
Here we deal with real functions of a
real bubble

,
that is , functions of the form

f- : A → IR , where A SIR
.

• When f : A → IR is a function ,

Then f stands for the function itself ,
but for ) is a real number .

(These are 2 different things ) .

However , very often we say lithe function tho
"

to refer to Khe function
f- : A → IR ,
× ↳ f-Lad

.

• Suppose we are given some function f
.

We assume that the domain of f is
the largest possible subset of IR

such that thx) is well-defined
(unless otherwise stated)

.

E. g . when we are given fix)=VxT
then we assume that Dg = Good .

Of course
,
someone could define the

function g :[2,3] → IR ,
g. Cx ) = ,

XECE, 3) .



If f : Ask is a function .

The graphs of f is the set

G- ( f ) = # ( x , fan ) : *A} E R2 .

¥
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• When we project
Gtf on the vertical
axis

,
we get FLA )

Given two functions f : Dfs IR , g : Dg → IR
we can define new functions
ft g ,

f - g , f. g , Ig
as follows :

f- tg : Df n Dg → IR , f- +g)CX ) = fix ) + glx)

t - g : Dfs Dg → IR ,
Cf -g) Cx) = fix ) - gas )

f. g : Df n Dg → IR ,
I f. g) (X ) = fcx ) . g. (x)

Ig : # n Dg)l{x : g so} → R , ffg) =fg¥, .



Let f : Df →R , g : Dog → IR be two functions .

We define the composition of f with g
and we denote it as fog ,

as follows :

Dfog = { KE Dg : gli ) EDF } .

(fog ) CX ) = f- ( glx) ) for all xEDfog .

Dfog#
Fog

E. g . if th) =L , gal = lnx

then we can find fog and got .

Df = IRI { of = too, O ) UCO , as )
.

Dg = ( Ote )
.

• Dfog =L KE Dg : gcx ) E Dg }
= { x. ECO, a) : lnx to )
= { * Coss) : k¥1)
= (0,1 ) UCI , too) .



(fog ) Cx ) = flglx)) = 1- for all KECO, 1) UGA) .
enx

• Dgof = { ke Df : for ) c-Dg }

= { Kiso : f- > o }
= (O, as) .

(got) Cx) = gcfcx ) ) = en } = - lnx
,
for all x>0 .

This shows that fog and got
are not in general the same function

.

( in the previous example
, they did not

even have the same domain of definition) .

A function t :X → Y is called 1-1
(or invertible ) if for all x, ,xz EX :

X
, =/ Xz ⇒ fly ) tflxz ) .

(I. e .

different elements in the domain X
are mapped onto different elements in FH ) ) .

E. g .

take h : IR → IR
,
thx ) =x4

This is not 1- 1 ,
because

I t - 8 but h (2) =ht2) = 16
.



When we have the graph of a real
function f : Ask , we can understand if
it is 1-1 or not as follows :

#t is 7- 1 if and only if
every line parallel to the
x-axis intersects the graph of f #
at at most one point .

* A function f- is not 1-1
if there exist xp , size Of #"with : i. b

34 Fxz and fly ) =fLxz) .

Q THIS FUNCTION
IS NOT 1- b

.

A. Fb BUT flat -_ ftb

Suppose f : X - 7 is a 1- I function .

Then we can define a →

New function x, .
.

' Yi y , sflx.)

ft : tix ) → X maxi
which maps every ye for ) - :
to the unique XEX such ftcyusx, Ffsthat f- (X) = y . fly sxz

ft : tix) → X
:

F'Cyo -- x ⇐ fix)=y .

The function f
"
is called the inverse function off.



f-t

off
E. g .

if f : IR→ Cops )
,
f- Cx) =e×

Then f-
I
:(gas ) → IR , F' Cx)=lnx

.

Also if g :lR→lR , gcx)=X2 , XEIR .

then g is NOT 1-1 ( gud - gl - e ) )
.

But if we consider

h :[o,- ) → Logos)
,
thx) =P

then this function is 1-1 , and its

inverse function is

til :[good →God
,

htt ) =rx
.

Y
'

§ y=h"cx ) .rDy
-
- ha,

i¥_ ¥"""""
Generally ,

if f :X - Y is 1 - t
( so that F ' : FCX ) - X is well-defined)
then

f-
'

( fu)) = × for all XEX
f- ( ft Cy ) ) = y for all y C- f- (X) .



* ⇒*,
y - text ⇒ xsftyo

Fly ) ft ( f- (x ) ) = X for all XEX
f- ( F' ly ) ) = y for ale yEflX) .

The two last relations show that
the compositions f-

' of and fo f
- t

are equal to the "

identity function"

( the function which mops every element on itself )
on the sets X and f- (X ) , respectively .

So ft is the "inverse " of f
with respect to the operation

"

o
"
of

composition of functions .

tame : f : IR SIR , fly = eh"
"
- I

.

f is invertible because
f- (X, ) = fcxz) ⇒ edit ' - I = e2×z+

'

- y

⇒ EZXITI = ezxztl
⇒ Xi = Xz

.

What is the range of f ?

y = f- (x) # y =
eat ' - I

⇐ yt1=e2x
This can have a solution in y it and only
if y -1170 ⇐ y > -I .



This means that far ) =L - I , too) .

For any y >
- 1

,

y = f- (x) ⇒ y + y = e.
2×+1

⇐ 2×+1 = lncyxl )
⇐ x = lqlnlyti ) - 12 .

So the inverse of f is

f
'

:C- I
,
as) → IR , f-

'

ly ) = { Lncy -110 - I .



2. LIMITS AND CONTINUITY

• UPPER 82 LOWER BOUNDS - SUPREMUM E INFIMUM

Let A- SIR
.
We say that A is

⇐ ) boundedfromab if there exists
some MEIR such that

a S M for any OLEA
.

Cii ) bounded.to#seLoW if there exists
some MEIR such that

a → m for any OLGA
.

Ciii) bounded_ , if it is bounded both
from above and below

.

In the previous definitions , the numbers
M

, m
are called upper andLowerboundsforthe set A , respectively

.PRO#0N2.I: The set A SIR is bounded
if and only if there exists some M > 0
such that

I al s M for all DEA
.



PROPOSITIONED : The set A SIR is bounded
if and only if there exists some M > 0
such that

PROOF
lol S M for all DEA

.

⇒ assume A is bounded .

There exist Mi , MzEIR such
•

that

M2 sa s My ,
for a" A.y"µ

Set M = Max { I Msl , IMelt
,
then :


