MAO0301
ELEMENTARY DISCRETE MATHEMATICS
NTNU, SPRING 2020

SET 3

You can deliver the exercises (before 10:30am on the indicated day) on the 3 floor
of the central building, in an area called Matteland. The box number is 0613.

y

If you want feedback on each exercise, write ”"want comments” /" nsker retting”,

otherwise your TA will only write ”godkjent” /”ikke godkjent”.
Exercise 1. Use the rules of inference to show that the trueness of:

i) (rVp)A(—qV —p)= (rV-—q)
i) (zV =) A (PA=g) A (=zVr)A(=(pA—=qg) Vs)=r

Solution. 1)

Step | Reason

1 —q V —p | Premise
2 q = —p | Equivalence of (1)
3 rV p | Premise
4 | =(—p) V7 | Double negation and commutativity in (3)
5 —p = r | Equivalence of (4)
6 g = r | Law of Syllogism from (2) and (5)
7 —q V r | Equivalence of (6)
8 rV =g | Commutativity in (8)
2)
Step | Reason
1 p A g | Premise
2 | =(pA—q) Vs | Premise
3 | (p A—q) = s | Equivalence of (2)
4 s | Modus Ponens from (1) and (3)
) zV s | Premise
6 s = z | Equivalence of (5)
7 z | Modus Ponens from (4) and (6)
8 -z V r | Premise
9 z = r | Equivalence of (8)
10 r | Modus Ponens from (7) and (9)
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Exercise 2. FExpress the following statements in English. Then determine which of them are true
in the natural numbers, N :={0,1,2,3,4,5,...} and which are true in real numbers R.

a) Ve Yy (z>y) =3z (x> 2) A (2 >y)))

b) Ve (z =0V -(z+2z=1x))

Solution. a) If x and y are such that x is greater than y, then there exists z such that x is greater
than z and z is greater than y.

This is not true in the natural numbers. For instance, take x = 1 and y = 0. Then z > y but
there is no natural number z between 0 and 1. The statement is true in the real numbers because
of the density of real numbers (there is a real number between two real numbers).

2) For any number x, we have that x is equal to zero or the double of x is different than x.
This is true in both N and R. The following argument works in both cases. If z is not zero and
2z = x, we can divide by x (since z # 0) and then we would have 2 = 1, which is a contradiction.

Hence, we cannot have that 2z = x. [l
Exercise 3. What is the power set of A := {{a,b},{c},{d,e, f}}?

Solution. The power set of A is defined as the collection of subsets of A. We have then that the
power set of A is the following:

P(A) = {0,{{a,0}}, {{c}}, {{d, e, f}}, {{a, 0}, {c}}, {{c}, {d, e, f}}, {{a, b}, {d, e, f}}, A}

O
Exercise 4. Let X and Y be two sets. Show that X — Y =X NY.
Solution. Assume that X and Y are sets in the universe &/. Then
reX-Y & zeXANzxgY
& zeXNzelUNx gy (identity law ANU = A)
& zeXANzeY
& rzeXnY.
Hence X - Y =XnNY. |

Exercise 5. For two sets X and Y, show that A:= X —Y and B := X NY are disjoint sets and
that X = AU B.

Solution. Using Exercise 4, we have that A= X —Y = X NY. Hence
ANB=(X-Y)N(XNY)=(XNY)N(XNY)=XNXNY¥NY)=XN0=0,
by using the Commutativity Law, that Y N'Y = () and the Absorption Law. Hence A and B are
disjoint sets. In a similar way, we have
XUY=XnNnY)u(XNnY)=XU(({YnY)=XUd=X,
where in the second equality we use the Distributive Law and the Absorption Law in the last

equality. O
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Exercise 6. Let A, B,C be sets. The symmetric difference was defined by AAB := (A— B)U(B —
A). Show that a) AAB = (AUB)—(ANB), b) AAB = BAA and that ¢) ANBAC) = (AAB)AC.

Solution. 1) Using Exercise 4 and Distributive Law, we have that

AAB =

B)UB)N((ANB)UA)
B)N(BUB))N((AUA)N(BUA))
B)nU)NnUN(BUA))
AUB)N (AN B)
AUB) - (ANB))

(Identity Law and DeMorgan’s Law)

(Exercise 4).

2) This immediately follows from Commutativity Law of union of sets:

AN(BAC)

Now, by part 2, we have that (AAB)AC = CA

AAB=(A—B)U(B—A)=(B—A)U(A— B) = BAA.

(AN (BAC)) U ((BAC) N A)
(AN((BNC)u(CNB)))U((BNC)u(CNB))NA)
(AN((BUC)N(CuB))U(((BNC)u(CNB))NA)
(AN((BN(CuB)U(CN(CUB))U(((BNC)u(CNB))NA)
(AN((BNC)u(BNnB)u(CnC)u(CnB))u(((Bn
(AN((BNC)uhudu(CNB)))U(((BNC)u(CNB))NA)
(AN((BNnC)u(CnB)))U((BNC)u(CNB))NA)

(

just changing the label of the sets:

CA(AAB)=(CNANB)U(CNBNA)UMANBNC)U(BNANC).

Finally, because union and intersection of sets is commutative, we conclude that

(Definition of A .
(Definition of A |
DeMorgan’s Law
Distributive Law
Distributive Law
Disjoint intersect
Identity Law

Distributive Law

AN(BAC) (ANBNC)
= (AnBNC)

= (CNnANB)

U
U
U

(ANCNB)U(BNCNA)U(CNBNA)
(CNBNA)UBNANC)U(CNANB)
(CNBNA)UANBNC)U(BNANC)

= CA(AAB) = (AAB)AC,

that is what we wanted to prove.

(rearranging intersections)

(rearranging unions)

O

Exercise 7. Let A:={1,2,3,4,5,6,{1}}. Determine the set B such that B= AU (ANP(A)).

Solution. One can try to compute P(A) and the respective intersection and union with A. However,

we can proceed in general as follows: note that A N P(A) C A and by Absorption law, B =

AU(ANP(A) = A.

O
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Exercise 8. For two sets X and 'Y to show that they are equal, i.e., X =Y, you learned that you
must show that X CY and Y C X. Show that this is equivalent to showing: if t € X thenx € Y
and if x ¢ X then x ¢ Y. Now, use the latter to show that

Xx(YUZ)=(XxY)U(X x Z).

Solution. We know that X C Y is equivalent to the statement z € X = x € Y. We also have that
Y C X is equivalent to x € Y = z € X. In general, we know that for (p = ¢q) = (-q = —p). So,
zeY=>zxeX)e(x¢ X=>2¢Y) Hence X CY AY C X is equivalent to the statement
reX=>zreYandaos ¢ X=>a2¢Y.

Now, assume that (a,b) € X x (Y U Z). This is equivalent to say that a € X and b € Y U Z.
The latter statement implies (it is equivalent, actually) that b € Y Vb € Z. Hence

(a,b) e X x(YUZ)=acXAN(beYVbeZ)=(ace XNbeEY)V(ae XNbeE Z)

= ((a,0) e X xY)V ((a,b) € (X,Z)) = (a,b) € (X X Y)U (X x Z).
We have proven that (a,b) € X x (Y U Z) implies that (a,b) € (X x Y)U (X x Z). Now, assume

that (a,b) ¢ X x (Y U Z). This implies that a ¢ X or b ¢ Y U Z. The second statement implies
that b¢ Y and b ¢ Z. So we have that

a¢ XVOEYADEZ) = (ad XVbEY)A(ad X VD¢ Z)

= ((a,0) ¢ X xY) A ((a,b) ¢ X X Z)) = (a,b) ¢ (X xY)U (X x Z).

So, he have proven that (a,b) ¢ X x (Y U Z) implies that (a,b) ¢ (X x Y)U (X x Z). This allows
to conclude that X x (YU Z) = (X xY)U (X x Z). O

Exercise 9. For two sets X and Y, prove that the following three statements are equivalent:
i) XCY,u) XNY =X, i) XUY =Y.

Solution. We have to prove i) < i), i) < iii) and 4ii) < 7). By Law of Syllogism, this is equivalent
to show i) = ii), i) = iii) and iii) = ©).

Proof of i) = 4i). Assume that X C Y. Then ii) follows by the Absorption Law. We can prove
it as follows: by definition of intersection, we have that X NY C X. On the other hand, consider
x € X. By i), we have that x € Y. By conjunction, we have that z € X and z € Y, i.e., z € XNY.
We have shown that X C X NY. Hence X = X NY.

Proof of ii) = iii). Assume that X NY = X. Then

XUY=XNnY)UuY=XUY)N(YUY)=(XUuY)nY =Y,

where we used the Absorption Law (or the first implication that we proved) in the last equality
sinceY C XUY.
Proof of #ii) = ). Assume now that X UY =Y. In general, we know that X C X UY, but
since X UY =Y, we can conclude that X C Y.
O

Exercise 10. For two sets X and Y, show that i) (XUY)N(XUY) = X, @) (XNY)U(XNY) = X.

Solution. i) By Distributive Law, we have

(XUY)N(XUY)=XU{¥nY)=XUlb=X,
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since YNY = 0.
ii) Also by Distributive law

(XNY)u(XnY)=XNnYUuY)=XnU=X,
since YUY =U.



