f\ed:ure SEC (A.‘)adnesdos Mareh 30 Qmph& c

Qece\\: “Thesrem 5 A graph CJ IS non-planar ? and only Pit contains &
poge €9 Supgroph  which is hernesrerphic ko Ke or Kaz
Theorem 6 - fat G= (V,E) bea connected planar (mulki)- gragh,
poge 597 with VIev and \Elze. Aot ~ be the Aumber of regions
inlhe plane  giuenby a plarar embedding of .
Then v-e+r =2,
Ccro\\or\:\: Fat G= QVE) be a locp- free connecled planar groph
peog Soq with Wlev ,iElze and r regiens , where e 52
Then 3r ¢2% ord ec¢dV-6
o - is -Fee, not o multiglaph, and hos  at lkayt 3 edges. “The
S0 . ) g =)

f each  egien f a.panar embedding < Cj Must neco  centain o least
3 ey, o each feqien Nos degree 7, 3 (ths alse halds for tra. lnﬂm'hz

e ]
B (ehowe. 2e=2lEl= thasumcP e dagrees P adll the regiens > 3¢
e oy edge port P the boundory @ 2 regiems (er Lwice part of Ha

boundary R 1 regien)

B&) Tzaremé,we_mw ftnd LeV-esr s\I-e-L(%)e =V-= (é)e.
This implies  that 6¢av-e , S0 es3V-6
Remoric: ¥ Q=CV,E) is a &P—Pree ard conneclted graph Lath [Elzevas

q F\ano.r =5 2e¢ 7% 3r  oand e g 3IV-6

yad

2e<3ir
oy — 7 q not plamar
e S3v-4 \%
rlge_rrorkt Ke 13 \oop-?raz ond conneclted and [El= 1652,
IVI= & | ond 30 3v-6 = 1§-6 =q <lo=e. Hence Ks is ret planas.
Rerrarl ! Wy i \oap-?ret. ord connected, ond El= 922

VI=€ ond harke 3v-6 =10-6 =172 Yg == (se connet conclude qr\.)\:\'\ing
from tnis  caleulation.

Rur Kag is bipartite, and  hence it cannat  contain  odd cycles. In parti-
culor, it cannat  contain  3-cycles. The lowest possitle dagree o?cm‘B
region \n  any planar embedds of Uaa voculd inarefore e 4,

S e = tesumcR theaogrees Rl tharegions 3 ar, iB Kyp were plarar,

Ry TReorem 6, we krowo thot V-e +¥=2 ondse r=12-Vie=2-64g=5
Herce 4rs=20 ond 2e =&
This shous that Ki 5  iarak pPlanar.



TCefnition: eo_\' G-CV.E) be o plnor (mu\\*ﬁ?raph with o planer embedding,
see poo@ ot TRen we con construck the olual relative fo this embesding

as @:l\ows B
o Call this dual greph gdr (Vd, e”)

o TRevertices 2 (f will e the regions £ the embedding

2 G

° Fer every edoe <ef, dmuw on edge in Cdd that
cernects  tre regions edjacent lo e,
(So i e does rot seperole tioo different reqiens n tre
avbedding o G, then wr _crece o leep gd\

Sxomp)g
Cj is the m‘g’nh&\ groph In o
P\cmnv em\oedd'\ns.
The blue c\mw\mg s ks
Aual
d
E‘;ﬁ&t&& 1) Amﬂ edge In C:) corfesponds  Loith an edge I C'j ,and cmuersé&,

‘J.) A vertex &£ do_%tee 2z n 9 \jie\ds o. Po.'\rc? edges in %d that
connect the z.,r\:ert\'ces. (Sea e inthe exompe)
- So even P C:\ is o graph, adual of g might be o m\\igmph.

) I G hasa leop, BB and this locp s no other vertices in its
enclosed area. it the e,mbedd.'ms, then EMregtm in btnis loop

Ty turns Inte o pendant vertex of Cf

s Nk
k\:f//’b Conversely, if Cj hos a pendant vertex, this creates a locp = gd
” 4) -\'Fad.a.greecf.a vertex (m qd is egual lo tha degree P the
Correspond.\‘ns regyion In (5
5) Diflerent embeddings £ a g(’oph g Aoy give differenk
duols, end EM.J do rot hove to be iSemerphic o each otmar
Definition: exa_t qzcv,E) be an undirected.  Lrnult) groph. A cus-set P CJ is

aswet E'cE suen bhad

° Rm\'mj g erovm ncreoses the nurrcer of connacted
compenents @ K(G~E'} >u(g)

. Rem(ns ony part & El frem G does net Incvecse tre. Aumber

ef conrecled commponents © 1@ E“?‘E\ , khan k(g-E")=K(g)



ZXQmF!g_'
( - "There are oy aiferent cul-sels,

2 such os

$ To,bd, 1a.ell
i ) ii-b)di s % t,dis

{1,043

{ iq,cg, Ub,c\ii

and So on..,

'DeﬁmLion- A eut- set cons(shn% ce °n\5 ona edaoe IS called o \aridga,

Remark : Dudl graphs conneet cut-sebs  and cycles & Rat (3 bf,cx plarar graph
ond G o aual for G.
1) Cycles of n L?,'.’:!) edge’ In g correspond  Laith cul-sels of

nedges In §
2) Ao In G correspords with a one- edgga cut-sek (n C_’,d
3) A ore- edoe eut- get (n CJ corredponds  with a leop in gd
) A luoo-edge cub-sek h G corresponds with a fuos- edge cireut in C‘,J
s) P C_) isa planar rulltgraph then each  tuo- edge cireuit in G

cdutermines a  bloo- edge cul-seb in g

ExomP,}g_: Duals canme used to Lranslate ore  guastion abbed graghs ko
ancthar @uastion  (Lhich S perhops easier bo visualize or think about).

Toke for exampla the “mopraker's protem "t we woat to cslour
counlifies on & Mmap So thel ro naighboucs have the same Coleufr,

f 4}" L5

A o = o

in e| e
Yeghom

“The_corvespondu problem In khis dual graph mears  colouring tre
points  (except He point correspanding to tha nfinite reglen) in sueh a
way that no twe adjocent ponts hove tna sama_cclewr,



%ﬁl&ﬁi&' (¢ Q= CV,E) is a tmuti)grepn wath WL 22, o Hamilten cycle in G 15a
page 608 cycle that containy every vertex In V,
A Hamilten path 1s a path that visits  every vertex in v

(\Qem;;!!'. \@ You femove  ora edge froma Hamilkten eycle, ik becomas a
Hamilten  poth

Rernark.: TRere ts ne general theorem thal chorocterizes ecohen  Hamilten palhs ond
cucles co or do rofexist, There ae many partial theoremas thaugh,
bhok give either ‘Euﬂ’t‘u‘en‘- or heca:sarj corditions

Sxomp\iz e \'\vpercube Qg hes a Hamilten cycle &
o =Y \lee = lo =—» Ol —> o\l = Il = 1ol —=> ool —> oo

Rerernd ora edep will give o Pamilten Pon

T \? Lo st the successve \ertices in oo Harmilten path in Qa,
e o list R b\ro.rﬂ nunnbers, P te ¥ digits, Lohare eadn numiber
IVers Gom tha  rext numiber i tha kst in ob most ore digt.  Suen a

st is colled o Groy code.
Homilton  cycles existinall Qin for n 32,
((Rwh: Howo conm we try to fina  Hamilton cgc\es? Or prove it wohan there am nore
4 ¢ G bos o Homilten  eycle, then aagCvy %2 VYveV

2) |f aeV and doglad=2 ord g hx o Hamilten cycle, Ethen the
teoo edges incidant with @ must bz part R this Hamilten cycle.

2) W aeV and daga) >2 and we're l:nﬁwa to build a Hamilton cycle
once e pods through Verlex a, Kwing b edges incidant woith o},
we can NG \ch%f.r use  any othar edaoes ineidert  Loith o

4) ¥ uweomr bui\\d..if\s o Hamilten - LgC\e &r C_’ ; it cannet contain a
cycle for o Subgreph o CJ (unlass b contains o the vertices P

q a\rae\dg)
c
Smma\&: < -b A
W There & a Hami“on-Pa\‘h’,
a < 3 a=b2c Hfseasdargsh1
2 A L

“There s no Homillon cycle d

10 bhere were a Homilten cycle, It would  have to pass thraugh b, e
adt h o it sholld include the pieces a—b—c , d~e—Ff

ond g~—h — 1.

Bub e  camnst patch these pleces togethar ¢ eoch sireleh  serds us
from S.c\,d,qs lo 1, €.{} or back, and as ux enly havae 3 pieces
we must  shart n {q,d,33 ond. end '\ 1%?.1'3 or the other

arourd. As thare are  noedeps hetwseen iaodgl ana e, @73,
we con  Maver clese the cyele,



Delinition:

A

—TR:orem T

P(‘GQP‘.

\ q s a bipartite groph (.o\\'.h m red points and n Bua peints
ond no edges tettogan 2 red points or batuseen 2 lua paints)

ancl M #n,  then has no  Hamilten cycle

every edoe Inthe ~ Harnilten cycle must oo from red o Bue or boclk,
So of  some pawnt ona colour es ne points left and you  cannet continug,
while  the otrer sida still hes pewnts @ of Your cycle s rek yeb closed.

How can woe see @ s groph is bipar\\tz?
“Just stoet  colouring  ona point; tran ge all its
reighbours tha  otfer colour. Than give_all thair
nalghioeurs  tra offer colows. 1§ you ever
encounter a poin Laith  the “u.:rcwg" colour,

= your aropn is not bipartite

'\7 Qem.m\ eriterion: A gtogh g 1e bipartte £ and
only 10 it has o cycles
- B of odd lenglh

/ } The oroph n  this example_bums oub to be
/ \'/2? | bipartite, with € fred peoints and « bue ores.
/ J,\ \ Therefbre, it hes e Hamillen  cycle.

A teurnament on n vertices, B o complete directed groph on N Verticea,
l ! 3
So for each xye V with X4y, exactly 1 of the edges Cx,g), (yx)is

n tha emph.

T & (&
teurnament on

2 verkices Sorre_pesside tournaments on 4
verticey

[d"’?d?d

Amj tournarent  has o Harmilten  pathy

(= show trob b= can aleooys craate lorger and \onger paths until

Le reach o Hamillon palh

%\lppcﬁz bt Loe  stock waith o path Py T VIV S VW of

M- acdges, wohaera_m7, 2. CTRia ix alcoonys possib\g fer m=2 1 start u’\\\r\an_g,

edgz). 14 m=n, we'te_dere, lf r\o&, leb v be_a vertex Lthoh is net

park o Pm.

6 —— OInp -y o —p & Y S — e
N Va Va \ ve Vm
I Cv,v)€E :  Lie_can moke P longer

£ (vm,V)EE ! L can moke prm longer.
Otrorcoize ; e wnow (v,v)eE and (v,vm)eE

Dy LR 0 ——D o

» — O Se

VI“} Jvm
°
A"




Emmp}\g

U]

pege 612

ook

Cooollo.r\:; !

Pros

%rem 9

pege 62

[Qracks

Coro\\cmﬁ 3
[Reeck:
Caro\\otg s

et

—AVm

0 (WNDEeE i crede Eor o longer path

Otrorwoise ¢t (va,V)eE

V\-—)V.-)VQ-—’V3 [ JE P

Vow i€ (v,vadeE ! create Vi=aVa =V 53Vq —V —... =V ?ora;\cnsar
Othareorse: (vq,v) ek path

Ard 26 on. Finally, tre last “otharedse ! says (V- ,VVEE.
And then  vi—3Va =aVa=b.... = Vo =V —2Vm Wil give a longer patn.
Coral

1P coerove o spocts bournamant  Loith N plogers, Lohore everyona plays
axad(a orce o%cm\s* everyone sise  (and ro maldhey erd in a l:\'LB, Yrare
does rot hove ks he a clear Loinrer,

Rut we con \i3\~ all \mP\W in Such o way  that bhe ﬁ‘rs(* o bpeated thre
secondd one, the second ere ben}ec\ the Hherd ore, and so on. Thare coudd e
rultiple options for Such a \i:t“

fay G=VE) ke a\oep-ﬁ'cg graph with \Vlen 2,
14 dagCx) + degly) % N~ for all X1y eV with x4y, then 9 has a Hamilten path

See beck .

Fer discuasion in class ¢
® C._) anc\ad (dn.gre- cg.;\\\\'hg)
« Path lengtrening ot stort o end
o Creakion & o cycle

n-t

\Vl?l'\>/1. (e dﬂecv) >/ =2

fa) C_;:CV,E) be a locp-fre graph  ith
for allveV, than CJ has a Hamilton  p=bh

1B xiyeV with x#y, tren degcxdddegly) LA Loa, se Theorem &
helds .

ﬁal' q = (ViE) be a \cop- Prea  urdirected groph with V1 _ a2,
{4 dag(x) + deg (y) 2 n forall nron-adjocen ond distinet x,yeV,
than CJ has a Hamilton cycle,

Ska. | bask

34 G=CVE) o._loop-Free uwndireded graph Lotk Vl=n33 and
degCv) 2 n/2 forall veV, thon 9 has a  Hamillon eycle

“Theorem 9 Wil hdd in this case, since for all wiye V Lue have dagex)+ degly)
P DE +% =N

|@ Q=CV,E) \s q\mprpree undirected groph with Wl=n23 ard Bl » n:)*i

then (;) has a Hamilton cycle



