
A sequence cxn)n SIR is called

a tuna sequence or a

Hy sequence ,
if

HE >O 3- No -- Nok ) 72 Sst
. Min >No : Hm - Xnl < E

.

( Intuitively , a sequence is Cauchy if its terms

fend it become closer and closer to another) .

A sequence cxwn.si SIR is Cauchy
if and only if it convergent to some LEIR

.

( 1. e
.
there is no distinction between Cauchy

and convergent sequences in IR )
.

The situation is different when we look at

Cauchy sequences on other subsets of IR . f. g .
• there are Cauchy sequences (run S

which do not converge .

(they will
,
of course

, converge in IR )
.

- take for example the sequence of

decimal approximations to VE (or to TL )
.
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• the sequence (xn ) n SCO
,
a )

with an = 11h , rise ,z, . .
.

is Cauchy
but it does not converge in co, s )
- it converges to O E IRI Coss)



PROPOSITION-5.ly: suppose f is uniformly
continuous on A SIR .

Then whenever

Chun SA is a Cauchy sequence , the

sequence ( fan) ) n SIR is also Cauchy .

• Show that f :(o, 1) → IR , flx)
is not uniformly continuous on Con )

.

→ The sequence cxwn¥ scan ) with
An = 11h ,

n - 2,3 , . -
- is a Cauchy sequence .

Suppose for contradiction that

f- is uniformly continuous
.

By Proposition 5.4
,

lflxn ) )n?2 will be
a Cauchy sequence ; but

f-(xn ) = fu = h , 21=2,3 , .
. .

which is NOT a Cauchy sequence .



• RIEMANN INTEGRATION

Consider an internal Comb]
.

We define a partition
to be a set
-

of Col , b]

P = { Xo , Xy ,
. . -

, Xna ,
Xn )

where

a = Xo C X
,
L

. . - L In . , < Xn = b
.

a b
FA

Xoxo 'm ×,

'
' '

'

In
.

,×n

Let f :[Usb] → IR be a function .

Given a partition P =fxo , xi , .
. . . Ant

we set

Mj = inf { flt ) : t c- [ Xj - s , x; ) ) ,

Mj = sup { flt) : T E [Xj-i , xjjf
,

for all j =/ , 2 , . . . ,
h

.

(note that we have suppressed the

dependence of Mj , Mj on the partition P
.

1. e . he should have written mjlp) and Mj ( P ) ) .



We define :

- the UpperxSem of f
with respect to the partition P

to be the number

Off
,
P ) = .€

,

M ; ( Xi - Xia ) .

- the ¥¥*swn of f
with respect to the partition P
to be the number

Llf
, E) = Ey,miLxi - Xi-D .

t¥ii÷:i÷÷÷. i:*.
By the definition of Mj , Mj ( j - 1,2 , . .

. ,n )
we here

((f , PJ s Off , P ) for any partition P .



A partition Q=t yo , y , , . . . ,ymf
is called a refinement of the

partisan P = t Xo ,x , , . .
. , th } if P SQ .

R
:#; .a##;

Whenever Q is a refinement of P ,
we have

( ( f , P) s ( ( f , Q) and Ulf
,
SUH , P)

.

( i.e
.
when the partition becomes finer

,

the lower Darboux sums increase

and the upper Darboux sums decrease )
.

Question : Can a lower sum with
respect to some partition Ps
be bigger than an upper sum with

respect to some partition Pz ?



¥15.5 : sup Lcf , P ) s Inf (f , Pj
B B

PROOFS
Assume the opposite is true .

Then there exist partitions Ps , Pz of Cobb]
Such that

Ulf
,
Ps ) s Cf , Pz ) .

Consider the partition Q =P, UPZ
(the 'c'ommon refinement

"

of Pe , Pz) .

Then Q is a refinement of both

Pg and Pz ,
and hence

Ulf
,
S Ulf , P, ) s Lcf , Pa ) s Lcf , OJ ,

d contradiction
,

because If , Q ) S Ucf , Q ) .

•

P fuk
I④# *##o

Pz#*



We say that f :[ or , b)
→ IR is

Riemann-inte-grobeifsypp.LA,
P ) = impf Iff , P) .

In that case
,
the common hxlue of

sup ( (Cf , P ) : Pf and zhffucf , P) : P f
is denoted by

fabfcxodx
and is called theRiemannintegneeoff on the internet Carb] .

Equivalent Definition :

The function f : Cobb] SIR is

Riemann - integrable if for any
E>0

there exists a partition D= Pg of Ca
, b]

such that

off , Pe ) - Lff , Pe ) L E
.



• Any constant function f :[Oh b) → IR ,

f Cx) = C
,
XE Cai b)

is Riemann integrable with

fabfcx )dx = fabcdx = rib-a )
.

- for any partition P - Exo , hi , . . . ,xn }
we have

Af
,
P ) = Cho - to, ) = Ccb -a ) and

Ulf
,
P ) =i%dXi - xia ) = Clb- a )

therefore Supp Lff, P ) = inf (f, P ) = Clb - ou)
P

and fabfcx ) dx = Ccb- a) .

• The function f :[on] SIR , few ={ f !
" E

xGQ

(Dirichlet 's function) is not Riemann integrable .

Indeed , for any portion P of Co, I ]
we have n

Lcf , P ) = milxi - ti - i ) = O

Ulf , P ) = §
,

Miki - Xia) = §dxi - tit) =L
( Each sub interns) contains a rational AND an irr¥



THEOREM-5.io : If f :[u , b) → IR is
continuous

,
then it is Riemann integrable .

PROOFS

since f : Cobb] → IR is continuous
it is also uniformly continuous

.

Let E>0 . There exists some 5=86 ) > 0
Such that

IX- yl < or implies lfcx) - fly )1 a E-
b -a

°

Let nzl be such that

bag c 8

and consider the partition

Ph ={ a ,
at bag , at 2k¥ ,

. .
. , b) .

€1,1
a
- b

banged


