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Exercise Set 7

NOTE: Problems marked with a ? are mandatory. Their solutions must be included

to get the set approved.

? Exercise 1. Let B be a Boolean algebra. For x, y ∈ B show that the following expressions are

equivalent:

i) x + y = y ii) x ∗ y = x iii) x̄ + y = 1 iv) x ∗ ȳ = 0.

Solution. The equality in i) holds iff (x, y) 6= (1, 0).

The same is true of ii), iii) and iv), and so the claim holds. �

? Exercise 2. (Grimaldi, 5. ed., Exercises 15.4, page 741) Exercise 6

Solution. By definition 15.6, w ≤ x and y ≤ z iff wx = w and yz = z. Then wyxy = wxy2 = wy iff

wy ≤ xy. And also: (w+y)(x+z) = wx+wz+yx+yz = w+wz+yx+y = w+y iff w+y ≤ x+z,

where we have used the absorption laws in the last equality. �

? Exercise 3. Draw the Hasse diagram of the set of integers I := {−2, 0, 1, 2, 3, 4, 5, 6, 7, 8, 10} with

the ≤ relation restricted to it.

Solution. Omitted! �

? Exercise 4. Study the topological sorting algorithm on page 360 in Grimaldi’s textbook. Solve

(Grimaldi, 5. ed., Exercises 7.3, page 364) Exercise 5

Solution. This is S-42 of the solutions in the textbook. �

? Exercise 5. We consider the set B of binary strings, i.e., B contains finite sequences of 0s and

1s (such as 0, 1001, 1010110, ...). The empty string has length zero and is denoted by e. A string s

is an initial segment of a string t if t can be obtained from s by adding 0s and/or 1s to the end of

s. For example, s = 10 is an initial segment of each of the strings 101, 10, 1011, 10101. We define

the initial segment relation R, and write sRt, if s is an initial segment of the string t.

1) Show that (B,R) forms a poset.

2) Consider the set B4 of binary strings of length at most 4 together with the initial segment

relation R restricted to this set forms. Show that it is a poset and draw its Hasse diagram.

Solution. We let ◦ denote the concatenation operation: if s and t are strings of symbols, then s ◦ t
is the string obtained by appending t to the end of s. For instance, if s = 00 and t = 11, then

s ◦ t = 0011 and t ◦ s = 1100.

For 1), we note proceed property by property: reflexivity is clear, as we can obtain some string

s from itself by adding no 0s or 1s to the end of s.
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For transitivity, we note that if sRt and tRu, then there is some s′ such that s ◦ s′ = t, and

there is some t′ such that tt′ = u. Hence, ss′t′ = tt′ = u, so that sRu.

For antisymmetry, we note that if sRt and tRs, then there is some s′ and t′ such that ss′ = t

and tt′ = s. Hence, ss′t′ = tt′ = s, which can only be the case if s′t′ is the empty string. But then

s′ and t′ are both the empty string. (Note that the empty string is the unique string consisting of

no symbols.) �

? Exercise 6. Study the topological sorting algorithm on page 360 in Grimaldi’s textbook. Solve

(Grimaldi, 5. ed., Exercises 7.3, page 364) Exercise 7

Solution. This is S-42 of the solutions in the textbook. �

? Exercise 7. (Grimaldi, 5. ed., Exercises 7.3, page 365) Exercise 25

Solution. This is S-43 of the solutions in the textbook: a) a; b) a; c) c; d) e; e) z; f) e; g) v. �

? Exercise 8. Let B be a Boolean algebra. For x, y, z ∈ B find the dual expressions of

i) x · y + x · z + y · x

ii) x · y · z + x · y · z
iii) x · y · (x + 0 + (z · 1))

Solution. Since this is finding the dual and not the complement, we replace · with + and 1 with 0

everywhere and vice versa.

i)(x + y) · (x + z) · (y + x)

ii)(x + y + z) · (x + y + z)

iii)(x + y + (x · 1 · (z + 0)))

�

Exercise 9. Let S := {a, b, c}. Define the following relations on S:

– i) R1 := {(a, a), (b, b), (c, c), (a, b), (b, a), (b, c), (c, b), (a, c), (c, a)}
– ii) R2 := {(a, a), (b, b), (c, c), (a, b), (b, a), (c, a), (a, c)}
Can you determine whether these relations are equivalence relations? Provide an argument in

each case. If an equivalence relation is given determine the equivalence classes.

Solution. It is easy to see that both relations are reflexive, as they both contain all pairs of the

form (x, x) for x ∈ S: both contain (a, a), (b, b), (c, c).

Moreover, we see that both are symmetric, as (x, y) ∈ Ri iff (y, x) ∈ Ri for i = 1, 2. For R1,

for the non-trivial ones, this is (a, b), (b, a), (b, c), (c, b) and (a, c), (c, a). For R2, this is (a, b), (b, a),

and (c, a), (a, c).

However, R2 fails to be transitive, as while (b, a), (a, c) ∈ R2, we find that (b, c) 6∈ R2.

Finally, R1 is transitive as (x, y) ∈ R1 and (y, z) ∈ R1 implies (x, z) ∈ R1 holds for R1:

(a, b) ◦ (b, a) = (a, a) ∈ R1, (b, a) ◦ (a, b) = (b, b) ∈ R1, and so on and so forth. �

Exercise 10. (Grimaldi, 5. ed., Exercises 7.2, page 354) Exercise 15

Solution. This is S-41 of the solutions in the textbook. �
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Exercise 11. (Grimaldi, 5. ed., Exercises 7.2, page 354) Exercise 18

Solution. a): {(v, w), (v, x), (w, v), (w, x), (w, y), (w, z), (x, z), (y, z)}.
b): {(v, w), (v, x), (v, y), (w, v), (w, x), (x, v), (x,w), (x, z), (y, v), (y, z), (z, x), (z, y)}. �

Exercise 12. Let A,B,C be arbitrary sets. Use the laws of set theory to show that A∩ (B ∪C) =

(A ∩B) ∪ (A ∩ C).

Solution.

A ∩ (B ∪ C) = A ∩ (B ∪ C)

= A ∪ (B ∪ C)

= A ∪ (B ∩ C)

= (A ∪B) ∩ (A ∪ C)

= (A ∩B) ∪ (A ∩ C)

= (A ∩B) ∪ (A ∩ C)

Here we used, in order, Laws of Double Complement, DeMorgan’s Laws twice, the other Distributive

Law, DeMorgan’s Laws again, then the Law of DoubleComplement again. �

Exercise 13. Prove by induction that for all positive integers 2 + 6 + 10 + · · ·+ (4n− 2) = 2n2.

Solution. We note that 2 = 2 · 12 implies the base step holds.

For the induction step, we see that

2 + 6 + 10 + · · ·+ (4n− 2) + (4(n + 1)− 2) = (4(n + 1)− 2) + 2n2

= 4n + 2 + 2n2

= 2(n2 + 2n + 1)

= 2(n + 1)2

and so we are done. �


