When he say that f cannot be
extended to a Riemann- int

.

Fica , b)SIR
we mean that there is no function

F : Ca , b) SIR

which is Riemann - integr . and
C-x) =fLx ) for all Kela , b)

.

• A similar definition holds for

improper
integrals of the form

aflx) dx .

- OO

• We say that the improper integral

¥96) DX converges to BER
,

if there exists some ask such that



• We say that the improper integral

¥96) DX converges to BER
,

if there exists some ask such that
both integrals

fatflxldx = Is , fasaflxldx - Iz
and I

,
+ Iz =I .

Examples

iiogarstomdx .

got arftaxnxdx = ft arctanx - carotene) 'dx

= ( gardant]!
= tartan'T Ef 1g . III = ¥ .

Therefore f-aItIIIdx=¥ .



es

Ciel Stax
y
X

'

{Ex = ent F + as

The integral §%¥ diverges to too
.

Ciii ) f%sxdx
ficosxdx = [sing = sin

The limit firm fioosxdx does not exist
,

therefore f%sxdx diverges

( but not to a !! )

④ I foexdx
→

foexdx = (ex ] : = s - I
•

2

Thus f°e×dx = 1 .

- as



too

(V ) f xdx

WE have to examine [xdx ,
dx

.

fjxdx = I → to
One of the two impr. integrals
diverges , therefore

I!jIdx also diverges .

* Observe that £*xdx dienes
even though

feign
, §×dx = O .

Therefore the existence of

flying fgtftxldx
does not imply convergence of £%xHx .



Yes

Lvii) farctanxdx
-as

I -1×2

We need to examine

sina.rs#Fdx.1i9rstIIdx .

We saw that [qgtI#dx=¥ .

Similarly we can show that

I:arg¥n×gdx= - ref .

+6

Therefore farctanx
→ ,+×z-

DX converges to 0
.

* If we choose to study the integrals

[ and I , a -1-0

their values ( of these 2 integrals )
would be different ,

but their sum
would still be O - so the result we
find does not depend on the choice of a

.



Improper Integrals of Type I

• Let f : Ca
, b) → IR be Riemann - integrable

on every internal of the form
Ca

,
u]

,
a cue b

and f cannot be extended to a Riemann -

integrable function f : Ca , b) SIR .

We say that the improper integral

fabfcx)dx converges to the real number I
U

if him ffcx)dx = I
.

u→ b-
a

otherwise we say that febflxldx diverges .

:÷÷÷÷¥÷÷÷÷÷÷÷:
• A similar definition when

a

f : Cobb] - IR cannot be extended to
a R .

- tht . F. Ghb] → IR
.



• If f :(a. b) → IR is Riemann - int
.

oh any internal CA , BI ,
with a - A - B - b
and f cannot be extended to

any Riemann integrable F on any
interval of the form Ca , A]

,
[Bib] ,

he say that the improper int . fubftxdx
converges to IEIR if there
exists some Xo Eloi , b) with

fgbftxdx =3 , Ja*fLx7dx=3z and I
, -115-1 .

Otherwise we say that Sabftxdx diverges
.

Examples e

⇐ I fdxos -X
14¥ =L- enlist] :

use
-

= end → too
11-61

Hence ft ,d diverges to too .



Iii) f'd¥

f.¥ = dry ; = e - cry 50+2

Hence f'd¥=2 .

ciiiwesi : mi:
gorkcotxdx , nfttzcotxdx .

ferkcotxdx = ftp.msf-dx
= [ enlsinxluk
=
en Isin# I - lnlsinul

=
- enlsinul ¥ too

Therefore fncotxdx diverges .



④ %t¥
we examine { nd¥z , 441¥ .

So
"

= Caranx) !
= arcsihu -arsing
E- II

2

I =
- are sine F

't

Hence I ndx# = n .

* Sometimes we might encounter
improper integrals of Kinked - type

"
.

We treat them as in the third case

of Type I and Type II improper integrals .

E.g . f+%n×_×dx .

We take fe+8n¥dx , §%h¥dx .

( it diverges) .



PROPOSITION 5.16 : The improper
integral §*¥ converges when p >I

and diverges when O< Ps2 .

PRODI
when p >I ,

I = sixedx =L ,x÷T.
T

=L - ¥. I .
= ¥ - ¥ .# → Fe

when p =L ,

§d¥ =
ene 5- + as

when Ocp - I

14¥ - HII: = - Ep + -
•.

÷i"y=¥.



KENAI : The same result is true for
the improper integrals

fa*d for any a>O .

They converge if and only if p> I
- but the wave to which they
converge depends on a .

Exercise : study the behaviour
(convergences divergence ) of the improper
integral

god d××q for the different
willies of 9>0 .


