


BASIC COURSE IN ANALYSIS I

1. INTRODUCTION
setstins of elements , e.g .

A = { I , 2 , 3 , 4 f ,
B = { a, e , I , o , u) ,
P = { 2,3 , 5 , 7 , .

.
. }

(the set of prime numbers )
.

When we are given a set A ,
the order of writing the elements is
not important, ie . { a , b ) = { b , af .

When x is an element of the set A ,

we write XEA
.

Otherwise we

write x # A .

There exists the set 0 =L 3
which does not contain any element .
0 is called the empty .

Given two sets A , B he say ASB if
XE A ⇒ XEB

(in other words A , B have the same elements )
.

We say ASB (A is a subset of B) if
XEA ⇒ XEB

.



Given sets A , B we can define the

following operations :

AUB = { x : XEA or xeBf ( union )

An B = { x : KEA and KEB) ( intersection )

AIB = { x : KEA and x¢B) ( sedtstheeroere

A- x B = { Ca , b) i AEA
,
be B) (Cartesian product) .

E. g . when A = { s , 2, St , B = -12,113
Then
fu B =L 1,2 , 5 , 117 ,
An B = t 25
A l B = t 2 , 51 .
A X B = { Cd , b ) : a c-A , DEB }

= { 6,20 , is, no , can , land , 0,2119118
Also when we take A .- BAR

,

then the Cartesian product of these tho sets is

IRXIR ⇐ R2 = { Cx, y ) : x.YER}



Two sets X, Y are called disjoint if
X n 7=0

Lie . they have no common elements) .

Some well - known sets of real numbers :

IN =L 1 , 2 , 3 , . . . f
I = {

. . ,
-2
,
-1
,
O
,
1 , 2, . .

. }
= { E : AEI , be II tot )

IRI i the set of all real numbers
.

IN EE E
and we can also show that EIR .

Lemmata : Let me IN
.
Then

n is even ⇐ he is even
.

PRODI
suppose n is even

.

Then
n -- 2K ,

KE IN ⇒ n2=4k '
,
KEIN

⇒ m2 is even
.

Suppose n is odd
.

Then

n = 2kt
,
KEIN ⇒ h2=4k74k -11

,
KEIN

⇒ he is odd
.

p•



PROPOSITION 1.2 :

P#
RE IR I

.

Lets assume for controldiction that TEE .

Then R2 = Ig ,
where pig c- IN and gcdlp, g) =L .

E = f- ⇐ p = R g

⇒ p2=eg2
⇒ p2 is even

⇒ p is even ( by Lemma 1.1 )
.

So p = Er ,
with REIN

.
Now

102=292 ⇒ 4 re = 2g 2
⇒ q2 = 2 r2
⇒ q2 is even

⇒ g is even (by Lemma 1.11 .

We have shown that both p and q are even ,
so Std ( p , g ) > I ; a contradiction .

Thus
re ¢ Q .

DB

Remark : whenever a is not a "perfect square"

( ie
. 7,4 , 9 , 16 , 25, . . . ) then
ra & the proof is similar) .



A subset I SIR is called an internet
if for any x, y c- I

with Kay , we have

x s t - y ⇒ TEI .

( if an internet contains two real numbers,
it will contain all other numbers in between )

.

Internals of IR have one of the

following forms :

[a ,
b] = IKER : as xsbf ( closed internet )

(a, b ) = f KEIR : a < x Lbf Copen interval )
[a ,

b ) = { KEIR : a s x abt
La ,

b) = f x EIR : ask Sbf .

E. g .
Co , D= { KEIR : Osx fl ) . TT

[Silos ) =L KEIR : x715 IT
too, o) = f- KEIR : x < of To

Note that CR = too, too) and 0
are also intervals .

We want to introduce a way to measure
distances between real numbers

.



The absolute whine 121 of KEIR
is defined by

134 =/ K , it x> o
-K , if K s O

.

E. g .
151=5

, 1321=32 , 1-11=2 ,

I -El = re
,
101=0

.

The following hold :

• 1×1=0 ⇐ x = IO (where 070 )
.

• 121 SO ⇐ - O SKSO ( O > O )

• Ix) > O ⇐ (Ks - O or x > O )
.

13450

Ites 12/70
-O 0

The distance between x. yc.IR
is defined to be Ix - yl .

⇒
R

K



THEOR.fm#3:(Triangle Inequality ) : for any KYER ,
Ix- yl s 174 t ly l

.

PROOF
Tey l s IH t ly ) # Ix- y f s ( lkltlylf

⇒ (x-yfsbeftlyf-8xyl-xy-y-exysfx-y.ie/xyl
⇒ - Ky s lxyl
⇒ - say s l -xyl

True (because It Izt for any TER ) ,

so the equivalent initial inequality will
also be correct

. .r•

Note that this implies also that
I xty ) s lock ly I for any KoyEIR .

To see this
, note that

1kt y l = l K - C- y ) )
s ixl t l - yl
= IN t ly l .

For any xc.IR
, 1×1=1-Kl (by definition) .

Also 1×12=22



In two dimensions
, we have the set

1122 = { ( x, y ) : x , y EIR) .

Let ** = (Xi , Xz ) C- R2 , YA =tYnYNERµ .
. . . .

!
The distance between *, y .

iis defined as i

ICH , y) =- ¥i→
(Xi - Yi f 1- (Xz- yzf .

×
, 9

The triangle inequality in two
dimensions is the following :

dcx , y ) s dlx , Z ) t dlz , y ) for any say ,ZER?

ix.Y
BD

÷÷÷÷÷÷¥÷i÷s÷i:'s:*
the sum of the other two sides .

B

Z

A circle in R2 with center cxo , you P.im
and radius R >O is the set of

R !

9%7! Negativity distance from
What is the equation ofthiscirde?_

=pDCP
,
Po) = R ⇒VCX-xof-ily-yoft-fcx-xoftly-y.fi= R2
-

I



Given two sets AB a function fit - B
is a procedure by which every element
of A is mapped to a unique element of B .

For each AEA
,
the Unione element of B

to which a is mapped is denoted by fca ) .

÷:¥i÷¥÷.
Formal Definition of a function :

A function f : A-→ B is a subset
f- S A XB with the property that
for all AEA , there exists a unique BEB
such that Ca , b) E f .

The unique such BEB is written a, too
.

(Here AXB is the Cartesian product ) .

We write f : A → B
,

x ↳ floc )
.

The set A l 's called the domain of f
(or domain of definition of f)

.



The set B is stalled the codomain
of f .

The set

FCA ) = { BE B : there exists OEA sit
.

betta))
is recalled the ranges or image of f .

In the first example , A is the domain ,
B is the codomain and the ranges of t is

FCA ) = { be , b3) .

¥:c::
'

flag ) = by

B = t bi , bz , b3t .

f- ( A ) = fbi , bzf
= t Ha ) : AEA)


