
* LIMITS OF REAL FUNCTIONS

Let f : A → IR
,
where A contains a set

of the form (a, Xo ) Udo , b ) .
We say

that
text =L e- IR

if
HE >0 I 5=86170 such that
Os IK- xol < 8 ⇒ lfcx ) - LICE .

•
Lte
L.

f- te i

i sx÷¥i÷÷
• Xo is not necessarily in the
domain of definition of f

.

• f-exo ) - if it exists -
ha, nothing to do with him fly

Xrsxo
-



• Prove that lim (5×-1)=4 .

x→s

Take E>0
.

I have to find some 830

with the property thatwhenever
oslx-sled

we have
, csx- s ) - 41 - E

.

But I Ex- id - 41=15×-51--5.1×-21
.

Choose 8=5570 .

Then Os Ix -si es implies
KSX - l ) - 41 = 5. Ix - s )

< 55

= 5. E-
5

= E .

So dm (5×-1)=4 .

Xp



• prove that me 42-41=0 .

Let e>O
.

I hole to find 870 such that
Oc Ix - 21<8 implies

1*2-4 ) - ol se .

162-41-01=122-41 = Ix -121.1×-21

Observe that whenever 12-21<2
then I exc 3 ⇒

3 s Xt2<5 ⇒
12+21<5

.

Choose or -_ min { 2 , §} > O .

Then 042-21<8 implies that

IX - 21<2 ⇒ 12+21<5
and also 12-21 < §
SO

142-41-01 = 12+2112-2/25 - Eg = E
.

For any E>0
, we can find 8=86170

such that Oslx -ele s
he have 122-41 < E

.

So limed-41=0 .

X -32



BOOK : 1.2 , 1.3

Yevhen f- if → IR and A contains an
internal of the form castes ) , we can

define the limit lhffLx) .

We say that limflx) = LER it
Xoxo

V-E>O FM - MCE ) 70 such that
x > M ⇒ Ifk) - Ll - E

.

E.g . find @ + E - ¥z)=E .

Let ED
.

There exists M 70 such that
x > M ⇒ f- cog .

So for X> M ,

I leg and 1¥14 sas .

Hence

He -1¥-¥ ) - 2/5*1+174
< g- + Eg = E .



A similar definition for when ftp.flx-L .

The following rules hold :

If thx) = ↳
, g = La

(with Ly , Lz c- IR and to
can be real or Is ) ,

then

• Iihf ( at# + bgcx) ) = ale tbh ,

for any as DEIR

• (flxlgcx) ) = ↳ Lz

• m*fg⇐¥ = It , provided Lz -1-0
and g Cx ) to
hear Xo

.



BOOK : 7.2 82 1.3 .

We say that limflx) = + as if
xoxo

FM > O 38=8CM ) >0 such that
Os Ix- Xo ) < 8 ⇒ fix) > M

.

-
M
. - -

-
- - - idk

¥i÷÷
E. g .

Show that Ijn ¥,
= to .

Let M>0 .
Set f- Im > 0

then o six - II < 8 implies
that

x¥,
> f- = = M .

So fiery ×÷, = to .

We say that limflxj = - as
xoxo

Iff lim C- f- Cx)) = too .

Xd Xo



We have defined when : him fix) =e
,

xoxo

limfcx) =L
,

xoxo

Lim f-Cx) = Ias .

Xoxo

Now we define when limflx) = to
.

xoxo

We say that limflx ) - to ifkids

for any M >0 there exists some

D= DCM ) 70 such that
a > D implies fix) >M .

.

-

,u
'

M To
- - - - -+if



There exists the tegmental characterization "

of limits .

PROPOSITI : Let to be a real number
or too

, and f is defined on an internal
around Xo . The following are equivalent :

tilling tix) =L
tie) for any sequence CXnon% SIR

such that Xh #Xo for all he 1,2, . . .

and fins xn -_ Xo , we
have

¥1 fan ) =L .

-
fl

& i.EE#fcxzn-@t¥I
X
.

This proposition slates that in order
to fend him fly it suffices to

xoxo

let Xoxo
"

along sequences
"

.

Proposition 29 is useful for showing
That a limit does NOT exist .



PROPOSITION-2.IO: The limits
lim Sint

,
lim cos x

Xo too Xd Ics

do not exist .
PROOF
we eimsinx =L

.

Xoxo

Then (by Prop . 2.9 ) for any sequence
(xn)nI with fniryxn = to me have

Tsing Sinan =L .

Take an = TIN ,
n = 1,2, . . .

Then Liman = too , so

l = lim sinan = Lying Schenn ) = 0 .

nooo

Take bn = h -1£ , no 1,2, . . .

Then
elm bn = is

so
→ as

l = finrsinbn = in sin nth ) = I .

We have shown that 1=0 and b- I ;contradiction .

However I=t•



We can also define the side - limits
limflx) and limfcx)
Xoxo" xoxo

-

'

we say that limfcx) =L ER ifx→xot

HE > O 38=86 ) >0 such that
O C X -Xo es ⇒ Ifk) - else

.

×
.
- xoxo 's

am *w£q¥¥t
Xo (Kyoto .

A similar definition holds for
the left side - limit of f at to
(whether it is finite or infinite )

.



i

o#y↳ ¥87 = + as

= - as .

r
.

2- - - - -

ON
⇒"

find.fm = I

Xo him fix) = 2
.

xoxo"

• If f is defined on Ca, Xo ) who , b)
Then limflx) =L if and only if

Xoxo

¥h¥fM=¥jy¥x) =L .

E. g. fine f- = -o Q ron, = to

so the limit fins § does not exist
.



Rationals are those of the
form Pad ,

where PG) , QLX) are polynomials .

Qlx)

Limits of Rational functions ut Ics :

• lim 5-5+2 x' G - ¥3 -1¥)
xo-- 2×2 + x - s

=HsT¥¥⇒
go go

=¥n
.

. = - o .

T
-as I do

§

• xeisn.EE in.ee/GttsIx=s3x/3G-E) 3

In order to find YET when *ER

the first have to check if Okoro or not .

firs. = =o



• lim = fingered
X-32 (x-12 ) 4-2/1

= Ijm ×%+ (because x -240)

= I
2

'

.¥m
. sexism.i

Now fine, =3
and lim

lost÷ = too

so dim X4+x+ I

trio
= too

.

similarly trip =3 and ¥7. = - o

so Essie = -as
.

Hence him x4 -1×+1
x→ , ⇐

does not exist .



.¥÷
.

sexism
.

=¥z IE
t - fix

=¥%E
txt > Vixx

= lim x. a txt )
*too ¥f+§z = I .

• fish
,

= ?

+¥ = fine, I = I , and

Gidon. = Egg. ¥ =
- e

.

So mo does not exist .



Itai
THEk : Suppose f , g , h are
defined on a set of the form Caito ) Ulxo, b ) .
I

fcx) s had sglx ) for all xeca,#Uxo , b )
( it) fight = gcx) =L

then also him hcx) =L
.

xoxo

(* The same conclusion is true also
when dealing with side limits ) .

E. g .

find Giron x sin (E) .

Hsin I = ix. Isin Is IN ⇒

- IH s x sin g Ix ) , for all K¥0 .

So by theorem 2.11 he have

Ijm x sin = 0
.

( * In this example , regarding the
domains of definition

, we could take
a=-D ,

b = too) .


