
THEOREM-3.SCMean Value Theorem , Lagrange ) :
Let f :[a. b] → IR .

Then it
• f is continuous on Cobb ]
• £ is differentiable on Ca , b )
then there exists * era .br with

f-
'
(Xo ) =flbj-flay.PRO#b - a

set gcx) = f- Cx ) - flb)-fI (x- a ) .

b - a

Then g is continuous on Casts]
and differentiable on ( or , D )
with gca )=gCbu=fCa ) .
So by Rolle's theorem there exists
Xo c- Ca , b) with

gkxo ) so ⇒ fkxoj-flbbs-talat.sn
- - -

- - - -
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.
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that there exists at fetishes fGeometrically , the MTV
one point (ooo , fcxo) ) where

i

'

.

.
.
.

.

the tangent line at the graph :

of f is parallel to the segment Xo

from Alaska ) ) to Bcb , flb) ) .



Let f : I → IR
,
I EIR an interval

.

The function f is called :

Ci ) increasing on I
,
if for all x,YEI

X e y ⇒ fcx) s fly )
.

tie ) strictlyincreolsing-on.rs if for all *yet
XL y ⇒ f- Cx ) s fly) .

Ciii) decreasing on I ,
if for all *YEI

X ay ⇒ f- (x) 7- fly)

Civ ) strictlydecreasing-onI.it for all *yet
Xey ⇒ too > fly) .

Also f is called monotonic or

strictlymonotonis if it is either
decreasing or increasing ( and strictly incr

.

or strictly dear . , respectively ) .
* Sometimes f is called non- decreasing
instead of increasing , and also

increasing instead of strictly increasing .



THEORCM3.by : Let ties IR
,
2 SIR an

internet
,
be differentiable in the interior of I

.

(E)If f'Cx) >O for all X ,
then

f- is strictly increasing on I .
Cii) If f-

'
Cx) 30 for all x ( in the int . of I )

then f is increasing on I .

Citi ) If f'Cx) so for all x
,
then

f is strictly decreasing on I
.

(N ) If f'd) SO for all X ,
then

¥p is decreasing on I
.

e) Take x, y EI with xcy .

We need to prove that fix ) < fly ) .

By the Mean Value Theorem
,

there exists xoerxy ) with

flcxo ) = fLyj-fLx)_ ,

y - X

By the hypothesis ,

f'Cxo ) > o ⇒ flighty >O ⇒ f- (x) < fly) ,

y - X

Cii ) , Liii) , W ) : similar .
Ha

* A constant function FCK) = c (KEI )
is both increasing and decreasing
but neither strictly incr

.
nor strictly dec .



Example : f- Cx) =e¥ ,
KEN

,
- )

Then thx) = =×¥e× .

f-
'
CK ) = o ⇐ x -_ I ×/oflat > O ⇐ X > I fkxl

,

- fo tf'M so ⇐ Xc 2 .

fix)
'
↳ A

f- is strictly decreasing in co , I]
and strictly increasing in Good .

f- has a local minimum at x =3 ,

which is f- 6) = e .

This is also a global minimum .

The converse to Theorem 3. d is not true
,

i. e .
it f is strictly increasing ,

this does
not necessarily imply that

f-Ex) > o for all K .

Take for example fix ) =x3
.

f- is strictly increasing on IR ,
but flow .

Ft
"



If ft Xo ) >O for some * C- IR
,

does that automatically imply that
f- is increasing on some interval around Xo ?

The answer is NO . Take for example

f-Cx ) ={ X t 2x
- sin # ) , x #O

O X=0
7

Then f is differentiable on IR , with

flex 1=12 +4> sink ) - 20K¥) , k$02
,
2=0

We have Ho ) =L >0
but f is not increasing on any
interval of the form C- 8,5) .

THEORIZE : Let f : I →R be continuous
on the interval I and differentiable in
the interior of I

.

If fkxl -_ O for an x in the int . of I
then f- (x) = C for all XEI

.

Proof
Let X,yEI with xcy .

By the Mean value Theorem ,
3- TECX, y ) such that f'Lt) =fly)-f#

y - ×
-



But fit ) so ⇒ fl%f so ⇒ f = fly ) .

•⑧a

* In 4 previous counterexample ,
he used the function

f- Cx) =L x + 2×2 sin ) , X#O

O l X =D .

How did we alkaline tho) ?

lim sexism x+2x2smfxIX-D X

= firn (t t Exsihx )) = I
because Hsin Is 1×1 ⇒

- Ix ) skin # ) six )
and In (x sin = O

.

Therefore this means that t is diff .
at 0 with flo ) =L

.



7

ARY38 : Let fig : I → IR
(I an internet ) be continuous and

f-Ex)=gkx) for all x in the int . of T
.

Then f-CX) =gLx) t C for all XEI
(where CEIR is a constant . )

Example : Prove that arctomfxf-f-arctanx.no .

• Set thx) = arctan ) tarctanx , xero, -0 .

(I choose h that way because we

actually have to show that this function
is constant and equal to ¥ )

.

Then hkxt-jqg.FI) x sfa ⇒
so hey - C for all X >O

.

We can evaluate the constant c :

o = ht) = Zartan I = LI .

So
,
for all xx : h CX ) =L ⇒

actors (¥ ) = f- - orretunx .



REMARK : Theorem 3.7 can only be
Tied on intervals

.

Consider the function g : IRA of → IR ,

gas)={ 2 ,
× > °

, o-

-b
,
x so |-O

Then g' CX) =O for an XEC-00,00690)
but g is not equal to a constant
on IRI -Lot

.

This is because Rit of is not
an internal and we cannot apply 7hm 3.7 .

THE#9 :( Generalised Mean Value
Theorem

, Cauchy ) : Let f, g :[on b) SIR .
If :

• t , g are cont . on Ca , beg
• f , g are diff . in Cobb )
• g' CX) -1-0 for all XECOI , b)
then there exists * c-Cobb )
such that

=fCbJ_f→
PROOF

9lb ) - glow
.

Apply Rolle's Theorem to h:[a. b) → IR
,

hcx ) = ( gobo-glad )fCX) - ( f- lb)- Had)gCx) . g.



THEOREM3.IO#del' Hospital ) : If f. g
are differentiable on some internet
around Xo ( Xo is real or Is ) and

a ¥m×ofLx) stiff
.

glxl SO

• lim f'Cx )
xoxo

=L ( L is real or Is)

then also ff¥, =L -

(This applies to both "
regular

" limits
and also side limits ) .

PROOF
IN first deal with the case of
a right side- limit .
Suppose f , g are diff . on CA , b] .

Define

FLX) = { f-Cx) ,
Xo CX Sb

,
GLX)={94) , * < xsbO

,
X=Xo O

,
X=Xo .

Tx *
Let Xo ex - b . →
Then applying Theorem 3.9 Xo b
to F, G- on Cxo

,
- note that they are

both continuous ) - there exists some

t = Tx C- ( Xo , x ) with



= ⇒ET¥ .

When X→ xj , then also txsxo
.

Thus

¥.tt#f=eim.tgYI, ⇒
¥¥tg¥* - tins. =L

.

• For the case of a left - side limit
he work similarly .

• The case of a two -sided limit
for rows from the side limits

.

• It remains to deal with the case
when Xo - Io .

Set ↳ Cx) -_ thx )
, 96×1=9# ) ,

ocxca .

Apply the proof for the right side- limits
at O and observe that

¥%s÷¥÷=¥÷. sfi.net#i:.



The same conclusion is also true
when dealing with indefinite limits
of the form

Ics

(proof omitted ) .

Eg . Find ¥mo+xr× .

xrx = eiogxr = erxlogx
.

Now figg, rxiogx = fine, 107J
f-

A

= him I = 0
Hot F-

Erxx

So him xr× = e° =L
.

X-30-1


