
We have seen that every continuous
f- i Ca , b) SIR has the intermediate
value property ; i.e .

if floc ) at < fcb )
then f = f- (Xo ) for some * c- Ca , b ) -

when f is diff
.
on [a. b ] , then

f
' is not always continuous

.

However it always has the intermediate
value property !

THEOREM3.ly (Darboux ) : Let f : I → IR
be differentiable on the internet 2

.

If a ,
b. C- I and the ) < yo < fcb )

then there exists toes with
fkxo ) -yo .

Proof : Exercise ( see book )
.

n

←
E. g. Let gM={ f ; Y, ¥
Does there exist a function /
f- ilR→lR such that

f-
'
CX) =gcx ) for all XEIR ?

The answer is NO
.

If g = f
' for some f : IRSIR ,

since FLO ) -- o and f- ( i ) =3 , there should
exist 761011 ) with f-

'
Lt) =L .



• CONVEXITY

Let f : I → IR be differentiable
on the internet I

. We say that f is :

Lil .conveX_ ( or concave up) in I
if f ' is increasing in I .

Lii ) Concord ( or concave down ) in I
if f

' is decreasing in I .

B
.

-

'

when f is convex
,

T -

"
-

the graph of f is :÷¥:A
-
-
-

•
- • above the tangent at

•
-
--
-
-

y
'

Cxosfdxool
any point (Xo , f- (Xo ) )¥i

a below any line segment
I joining two points of

the graph .

-
-

-

-
-

-
-⑧y ~

-

fi' .
. Then
,

one

i • below the tangent
1

,

i ,
at any point

I I

a above any line segment
joining two points of
the graph .



E. g . FCK ) -_ K2 . #f-
'
CX) -- 2x , so f

'
is

increasing in IR ,
so f is convex

.

We say that the graph of f : ISIR
has an inflection at Xo C- I if :

• Gg has a tangent line at (Xo, too) )
• there is some 570 suck that
f- is convex on one of the intervals
(Xo - 8 , Xo ) , (Xo , Xo -18 ) and concave

on the other
.

!
E. g . fix)=arctanx

,
XEO

. µThen ftxl=÷×
f-
'
is strainer

.
in too,o]

and Str - dear . in co, as )
!

and Gf has a tangent at logo )
.

So Cao ) is an inflection point of f .



THEOREM3.IT Let f : I → IR be
twice differentiable

.

(a) Tf 5-"CX) > O for all XEI
,Then f is convex in I

.

(b) If f"Cx ) so for all XEI ,
then f is concave in I

.

⑥ If f has an inflection point at Xo
then f" (Xo) =D .

The proof follows directly from
the definition of concavity and theorem 3 .

The converse to Theorem 3.12
is not true .

Take for example

t.a.t.YE.Y.ir "
"

④f ' increasing ⇒ f convex

BUT i f-"101=0
(because fMRI 12×2 ) .

I.e . if f is convex
, this does not imply f"cx ) >0K€

Also f-
"6) so but f does not have

an inflection point at O
,



• The requirement that f has
f
'
is not

÷: Erin:÷I¥%:¥iq.÷nThe graph of f in the
-

figure toes not have an Nfl .
at (Xo , fix) ) because the tangent is not defined
there

.

• Also if f has an inflection point
at exo , f- (Xo ) ) it is not

always differentiable there .

⇒

tag:*
.

: f-✓ON)



• ASYMPTOTES

we say that :

(a) the line Xsxo is a vertical
asymptote of the graph of f if

him f- (x) = to or limfcx) sees
x-3×5 x→xI

and also Xo is not in the domain off .

(b) the line y=y. is a horizontal

asymptote of the graph of f
at too (or -as ) if

limfcx, = yo ( resp . fifth ) -- yo) .

Xoxo

(c) the line y -_ axtb Cato )
is an obliqueness of the

graph of f at ios (or -as ) if

¥m¥(fix) -ax- b) so (resp . #imfflx) - ax-b) so) .- as



X=Xo

VERTICAL HORIZONTAL
ASYMPTOTE ASYMPTOTE

#⇒
OBLIQUE
ASYMPTOTE



e.g. tan "

The line x=1 is
a vertical asymptote .

The line y =3 is a horizontal
asymptote at too and - as

.

• gcx) =¥?#,, KE too , - 'g) Uff , too)
The line k= - I a vertical asymptote .

fling , gcx) = - os and him gey -_ too .

Xo - It

we want to look for oblique asymptotes .

¥7.es#=Esi+n. = 's
and

loan -E) sexism
.

-

= lim = - f .

X#as 2×-11



Therefore y=1gx - Iq is an oblique

asymptote of Gf AT to
.

# if y - axtb is an oblique asymptote ,
then him fix)

Xoxo g-
= d i

so in order to fund the coeff , a ,
we first calculate ¥Y÷H¥ .

The line y={ × -1g is also an

oblique asymptote of Gf at --

(we simply repeat the same procedure
but we take limits at as
instead of too ) .



• SKETCHING THE GRAPH OF
A FUNCTION

In order to draw the graph of a
given function f , we find :

I
.

the domain of f
2 . points of intersection with the axes
3

. asymptotes
4 .

monoti city of f 82 extreme points
( maxima and minima of f )

5
. Convexity Q inflection points

.

E. g . Sketch the graph of fix) = Xe
- ×?

• Domain : Df = IR

f-( 01=0
,
and f intersects with

the axes at 10,00 .

fight =f%¥=O
IX. this Is ¥z=0
So y=0 ( the horiz

.
axis) is a horizontal

asymptote of f at us and -0
.



f'Cx) = (I - 2×235×2
f-
'

( x) > o ⇒ - If < x < Rg
f-
'
CX) so ⇐ (x c - kg OR K > If) .

¥cqq*r
fix)

•

↳↳A&M •

f- Tfw ,
-Ek] , ft Eretz , rye] , f- $[ rye , too)

ft# = -¥ , flirt) - free
f- has a local minimum at -52/2 ,
the number ftrzlz ) =

- 1-
RE

-

This is also a global minimum .

f- has a local maximum at B12
the number straw = 1-

Fe
.

This is also a global maximum .



f-"Cx) = ( 4×3 - 6×1 e
-K

= ax (x -E) (x +VE) e-
*

¥¥in u
n
u

Inflection Points : ffg , tfPI)) , lo , flood , ftp.fffzf .

i÷÷÷÷÷÷÷⇐÷÷


