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Exercise 1. Find all spanning trees of the complete graph k4.

Solution. We are looking for all connected acyclic graphs which we can generate using all 4 of the

vertices of k4. Based on the theorems that are relevant to trees such a graph would have 3 edges,

so then we wish to find all graphs with three edges which will connect the 4 vertices. There are 16

such graphs. Some examples are below.

Exercise 2. Lewis, Zax: Exercise 16.10a.

Solution. To find the minimum spanning tree we create a forest of trivial trees.

Then we will start adding edges according to the algorithm, starting with the ”lightest” edge.
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And continue in this way, only adding edges that connect two vertices that belong to different trees.
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Exercise 3. Determine the number of vertices, edges, and regions for each of the planar graphs

in the figure. Then show that your answers satisfy Euler’s Theorem for connected planar graphs.

Solution.

Euler’s Theorems states that v − e+ r = 2. Then we want to count the number of vertices, edges,

and regions and plug them into the formula to confirm that it is satisfied.

a) v = 17, e = 34, r = 19. v − e+ r = 17− 34 + 19 = 2.

b) v = 10, e = 24, r = 16. v − e+ r = 10− 24 + 16 = 2.

Exercise 4. Let G = (V,E) be an undirected connected loop-free graph. Suppose further that G is

planar and determines 53 regions. If, for some planar embedding of G, each region has at least five

edges in its boundary, prove that |V | ≥ 82.

Solution. Proof.

We know the graph contains 53 regions and each regions had at least 5 edges. We also know that

each edge is bordered by 2 regions, then we know the number of edges, e, must be at least 53×5
2 .

e ≥ 132.5, we also know that e is an integer so we will round to 133. Then if G is planar, Euler’s

theorem, v−e+r = 2, holds. Plugging in the values and changing to an inequality, v−133+53 ≥ 2,

we see that v = |V | ≥ 82. �

Exercise 5. Determine whether or not the loop-free undirected graphs with the following adjacency

matrices are isomorphic.
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Solution.

a) Yes, the graphs are isomorphic. We can easily see that the graphs are isomorphic by using the

matrices to draw the graphs.

1

2

3 1

2

3

We can obtain the isomorphism by mapping f(1) = 3, f(2) = 2, and f(3) = 1.

b) Yes the graphs are isomorphic.

Using the same process as above we can obtain the isomorphism: f(1) = 2, f(2) = 1, f(3) =

4, f(4) = 3.

Exercise 6. Consider the words u = abab and v = bab. Find:

a) uv and |uv|
Solution. uv = ababbab, |uv| = 7.

b) vu and |vu|
Solution. vu = bababab, |uv| = 7.

c) v2 and |v2|. Solution. v2 = babbab, |v2| = 6.

Exercise 7. Let K = {a, ab, a2} and L = {b2, aba} be languages over A = {a, b}. Find:

a)KL

Solution. KL = {ab2, aaba, abb2, ababa, a2b2, a2aba}.

b)LL

Solution. LL = {b2b2, b2aba, abab2, abaaba}.

Exercise 8. Let A = {a, b, c}. Find L∗ where:

a) L = {b2}
Solution. L∗ = {λ, b2, b4, b6, ...}. Even powers of b.

b) L = {a, b}
Solution. L∗ = {λ, a, b, a2, b2, a3, b3, ...}. All powers of a and b.

c) L = {a, b, c3}
Solution. L∗ = {λ, a, b, c3, a2, b2, c6, ...}. All powers of a and b and powers of c which are multiples

of 3.
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Exercise 9. Let A = {a, b, c} and let w = abc. State whether or not w belongs to L(r) where:

a) r = a∗ ∨ (b ∨ c)∗

Solution. No. L(a∗∨ (b∨ c)∗) = L(a∗)∪L((b∨ c)∗) = L(a)∗∪L(b∪ c)∗. This is the regular language

which is UNION of the powers of a and the powers of b and c, but not concatenation, then abc is

not in L(r).

b) r = a∗(b ∨ c)∗

Solution. Yes. L(a∗(b ∨ c)∗) = L(a∗)L((b ∨ c)∗) = L(a)∗L(b ∪ c)∗. This regular language is the

concatenation of powers of a, b, and c, then abc is in L(r).


