
MID-TERM EXAM : 5 OCT - 18:30

3. DERIVATIVES
suppose I EIR is an open internal ,
f- '

. I → IR is a function and XoEI
.

We say that t is differentiable at Xo
if the limit

him ( = ftp.flxo-hdh-flxod-i)Xoxo

exists and is a real number
.

In that case we write

1-
'

Cxo ) = himtlxl-flx.lt/-Xo X - Xo

and the number ftxo) is called the
(first ) derivative of f at Xo .

The first derivative of fat to is
also denoted by d¥l×=, '

Let Ty C-I be the set of points in I
on which f is differentiable

.
The function

f-
'
: I , → IR , x is f- ' (x )

is called the (first ) derivative of f .



¥ for some new the n-th derivative
(W has been defined

,
let In, EI

be the set of points in I on which
fan is differentiable

.

Then he define the anti ) - st derivative
of f to be the function

f
"" '

: In, → IR
, f

"" Ex ) = (find )'Cx )
.

E. g .

. the function f- Cx) =x2 is differentiable
on any KEIR . Indeed , if XEIR

honking = yE×hh-hI= ex

therefore t is diff . on XGR with ft)=2x
.

• the function glx)=fx is not
diff .

Oh Xo =D .

lim glx) -glo)
x-so To

= ¥7 = too

However g is diff . at any X>0
with glcx ) = 1- , x >o .

EVI



Assume f , g are differentiable at some

point X in their domain . Then

fig , Af , fog , tf
are also differentiable at x and

(ft g)
'

Cx) = flex) + gkx ) ,

( affix) = Af 'cx) ,

( f. g)
'
Cx) = flex)gCx) t fcxlgkx) ,

(gf-fcxj-fkxlglxl-fcxlg.ly#gKx)

(provided gcx ) #O )
.



THEOREM3.TL Chain Rule ) : Suppose f , g
are such that fog is well - defined

.

If g is differentiable at X and

f is differentiable at gcx) , then
fog is differentiable at x with

(f. g)
'
Cx) = f-

'

( glx) ) . g'Cx) .

The previous relation is also written as

Guy = IT . daft
( so here u is fog , V is g and t

is the nrtiable . ) .

Be careful
, this is not

a multiplication of fractions but only
a way to remember the chain rule .

E. g . if glx) - fix )
and f is differentiable , then

g'Cx) = f'( XZ ) . (XZ )
'

= 2×54×2 ) .



Derivatives of Bowie functions
.

( xn )
'

= hxh - t
,
n > I

,

XEIR

(Xk )
'
= K Xk -t

,
KEI x >0 or xso .

(Xa )
'

= axes
,
AEIR x >0

(ex )
'

= ex

(ax )
'

= axlna ( a> o )

(Enix )
'

= I
×

(sinxj
'
= cosx

(Osx )
'
= - sins

Harry's 1-
SEX

@Tx )
'
=
-

1-
Slh2×

(Olrcsihx)
'
= 1-
✓s-×T



(sinxj
'
= cos x

(Osx )
'
= - sins

Harry's 1-
SEX

@Tx )
'
=
-

1-
Sth 2x

(Olrcsihx)
'
= 1-
✓s-×T

(olrccosx)
'

= - 1-
Vs-xT

Carctanx)
'
= b-
1-1×2

(Sinh x)
'
= coshx

Gosh x )
'

= sinhx

Ctanhx )
'
=1-
cosh2x

as#-x)=sinx ⇒ arccost-A-arcsinx-laraosxlt-Y.rs



THEOR-EM3.ee : Suppose f is differentiable
at Xo EIR .

Then t is continuous at Xo .

PB%#he hypothesis , fin
.

=f¥ .

Therefore
( fix) - fcxoo ) =¥m* Cx -*§

= f-
'
(Xo) . O

= O

and him flx) = tho )
.

Xoxo
So f is continuous at Xo . ra



P ÷÷÷÷¥÷÷÷¥¥¥
to A- (Xo , fcxo ) ) the
line segment AP

tends to become a
line which is called the tangent

of Gf at the point cxo, fcxo) ) .

The slopes of Gf at (Xo, flxol )
is the slope of the tangent line
at this point , which is

him tG)-flxo)_ = f4* )
.

Xoxo X - Xo

The equation of the tangent line
at Go

, tho) ) is

y=f4xo)o(x-xo)tfh
If f is not differentiable at Xo but

him fly - flxo)
Xoxo⇐

= to or -as

then we say that the line xoxo is a

ertngnt of Gf at the point cxosfcxo)) .



E. g .

* if fcx) -_Tx then

as.÷÷÷:÷÷÷÷÷÷÷.tk
X-D

• if gas)=lxl then

lim 945960£ = 2
, ¥ggW-g = -1X-304 X -o

÷:÷÷÷÷÷÷:&:#
If f is diff . at Xo then
the function

Xts f-
'
Ko ) (x -Xo) + f- (Xo )

,
is called the

"best linear approximation
to f hear * , in the sense that its
values are sufficiently close to the values
of f in some small internal around to .



normal
line

If the graph of f
has a tangent line at t'

I:*.in::¥¥÷÷÷÷:
To be the line #

through P which is Xo
vertical to the tangent .

• If fix) 40 , the normal
line at P has slope

a =
-
b-
fllxo)

• If fkxo) so the tangent line
is horizontal and the normal line

is vertical
.

• If the tangent line is vertical
then the normal line is horizontal

.



-Romy-
.

tangent
-

.

I

\
.

i
ic÷÷÷¥¥÷÷÷:*.

y
- th ) = f'CI ) - ( x - t ) ⇒ y

'

\

y - 1=2 Cx -s ) ⇒ ,

y=2x-@
,

!

The normal at ( 3,2 ) !
is vertical to the tangent so it has

slope
y =

- 3g .

Since it goes through Cst )
its equation is

y - I = - { ( x - l ) ⇒

y=-Ix



Let f : ISR where 2 is an interval
and Xo EI

.

We say that f has :

E) a inimum at to it
f- (x ) 7- 5- (Xo ) for all XE ( Xo - 8 , xoxo ht
for some 870

.

Iii ) a ocximum at Xo if
f- (x) s flxo ) for all X C- ( Xo- 8

,
Xo-18) ht

for some 870
.

Citi ) a Cgloboilminimum at Xo if
f- (x) 3- f( Xo ) for all XEI .

CN) acgmaximum at to if

f- (x) EfcXo) for all XEI
.

Local or global minimal maxima
are called extrema of f

.

In the previous definitions
,

Xo is a position of an extremism of f
and the extremism of f is the

. .

number f- (Xo) .



E. g. a f has a local g f.
- - - -

- - - -
- -

-

minimum at 2
,

which is tko - II .
• t has a local 3

maximum at 3
,

which is f-B)=L, .

This does also a global maximum .

REMAIN : Global extrema are also

Ltnvialfy ) local
.



THEOREM3.TLFermat ) : Let f : I → IR
,

I an internal and XOEI
.
If

• Xo is an internal point of I
• f has a local Max . or min . at Xo
• f is differentiable at Xo

then
flex. ,=o

.

y
. . . . . As

i
,

l

l l l
- - - - --

ja -
- -

-
-- - I

l#
X
, I to

According to Fermat's Theorem
the potential positions of local minima
and maxima of are :

I
. points XEI where F'Cx ) =O
(these are called critical of f )

2. points XEZ where f is
not differentiable

3 . the endpoints of I ( if they
belong to the interval I ) .



THEOR.CM#4 ( Rolle ) : Let f : casts] → R
.

If

• f is continuous on Cobb]
.

• f is differentiable on Cobb )
• f-(a) = fcb )

then there exists Xo c- ( a. b)
Such thatfkxoj-0.es?nIf-f:ca.soaR is
Continuous , by the
Heine - Borel Theorem
there exist Xp

, xz C- [a. b]
Such that

5- Cx , ) s f- Cx) sfcxzj-VXEQ.be .

Consider two cases :

I
. If f is constant on Ca , b) .

The conclusion is trivially true .

I
.
If f is not constant on Cobb] .
Then one of Xe , Xz ( let's say Xy )
must be an internal point
of Ca , b) .

Then by Fermat's theorem , flex , )=O .


