
PROPOSITION 5.12 :(partial Integration) :
If f) g :[0 , b] SIR are differentiable
on Ca , b] and f

'

, g- : Ca , b] SIR are

Riemann - integrable ,
then

fabflcxsgcxsdx = [flxlglxltab - fabtlxgcxsdx .

Examples :

Lil f.eenxdx =

felxienxdx-lxen.de
- {extend'dx

= eerie - ens - {ex dx

=
e - feedx

= e - (e - 2)
= 2

.

Kid f'x2e×dx = 1%2
'
dx

= Codex ] } - f%xe×dx
= e - f'exlex) 'dx



= e - [2×0]: + fdeexdx
= e - 2e + Hex] !
= e - Ye +Xe - 2

= e - 2 .

Ciii) Find I = !
"

e cost DX

I = Jone" csinx )'dx
= [exsiynx-fkeksinxdx-fb.ee"

( cow
'

DX

= He Condor - f"4e2× cosxdx
= Re

'"
cost - E - 41

= - 2 em - 2 - 43 ⇒

5.I = - Elek + s ) ⇒

I = - Ig ( e
't
+ s ) .



PROPOSITION 5.23 : Suppose g:[orb]→R
has a continuous devout've and

f- is continuous on some internet
which contains g( Lolita ) . Then

glb)

labflglx) ) g' cxodx = ffttdt .

glow

In partie , for Sabftglxsgkxdx :

we set u=gcx)
du = g'Cx ) DX .

X
, =a ⇒ u

,
= gld )

Xz -- b =) U2 = glb ) . glb )
9lb)

{bflglxbgkxtdx-ffcuddu-fflyddyg.la
, gib, 9100

=) tf ) DT . .
.

glad

ax = Shendu sleety ? = Ele - ed
.

2

We set u=xr

du=¥×dx .

X
,
-_I ⇒4=2×2--4=) hz=2



%xV3+xadx= Set
auu xd:

x
,
=3 ⇒ 4=4
Rest ⇒ uz= g

={
'

rug du = k¥1 :
-151 ] ! = 37--05=31 .

• find the area among the graph of

f- Lx)=
1 the horizontal axis

XZ -12×+5
'

and the lines x= - I
,
K =3

.

i i

i i

-

*

:in
The area we want is

"

is
-1 :

'
.

i

1! Ex .is =%c×⇒d¥+a
"



Set u=x -11

du -_ dx

X
, =
- I ⇒ 4=0

Xz= I ⇒ Uz =L

= [duoU2 -14 Set us Et
du -_ Edt
U, =D ⇒ t, =D

= f
'

Edt uz=2⇒tz=2
442+1 )

= If:d¥ = { Carotenuto

- Iff - o ) = # .



A function fi Cai b) → IR is called
piecewise continuous if there exist
ol = Xo Cx , < Xz < .

. . < Xn = b and

continuous functions

gi :[Xia ,
xi] → IR , ist

,
2
,

. .
. ,h

such that for is 1,2, . . . ,n

f-(x) = gilx ) for all Xe[Xia , Xi] .

Examples
c) f : 6,2] → IR ,

f- Lx)={ X , 05×52

0
,
15×52

. o .

Then f is piecewise continuous on G,
.

Lii) g : Ei , 1) → IR I

gcx)={
°
,
→ sxso

•

I
,
X=O Hao a

{ , 02×52
;

B O "

g is piecewise → o 2

continuous tunctdn on El , I] .

According to the def
.

: consider the internals
£1,07 , Cal] and Gg : Elio]sR , Gi# =D
and Az :[92] → IR , Gzlx) .={ .



Liii) h : Ed , I → IR ,

hashtag : -so % : €
i: :

h is NOT piecewise continuous
.

This is because there does not exist
H :[0,2] → IR which is continuous
and satisfies

Hlx) = bad
,
XECO, D

.

THEOREM 5.14 : Let f : Ca , b)SIR be
a piecewise continuous function on Comb]

.

Then f is Riemann integrable and

fabflxddx = .§.fi?gilxldx ,
where Xo , Xp , . . .,Xn and Yi ,9z , . . . ,gn
are as in the definition

.



Eg . this -43k; 8 :µn¥Mm
,

1-x,
X >o

1%4)d× = Iof dx +1%4)dx

= !%dx + µ -xddx
= f- 1- 12 = 8- .

• For the function sgncx) =L -11 , X >O

O
,

X so

-1
,

X so

§sgncx)dx = gncxodx +{ syncxldx
= - I t 2 =3

.



Let f :D SIR be a function
,

g.
nd D SIR be "symmetric around 0

"
,

we
.

HXEIR : RED ⇐ - X ED
.

We say f :D SIR is :

- every
,

if for all XED
f- C- x ) = thx )

- odds ,
if for all XED
f- C- x) = - f-( x) .

E. g. FIX)=x2
,
XEIR fix --Hal

F'"it "EvenmK¥on
glx ) = Xs , xc.IR
gtx) = C-xD = - XS =-gu)

g is an odd function
.

#£
thx) -

- r . . ,

i

-x! & I

X÷t -
-

f
-

The graph of any graph .
of any

een function is odd function is

symmetric around symmetric around
the axis X - O .

the origin 00,01 .



Suppose f is Riemann - integrable .

If f is odd and a>0
,

then

Ifk)dx =D -

(
feat# dx-yaofkldxt.at#dx a

In the first integral in the right -hand-side ,
we set u= -x

du= - dx
X
,
=
-a ⇒ U

,
= A

Xz= O ⇒ ur =D

faotcxdx = - gaottu) die
= foaftuddu = - father die
= - fodftxdx

Thu '

Iaf#dx = O
.



Similarly ,

if f is een and R .

- int
.

then for any d>o ,

I !fLx7dx = E foafcxldx .

E. g .
We can find ↳ x'Osincxtldx

The function
f-Cx) = xlosinlxt )

,
XEIR

is odd :

f-tx) = C- x)
" sink-XP ) = - fbi) .

Therefore

f.
' x'Osinlxtldx = O

.



If f : Comb] SIR is Riemann - integrable
,

the real number

⇒ fabftxldx
is called the mean value of f
on the internet Comb]

.

Suppose g : cab] → IR is constant

and has the property G
,

fabglxtdx-f.tk/dX .

b

Then

g = ⇐ gabtixidx . ÷t¥÷¥f!



THEOREM 5.15 :(Mean Value Theorem
of Integral calculus ) : If f : Ca , b)SIR
is continuous

,
there exists Beca , b)

such that

yppoof

"B ) =b¥µHd× .


