
• CONTINUITY

Let fit → IR ,
A SIR and XOEA

.

We say that f is continuous at Xo if

HE >o 38=86170 such that for all XEA
,

IX- tot < 5 ⇒ Ifk) - flxo ) ) CE .

We say that f is continuous on A
if it continuous at any XEA

.

E.g . fCX1=2Xx3 is continuous at * =L
.

- Take E. 70
.

Since fast fled =5
and I fix ) - flxool = 12×-21=21×-31
if we choose 8=2570 , then
IX - 2128 implies that

Ifcx) - full = 21×-31 CEE = E .



The function fly , { K , x -40
I
,

X =D

1
.:*:p:÷÷÷÷÷÷÷:ot¥÷

there exists 870 such that
2

IX - ol - S implies Ifk) - fool ⇒ thx) -21dg .

Choose x = 's minds , 2) .

X - I ⇒ f-Cx) = x2 < I
4

and also
1×1<8 ⇒ If - 21st .

But now
- t s f-Cx) - l < I ⇒ thx) > 1g .

We have shown that
f-K) s 4- AND thx) > I ;

a contradiction .

So f is not continuous at O .



Suppose f : I → IR where I SIR
is an open internet

, and *EI .

Then it is true that f is
continuous at toe if and only if
{Ijn thx) = fcxo) .

However
,
it is not true in general that

f- is continuous at Xo ⇒ f¥fCx)=fCxo) .

Take A = too, O ) U { I} U [qts )
.

Let f : A → IR be a function

,• The limit ¥37 fix)
is N0Tdefine_d . I

•

PM
(Recall that the domain off
has to contain an interval of
the form ( a , 1) Uh , b) . )

• However f is continuous at Xo = I
.

For any e> 0 , we
set 8=12 > O .

Then for any XEA ,

Ix - it as ⇒ Ix-ble f- ⇒ x - I

hence Ifk) - f-G) 1=0 < E
.



We say that f is continuous on the
open internal ca , b ) if it is continuous
at all X ECU, b) .

We say that f is continuous on the
closed internet Ca , b] if it continuous
on DD and in addition

xlimaflx) Ifta ) and limflx) = fcb)
.

X→b-

Any sum , product , quotient and
composition of continuous functions
is continuous on its domain of
definition

.

E. g . fly = x' eSM× is continuous ,

glx) = rxsinxxoscixvenx ) is continuous
.

As with limits
, he can characterize

continuity of functions at some point
using sequences ( see Prop .

2.9 )



Proposition : Let f : A -3112 and

* EA .
The following are equivalent :

CE ) f is continuous at Xo
.

Lie) for any sequence CxnIn SA
with firn in = Xo , we have ⇐

Linfen) =fC*o . "*⇐÷÷÷µ,
We could have used this Proposition
to show that fix)={ 42 , xto I

is not continuous at fo ox
.

" ¥Pasa ai t

• Assume f is continuous at ¥-0
.

By Prop . 2.12 for any sequence cxn )nz , SIR
with lujmrxn SO , he home ftp.fcxn ) =3 .

Take Xn = In , h = 112, . . .

Then find Xn=O , so

1-sfjznflxw-nlsim.tl's ) Zz = 0 ;

a contradiction
.



Continuous functions on closed
intervals have some very important
properties .

THEOREME.IT : Let f :[a , b) → IR be
continuous and fca ) Ff lb ) .

Then for any y which is between
Hor ) and Sdb) , there exists * Eca, b)
such that fcxo )=y . fish .

intermediate. henna.m a:f÷Ei
or Intersection Theorem) Xo

in other words , theorem 2.13 says
that if f : Corb] → IR is continuous

then the range f- ( contd ) is an interval
.

• Take thx) =x6 -13×-2
.

Then flo ) = - b so , ft ) = 370
SO by Theorem 2.13 there exists
some p E COA ) with ftp )=0 .

1. e
.

the equation Xb -13×-1=0
has a root in 60,1 )
- even though we cannot find this root .

Of course f is continuous as a polynomial ) .



• Let fly =X3 txt 1
.

±
.

We can prove that HR ) -412 . ¥¥#¥
* . iii.g

Take some YER .

- Since firstly = - as
,

(by def . of limits ) there exists
some AER with fla) < y .

- Since him fly = too
,

xoxo

there exists bek , b>a
with fcb ) - y .

So by the Intermediate kxlue Theorem
( since f is continuous ) , there exists

some Xo Ela ,
b ) such that f-(Xo ) -_ y .

We have shown that an arbitrary
y EIR is in the henge FURS .

Thus FAR ) = IR
.

Actually , the same conclusion is true
for und polynomial of odd degree .



Extreme Value Theorem / Min -Max Theorem
( known as the Heche - Borel Theorem) :

THE#H : Let f :[a , b) → IR be continuous
.

Then f has a maximum and a minimum
value on Ca , b] ,

that is , there exist
Xs , Xz E Ca ,

b] such that

f- Lxi ) s fix ) s flxzj-VXECQ.be .

REMARK : G) The assumption that f is
defined on a closed interval is necessary .

Consider, → IR , fly

This function is not bounded
from above

, even though it is
continuous : sup ffcx) : o<x< If = too .

Also f is bounded from below
,
but

there does not exist some Xo C- roils

with f-Cx) Z f- (Xo) for any XECOH )
.

In other words
,
int { f-Cx) : Xfcaigf =L

but f does not " attain its infimum"
.



( it) The assumption of continuity
is also necessary .

Take

g :O ,
→ IR

, g ={ tix , xerosis2
,
X-41,2] .

Here even though g
2- - - i

is bounded from above , •/•qthaeafnseufE.my?e.iswt
there does not exist Xo Eco, 2J such
that fcx) s f- Xo ) for all XEEO, 2]

.

The Heine- Boel Theorem states
that for continuous functions on Ca, b)
the minimum and maximum heroes

always exist -

. . .
- - -

- - -

¥÷i!¥- - - - - - - -¥2
f- (x, ) s thx ) s f- (Xz ) TX b) .

flx , )=min{ fix) : xc-G.is/-,flxzj-maxLfLx:xECa,bB .



We row prove Theorem 2.14
.

Let Cxn )n% SIR
.

A subsequence of Cxn )n% is a

sequence of the form ( Xkn )n% ,
where

k , < Kz L . . .
< kn < Knx , L .

.
-

are positive integers .

E. g .

• if an = n , nzt then

( ane ) n = ( 50nF is a subsequence .

• given some sequence ( bn )n ,

then (bent , )n is a subsequence .

• (xn )n¥ is always a subsequence
of itself .

A subsequence of Grins is denoted by
( Xkn )n? or ( Xn; ); or

( Xndneiy , where MEIN infinite
.

Also we might simply say that

Lyn )h is a subsequence of (xn)h
.



LEMMAI.is : Every sequence Anon? SIR
has a monotone subsequence
( ie

.
either an increasing or a

decreasing subsequence )
.

Here xn

PROOF In? . . . . - e, is a
"

peak?
-

that •
.

•

g
'

awine ish steak of knot:iiff i
l l f l l l

Xn > Xm for all m>h
.

n

There are two cases :

6) . (Xn)nF has int. many peaks .

Call these peaks Xnz , Xnz , Xnz , . . . -

For each e' =L , 2 , . . .

Xni is a peak , so by definition
Xn
,
> Xhjx, -

Hence Xu
,
> Xnz > . . .

> Xnj > Xni , > - r -

so (Xn ; )z is a decreasing subsequence .

¥) . Andrei has only finitely many peaks .

Call them Xm , , Xmz , . .
. , Xmk .

Consider the term Xm.is ;
this is not a peak , so there exists

my C- IN with Xn , > Xmm , .

Similarly xn, is not a peak ,



So there exists hz >ng with xnzzxn, .

In turn Xnz is not a peak , so
b- here exists nz > hz with Xnz 7- Xhz .

So we can recursively define a
subsequence CXhfk% which is increasing -

gag

-


