
THEOREM-5.io : If f :[a , b) → IR is
continuous

,
then it is Riemann integrable .

PROOFS

since f : Cobb] → IR is continuous
it is also uniformly continuous

.

Let E>0 . There exists some 5=86170
Such that

IX- yl < or implies lfcx) - fly )1 a E-
b -a

°

Let nzl be such that

bag c 8

and consider the partition

Ph ={ a ,
at bag , at Nb ,

. .
. , b) .

€1,1
a

K b

Setmj = min {Ht ) :atcj.is#asfea+jb-n-aJ,bFWMj--maxLfLtJ:a-Cj-2dbF-ftca+jb-a}
( j - 1,2 , . .

. ,h ) -

for each j - 1,2, . . . ,n he have

Mj = f- ( Xj ) and Mj = fly ; )
for some Xj , yj with

lxj - y; I < BIN <
5

,

hence IMj-mjl-lfcxjs-flyg.gl < E- .

b-a



Now
• Cf , Pn ) - Hf , Pm ) = !§, Mj (Xj - Xjo) - §gmjCxj - xjg )

= !§CMj -Mj ) (Xj - x;#
e E e

j foe
(Xj - Xj - s )

= IoT j%Cxj - xjo )
= E

.

Therefore f is Riemann integrable .

r•p

If f- (x) 70 on Ca ,
b) and f is

Riemann integrable on Cui
,
b] then

febfcxodx is the area between

the lines Xsa ,
xsb

,
the graph of f

"

s
.

and we horizontal "" '



Whenever f is Riemann integrable on
a closed and bounded interval I and a ,bEI
we define ::

ok

• faatexodx = 0
a

*

• fbatcxodx = - fabfcxodx¢

PROPERTIES OF RIEMANN INTEGRATION

Id
.
If f- is Riemann - integrable on

the closed bounded interval I
and a ,

b
, c C- I then

Jabflxldx x §Fcxjdx =/a%lx3dx
B
.
If fig :[a. b) SIR are Riemann - integrable
and A.MEIR ,

then the function

Af -1µg is also Riemann -integrable and

£%Hx7+pglxDdx - a fabflxvdxtpefabgcxdx



30
. Tf f : Ca , b) → IR is Riemann - integrable
then so is Ifl

,

and

Itabttxldxf EE fabltixoldx .

( Triangle Inequality for integrals)
.

Go . If f, g :[a. b) → IR are both Riemann -

integrable then f. g is also Riemann -

integrable , i.e .

fabftxlglxdx
is well -defined

.

T

⑤
.
If f , g : Ca , b) → IR are Riemann - integrable
on Ca , b) and

f-Lx) s gcx ) for all XECaib]
then

fabflxldx s fabgcx)dx .

As a special case of this , if

f :[a.b) → IR is' Riemann integrable
with msfcx ) SM , xecoi.be then

m (b- od s fabflx)dx ⇐ Mcb - a)
.



In the proof of Theorem 5. do we

used the specific partition

Pn ={atkbna : K - O
,
I
, . . . ,n}

of Ca
, b] , i.e . we split Ca ,b] into n

subchannels of equal length .

This partition can
be used to prove the following feet :



PROPOSITION 5.7 : Assume f is
Riemann integrable on Carb] . Then

nlimb-a-E.fla-kb.no/=fabfcxsdx .

COROLLARY 5.8 : if f :[0,1 ] → IR
is Riemann integrable ,

then

find f- E. fkn) - f'fkidx .

We can calculate febxdx
using proposition 5.7

.

fix dx = figsb-a-n.iq/a-k.bn-a-)--Eyzb-na-fna+bn-a-E.k)
= figsb-na-lnai-bj.hn#)--nlljms(ba-a2tlb-gI.ntJ=b-a .



THEOREM 5.9 ( Fundamental Theorem
of Calculus ) : Let fico , b) → IR be

Riemann integrable and Xo E Globe
.

Define
f = fxfctjdt ,

x Ela ,
-

Xo

If f is continuous at the point xeGnb] ,
then F is differentiable at X

with F'Cx) =fLx) .
PROOF
Tellin consider the case x c- Comb )
(the proof when x=a or x=b is similar )

.

For h -1-0 sufficiently small ,

Fcxthlh
- fix)

- fix) = Inf hfctddt - [fctdt) - fix)
= f- {tfctldt - Stx)
=L hfctldt

- the htcxdt

=L 4*4 fit) - fan Idt .



Let E >o
.
Since f- is continuous at X

,

there exists 870 such that

It- xl - or ⇒ Hit ) - that < E .

So for Ihl < 8
,

I thin
- fix)

- fix) =/ that) - flxlldtf
=¥/fYfcthHxDdtf
<
1- Ihle =E .

1h )

we have shown that

⇐nor flxthh-F-flx7.gr



As an immediate corollary :

TIHSEOREM 5.10 : Suppose f. G.b) → IR
continuous and Xo C- Casts]

.
Then

FIX ) = f!# dt , xecohb)

is an antiderivative of f in Co, ,b] .

This means that for any
continuous

function f : [a ,b7 SIR
,
he automatically

know an antiderivative
,
the function

FG) = [fctdt , xelohb)
.

This observation allows us to
calculate Riemann integrals using
antiderivatives .



PROPOSITION 5.11 : Assume f :[a. b)SIR
is continuous and F is an antiderivative
of f on [a. b]

.

Then

febtcxldx = Fcb ) - Ffa )
.

220¥
= faff# dt ,

xecoi.br

where * c- Carb] .
Then f is

an anti derivative of f
,
so

G-Cx) = FLY to
,
XEG.by

for some constant CEIR
.

Hence

Jabfcx)dx = Ecb ) - Gta)

= ( Abd te ) - ( Fla) to )

= Fcb ) - Fla )
.

p.

For convenience , we write

Fcb ) - Fca) = #Iab = Fml!
= Rx)/x=b

X=a



so
'

x' dx = To =3
19 erxdx = 192 xtdx = 12×353190=36 .

[ dxg = [ lnx ]; = ene - en I = 2
.

s:*:* . - Iie.
44¥. -⇒dx

= flnlx -21 - enlx -4143
= @K¥11: = ends .


