
5.INTEGR.AT#
INDEFINITE INTEGRALS

Let fi I → IR
,

I an interval
.

We say that F is an antiderivative

of the f in I if
-

F' Cx) = f- (x ) for all XE -7
.

Hot : Let fit → IR and suppose
F , G are two antiderivatives of f in I

.

Then
FCX) = G-(x) to

,
XEI

where CEIR is a constant
.

PROOF
Tina F

,
G are anti derivatives of fine

,

we have
flex , = Efx , = thx) VXEJ

thus by Corollary 3.8 he have

FCX )=GCX) -1C for all XEI
.

OH

E. g .

f-CX) = XZ
,
XEIR

Then Fcx) = 13×3 is an antider . off

and also G- (x ) 3×3+1 ,

and so is Hex ) = 3×3 - 5 ,

etc
.



Clearly , if F is an anti denhetde of f
then any function of the form

G-Lx) = FCX ) to , X⇐ I
will also be an anti derivative .

Together with Theorem 5. I
,

this implies
that whenever we have an antivder

.
F off

every other antiderivative of f will have
the form FCX) to

.

We write

Jfk)dx = FG) t c
.

E. g . for text =x2
,
we write

1×2 DX = 31×3 to .

Rent : whenever we write

Jfk)dx = Fcx ) to

we mean that Fox ) is an antiderivative
of f in some Internet where f is

defined and not necessarily in the whole
domain of f .



The rules of differentiation Imply that

f. ( Hx) -1gal)dx = Jfk)dx + fgcx)dx

Jtfcx) dx = > Jfk)dx (when a -1-0) .

imdb.niteentegrolsofcertocinfunc.to

12 dx = X x c

Jxadx = xate
at

t c
,
at - z

1¥ dx = en IH t c

fexdx = ex + c

faxdx =
ax

ena-
+ c , Oca * z

fsinxdx = - cost + c

fcosxdx = sinx +

c)÷×dx = tanx t c

Js¥×d× = - ootx x c



fsinhxdx = cosh X t c

f coshxdx = sinhx t c

↳÷d× = arcsinx + a

1,7×-2 dx = arctanx to

Recall the chain rule in differentiation :

( fcgcx ) ) )
'
= f'Cglx ) ) . g' Cx) .

This implies that

Jflcgcxs) g'Cx) DX = fcgcx)) x c .

That is , for the integral

fflcgcx)) g' Cx) DX
we set u = gcx ) .

then d# = g
'

⇒ du =gkxId×

( dx , du are called the
"differentials")

.

If'lgcxDg9xldx - Iftu ) du = the ) to
= Hgh)) XC .



E.g . fxe×2dx= Set u=x2⇒du=2xdx

= flqeudu = tfeudu

= te
"

t c = { e
"
t c

.

|cos¥idx= Set us

du = 1- DX
2VxxT

= J2 su du

= 2 since + c

= esinvxtt to

ZntegrationbyParts/fogin
The product rule ( fadge))'s ftxgcx) + fix)g'Cx)
im

"ffhgYId×=fmgw-ffNgkxid
Sometimes this is also written as

Judi = ur - fvdu .



• fxexdx = JX ( ex ) 'd x
= x ex - fcxYe×dx
= x ex - f exdx

= X ex - ex x C
.

. fx2e×d× = 1×2 ( ex ) 'd x

= x2 ex - f# Ie×dx

= Rex - 2 fxexdx
= XZ ex - 2 Cx - 1) ex to

.

• fxrdcosxdx = 1×2 (sinxoldx

= X2sinx - f 2x sinxdx

= x2sinx t e f x ( cosh
'
DX

= xzsinx + Excosx - 2 fcosxdx
= Isin x x 2x Sx - Zsinx to

.



The method of integration by parts
can be used to calculate all integrals
of the form

JPG)ea×dX , fpcx ) sincax)dx , Spex )osCax3dx
where Rx) is a polynomial .

B- Triteguts of the form JFCXODX
when we know F'CX )

.

ffcxodx = fcxltfcxodx = xfcx ) - fxftxodx
• fenxdx = fix ) ' lnxdx

= xlnx - fxllnx )'dx

= xlnx - Ix .
dx

= xlnx - II dx

= xlnx - X + a



- farctanxdx = SHY arctoinxdx
= Xarctoinx

- J x (arctoinxldx
= xarctoinx - f ¥×zdx

Set u -- I -1×2 ⇒ du -- Exdx

= xarctanx - I
= xarctolnx - lqlnlul t C

= xarctanx - ten ( I -1×2 ) t C
.

• Integrals of Rational Functions f dx
.

I dx = arctanx x c

f dx = feather du
set x - re u ⇒ DX = Edu

= # Judge = Fdgaretanu t c
= Rg arotanfxg) x c



I # dx = lnlxl t c

f¥adx = enlxxal x c

Generally ,
to find fdxaxrdxbxtc

we factor've axzxbxxc
.

I . If it has two real roots ,
then e. g .

f×¥*zd× = 1×1*0
I look for coefficients A , BEIR
such that

cx-icx.us#-xBzV-xt- 1,2 ⇒
A- (X - 2) + BLX - i ) = l VX# 1,2 ⇒
At B = O{ EA + B= - it Is f

h.IE#--s*z-sd*.--lnlx-2I-lnlx-1ltc--lnlII-1-c
.



I
.
If it has a double real root , then e. g .

k&¥= - If
'
dx

= - I .¥
,
t C

= 1- + c .

2- Lex

I
.
If it has no real roots , e.g .

1¥17. -

kx.edu#+e=fdx(XtU2-2=arctanCx-1
) x c

Generally for I dx

we apply the partial fraction decomposition .

€8 . fcx.IE#..ncn%eaatxITxIx.ldx



= I¥4 - I ×¥+,

dx

= en Ix -111 - If dx

= enix - V
- tf dx

x 's 1×4*5
= enlx-il-z-enlxtxtdtz-fx.dz#3q

Set x + I = Bg u ⇒
d x = Bg du

= lnlxt l l - f- lncxztxxl ) g ng rag fduz.us, }
= en Ix + U - ten txt x t t ) t

T.gg/uzdYI--lnlx-il-lglnlx2+xtlltr3garct*nutc--enfx#
+ F-arctanfergx +13) to .



For /PCxydx where degpcx) > deg Cx )

QQ
he first perform the Euclidean
division algorithm .

E. g . 1×3-352-1 dx
XZ

-11×3+3×2
= XZ ( x -13 )
= 1×2+1 - 1) (X -13 )
= (54171×+3) - (x -13 )

So X3 -13×2

⇐
=
X -13 - £3

+2+7

and

1×3×13,57 dx =

fcxi-3sdx-fx-3-dxx2-7-xf-r-3x-lgfxzx-dx-3.SI#,--Xz2-
3x
- { enlist ) - 3 arctanx to .



• Integrals involving Va2-xT

{ VIII = drcsinx + c

f d⇒ = arcsinlxa) + c✓q2- ×2

Generally we may set X=asmO
.

gcs - x2f%d× = I vs¥⇒
set X since

DX =D cosOdo
5- x2 = 5- 5 sink = 5050

= geese do = If dos(⑤cos 013 cos20

= f-Tano + a Sino = # X

= § + c -

6050 =V1-sinI

=fgV5-xT
tano , sing

co so


