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=(V.E)
ﬁa(’ C; be an urdirected  greph or mudligrepn
For ve V, the degree v (uoritten degy) )
is the number of edaes thek ase Incident wath v,
where a leop Iv,vi is counled  bsice.

b / deg(ed=\
¢ deg(®)=3
dagy(c)=4
C deqy¢d)=]
‘/g-3 oLQcJ(e)‘-‘l
d \ Aacy(€)=S
2 dﬂcj(%)= 3

A vertex woith degree 1 s called a pencant vertex,

Notice Lot deg(v) Cxc\u&\\s caunts bre  normveer € “adge wnds”
thal mech ok V. Eveny edep hos exactly 2 ends. This expleins the

thecrem  beloce s

iP C:FC\/,E) is an undivected gragh er m&\i%ro.ph v 2 dgu)= 2 \E|
vev

8\)@3 edoge hes 2 Verd p\'e(e:s") @R sc 2\Bl ceunts Yo numioe- of

these erdpieces

dog (V) counts tha pumicer of endpieces  thd- medt ab v,

o \EVCLQ%CV) cetnks exnd(s every  end plece,

Hence = dog(v) = 2 lEf.
veV

(3 CS =V, B) is an wdirected gropgh or mdkl%ra{:}\, the_nuimber <2
vertices of  odd degree usk e @ euen,

gu,pp_ose that Cj hoct ki cmlmr verttces o odcl degpe=s, (there k toas edd.
Then T dog) s @ sam of k odd numbes and Seme @ken numbbes.,

veV

As L coos edd, tris sum b be cdd - Rt T deg)= 21EL, Lehich
Is euenl Conkmdic\:&cy\. Therebore 3 q mugh oS an euen Moo of

Verltces R ead Aegyree..

A graph or ouigreph s called le- regular € all ks verlices
hove degree e

Suppoese we want A 4-regulor gragh woilth 1o edaes.

Then & 20 = 2-\o=92-E|l = = dequy = L4 = 4 =1\

<o V=5, veV veV

In & groph, @ 4-reguler greph with 5 vertices can only bz tha
compete graph K. In a mulbigreph, trore are alse drhar epliany,

Ks T { ona R the pesside mu&\*igjmpns
% Q oth 10 edapes thal 13 ¢ -regulor,




Exorﬁpl’e_ !

Ore  compler-reded  groph s the  hypercabe. Iks verlices
correspond o birarg  numbers Ge 2 verlice) ard ity edoed
correspend te binany numbecs trok enly differ 0 erg digt.

Qe o

(binary  numbers cath © Sigits )

C’;{,\ 4 o ————= 1 (b‘“““’}j Nanoes . ottt e\(c@\‘)
Qa2 e\ u Cb\‘mﬂ Ourrors  caity ').d(g\':S)
oo o
on \y
(bxmnj faavnoers Gt R diopls
Q s oo WO i 1 ) )
- :
s oo caldd e wen o
_ a cube in % 2 Airenyons \
ooC [{a'S) =
oo\ 101

(,birarﬂ numoees
colth & Qigts )

H\dpe”cubes Arike @ dice bdane  betcazen the number of edgey
ol the lergin of  shorted- paths oetoeen points.

o op from velex x to verlex y In Qn, you necd fe crarge ak
mest N dgits ) so Yy can ge Crom X te g bej a path of ler\q\*\
ak ~ost 0.

Houl(‘(\cax‘\j edars does Gn l'\Q\JQ?,

lthas 2" Verbices and it is N-regular. & B.j_rl'_\eor@r\ 2 Loe Eu”d

; - L = M.Vl
2 \E\ vgvdcc_;@) :%Vr\ N iVi=n.2

e E|=na! Ln.2™

2



gxomr\p}g‘ 3

[};Q‘mhon :

Theseo 3

pege 96

The seven briages & l/(é;r\(gsbara

C‘\hza\s of chntcjsbg% cooned o woall arcard, go aver each
briciae axo::"\S ence, and end ot thetr éork'\r\% ok
Goos this s~ peaside 2

Sler <reoed  biak b coos ek

& /C‘)"@d“ reprexm&ahm &F bthe

Mt

situakten
(& d_
\erlex a. has edd Seqyree . \P e
Loant to Lse these 3 oridge> exactly
b onee, e can i
& \ec\\/e a2 \-_imczs X naver artive
Q‘mp&ss\ﬂe)
s amue crxe, \eave lsie
e tre breerern (possive @ we Nort ot o, bub
he\ews (er Ya Yhon Loe cannd- end thae)
genorsl  sitacken - o  arcue twice, leae orce

(poide i ce e ob a, Bt e
canrct start thae)
o  leave @ bimes and arcie R hmed
(—(mpo*:ﬁ\\je)

ﬁa\’ C)=C\/, E) be an urdirected gregn or mulligreph  wth ne sclaled
Verkices.

An  Culer cirawt in C} s a circat bhat Uses ey 2dge in 9
exoctly ence.

An  Sller brail in % is a trad thof wses every edop excxcHS ence .,

fc& C:;:C\I.E) be an urdirected eoph or m\h%reph wW\h ne isclaled
vertices

Then G hos an Euler ctrenitt Rard enlg € Gis conradted and ey
verlex % has  ewen daqyree



prcoez %uppo::a ﬁrsl thalt Cﬁ has an  Suder circsat .

Since Cj has ne isclated  vertice>, verdex hos  an inetdent ec\qe.“fﬁ':
edqe st be part the Suder circut. (ore, euery vertex 1s part <P the
Culer circutt. 1P toe woark ke find a PqH\ Femn  sore verlex a ‘e seme.
vertex b, e can Ytrerefere start of @ and (Jﬂ\\cu_ bra cirecdd until b readings
B, Ths  sheus thab CS is cennected.
Suppc:ﬁe Brhob cur circwit stards ard | erds ab vertex B3, 1hen

o tre cirewd}  lecwes ¥

o it May @ve bodk & leave again  sere number of himes

» and Grally it cores Padi tex,
Se inthe end, we_ leane just as ) bives o3 oo come bbod, Laing
dfferent “edae ends” ol the btime.  Se aEFED dagd) mud be euen.
Fec any othe verfex x

o as Seen as use arthwe ; we\ease agan. '_W_\ismmj happ MLL\L\dQ Tiras
Se ence again, e lense & arrive bre sove nusber R tives, S0 dog )
st be ewen.
So all verkices In Cj e even decyree.

pou: asswre  brab q is conredted  ond all ity vertices Yate eusn dagree.
Coe prove thot q has an Cler civewt by wnsudkien on Tl .

Resic skeps @ 1El=) jten § leds like SR

so there 18 an Sler  cicewik.

I \El=2, thea C3 leclo ke CQO or ol
=c thae s an | Tuler circdit.

oo ek peN with p% 2 and assuive G an nduuckten \r\xjpcl‘\r\e:;(.s
bt ol cenmeded grephs @ n | edops  (dhese vertices all have even
degyrees howe  Culer circuuts,

‘i’\dud-\‘cn step = Suppcsa bnok Cj 3 o connectedt greph colthh 0t
edges, wWhoe vertices all have even SUSY s
(_OP- sk shes H’\a\‘ C) M an iq\er circaal

First cheome a vertex s €V ax a sharting Pc*n" Crecle
any cirewit fre~ 5 ko s (sincedl vertices £ G haue
euen dagyrees, Uow cannak cf-é Stud ak o vertex 2if Yew
arrive, gom con \ecwe \1:, a o edop B
Call this circut C.
Raneve be eaces <@ C frem C) ard remeve al Vertices
that have beceme 1sclaledt. Call bha nawe Qrepn Cj‘,
Q' oy have mulliple  conradted | cermpanents. The
verbices in q\ shll have  euen dagjrees
e, 5ie Since the connected Cornperents & C:)\ have | =n edgey,
C: sBdabScedboa—c  bhay muot hove euler ctrecils.

. And all trese edler circuids are  cenectedt, Somaudare,
Vewe arcwt s (e see lan Cles ke e circat € since | the ericginal greph Loy

cveeuit from a cemponent: & Cj\ cennacted.
ots, so follow theld Ciest. Hence (e can  combire the cireuils te ?crr\'\ ana
e\C)YC_)} JaZ&_L\er circaik e

24 e}- ey - o e, €, eq 5]
soaesd—os Sdobk P35 D waligBHaBgaedbsass



Prek

%emihex\ 5

{4 % s o~ undirected  gregn or Pr\&i%r'aph with ne 1salated
vertices ,  tron CJ hos an open Suler trall € and anly if
C)xs connected ord bos exaddy 2 Verticey £ a3 degyree .

%.A.Ppom ﬁm‘r ok CJ'\S cerneced ard ek exadly 2 verticss aadb
have odd degree. Add -an @dra edqe 1ab} be § ard call this G
KNows all vertices n CJ‘ Fove ewsn degyee, 30 g\ hea an Suler
circuit. @t rerave our News edoe 310,05 Grem s aradd, it
becoamas o | Suler bral Gem a b,

Cenversely, @ G hay an epan Tl bral, ek a0 and b be

ks endpawnis. Add an extra edcp Yo bl to G ard call this rew
greph Gl 1P coe odd  the rews edqe @bl tetha Tule tral Foma
ko b, 1k beceres an  euler ctredt in G Mencedll verlicas ngG!
hove even degree. Therefere; a ard b Mt have hada edd
deqyrees  \n 9 ard ol thre othor Vertices  mnusk hove bod @en
Aaqrees.

“The €aler bl in G shewss Frak g s connacted  ®rnce k canrnadts
Al vertices ko eadh ethar CC:.)\\OA ro isdated Vertices)

Sinae |t \/Lé‘;mggﬂs Prd:\en\ hod o carap\‘\ with 4 verticey

R edd degree, it hes Mo Tuler circudt and e Tdertrail.,

Ed Q:CV, BE) be a direded grapn or Mu\\%g!‘&@ﬂ S ond let veV.
Incoming degyree  (or indegree) v s tha_nurrber o edge

tincident ke V. ks denched by tcitv)

The autgeling degree. (e Cu&de%rees e v is the ruraber of 2dorS

Incicerk fremyv. ks derated oy eau),

eol— q=CV.E) e a directed gregh or wm.\hcareph wih e iselated

vertices., Then % hos @ directea Tuler cireuit C onct only 114
Cs (s connected  and 1dCv) =edCy) VveV.

sWipped .
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Definilion:

A opepn is  called Paror P it conbe dracen 3uds trab ks ecigey
only \Nlersect  eadn alforab Vertices,
Sudh @ drasoing s called  an erbedding of G in tre dare.

3 |
C:) CJ A P\C\mf graph  embedded N e plare
q o b
2 ) :
ek o errbedding), bt this dees nab
mean bhat e grepnis odk panar
c 'd
Gy
TTRs Shews tras Yagreph G, is placar,
since Lee hove Rund an embedding
the Pana .
C -
9

Ds e briole b %rep\\ caud e donar !

Cr ths o 2
rey Ty

vz
s/Trg ts unpreve the drawing

{ ge.'i* Sudi en the
leat edige, thal shauld
ge fremia el ¢

Aca conol cbedt bivs c:m.?

' (e hove Bem all_the Hack
ecis
points le all the rec points.

A Groph CJ=CV' E) is called g bipartite e can wnite  V=ViLuV,
wath VinVa< ¢ ond every edge of G 1s P ite form 1eubd coith

aeV, ond beV:.

ez G s B bipartite @ e can cclense its poinks red andt Black
N sueh @ wey that every edge s bebceen a ted and a
Yada point

I IVil=m and Walen  arnd e bhave an edae @*cm 2uery paint
inVy te every  point inVz, bthisis called e complete bipastite groph

and b s denctest By Wann,



gmmpg | TG hypereuie Gin b biportie? cdour  avertex red it
hos an even oMo R 4's, ord Bodd R ik hasan add nuenber

P 1's,
Ana ' in Gin  cexresporas. bo Crangingy cre digk 10 a
Verfex. “This ol alccouys crorge an edd naosr (5 ke an
euen numpar, or the otfer Loy araund. S SN ) oy
beturen o red ardd a Hadk pownt.

[} o

co\ \o\

Recnar\e: B Qosrr e houe Seen 2 PTE“‘\:) simple opagns . CKs and M;,;s)
bl e aid neb manace e Red an emloedding @2 n tre plane for.

%@hiktor\. ﬁa\r C}:CV, E) ke o \cep-free undirectedt grepn coith \El #o.
Aﬁ e\ewunhcmj subdwvien P Q 3 ook uea %q\,— Lohan Qo

(T8

o pickcon edge T, Wi e E *o—" g &es
o creale a nete peint Vo oord edd it N v
replace the edge iu,0f by tee new
ecicps 1 LV ara 1y, Ll T A
gxomé\_g\ elerractery

e\ewm\ar_xﬂ sdbdivisien
- subdifytsien . 5 "
o

Q‘egm'\hoﬁ: le Q\= (\/\,E\) ancl Cyz_=(.\j'<,El) Gre \\.Dcl \o@p—ﬁfee_w\d\reci*ed
grephs, U\ead are caolled hemecmerphic 1< l:ha% anje IsemMmerPnic S
con e ctamed {fem the same. \ocp-Pree. U’r‘di(‘eCIed erexp\'\ H
by @ seguance f e\eﬁr\mkwﬂ DAV iSO .

_SXOXY\Q\VQ\.
A anc) are hemecmerphic

M A %fep\n % s non-planes \f and on\\:) Rt cortains a Mtﬁp\\
which s hemecmerphtc o either We or Waa,

Prcce ‘\)ol‘ Included bock ad caurse.
“The lihecrem woex prevedt by Wureboweda
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edge


Exqmp}gﬂ

(e ﬁrd <8 %(np\'\ ke‘r\mm;ﬂw'\c ke \,(3,-3
hiaden  tnside

Qemcxr\u Cuz have nNever actucl R ot Ws end Wap are Nen~parar.
Fak \s wcohat (oe e\ be L.cx:rlxxn% to coards NewD .

W&\(cn: A Plargr  embedding P a gropn cdswp tre plae. ke
el regiens,
uhoe Loe count
tha
\\w\‘s\\d‘. "
a8 O
‘(‘@%\0‘\
as woel . (cadled T ihe inlnite rec_,;ton">
Coe can c‘\\t) de khis Gcr Ptomr emhaddwgs\h
c‘rw&x\Hg‘Qp\‘\
" Thecren 6 el G-V, E) be a cenracted panar eraph'{o\&h Wl=v and \EliTe.
fgk T be e curber R regions Intre pare giten by a penar embedding
g, |

Then V-e +r =12

pr::cQ; (3 b thalicicon enle.

Bo:;\‘c step @ \ee=c 5 C:,)= ?:L “es \Vl=\)\E\=o)§r=1
and v-et+tr = 2,
\E e =\ B % = bﬁg “e \\l\=\, ‘E{=\ e r_rd

anct ¥V ~e +C =

<L N\:'}, \E\=\, =\

A
Cj_: :-/A“ and V-—ed4r = 2

Koo leh ke V) and essume on an induchien kdpokhzﬂs brot bre resalt s brue
for el cennocted planar (bt ) graphs - caitin ok mest L edaes.

lnacction  step - Pl G=(V,E) bea conteded plarar Cnmlkx\gra(ﬁ\ otk
kit eages (e need ko prove thot V-eir=2. _
Since. Cj hos bk edoyes ,bhas ot ash ene edoe 1a,bs.
Let H = G-30,b be tha sibgroph youw i by aate
celebing bhis eace.

H can be connaded or disconnacted,

o ¥ H s connected, we knoco Vs eyutr, =2
b.lk\wa Incuckon hﬁps“\cﬂs.
The edee 10,63 must o threugh somme. fegion
and cub it in tie pacts
Se v =v. e =e 4, C =0 H and Vg€t
- T H COmGE R G
i = A & =€V = (@t )P ) =2,




o 12 H s not comnected, it musk bove 2 companents
R ondd Ha et toere conneded (o @adn ebher

bLj edop iq,b’;

H, “_”j Ha

21

&

&j the \nduckien hypethesist V, =@y +ry =2

\

N =
Wy eH’z +r\'\1 2

Neous netice that V| =\IH\+VR2 QG = eH‘+eHz+\
ard € = # ] reqiens P Hy trd are nak 0finivg 3
+ ¥ ?J:eg\‘ens <P Ho bthal are nob ‘mQ\N\QS
+ &1 the tnfinlie reqlo}
= (=0 A

Se Vo= e6+r6 = %(\/va‘_\} —(QH\ +eH+‘> + (rH| +er-\)
= V\‘\\+VH’L- eHl -eHz = +rH\ +FH1-\

= 1V =2, ) +-(VH1—QH1H‘H_L\ -2

"

2 +2-2 =2

This ﬁms‘ms lhe nducken and proves the theorem .

%Rmhcr\: ? Risa regien N a planas embediding R a groph or m\klcdreph,
the degree f R s b rumber £ e i~ a sherded otk closed woall
aleng the edoss P the ba,\x\dm:j R. khos te 'ndude ol tre =dep>

in this bwrm’:ﬁ

dag CRD=Y
daf_‘) CQ’)_) =2
dngc‘zs) =5
dag(R) = &

C@o\\mg) Pt G-CV,E) be Q\ocp-—?rea connected  planar graph taith \Wi=y,
lElze ond ¢ regiens, Ohere @32,
Then - <2e  and e <AV — 6

QS%_OQ %\’s \oop-—Ffee and noh o rr\u\l\i%mph, % and oy ot lecer 2 edqes,
[re boundory R any feqgion C\r\dudmg Lha‘mﬂr\\tz rag\cr\) has ab least R
edcps n this sething. [e recjen Tas  degyree 72
2e = 218l = btosunm e degrees R all the regions 3, 30
VW BDC L2,
Arc by Sulec's bracrem: 2= V-oeir € v -e +(§le =v-(3)e
e & €3A-_e and e < -6,



a
@m&\x‘- 14 Q=CV1 E) s \c::cp—?ree and conneched  FEIPREGE Ofeph
colth . GEXTYED \El-e >21

Cﬁ planac RN 2e7,% R e<3av-6
2e <3 \ G ret placar
or "__—>
e>3v-C %
Pemgrh; Ws s loop-free and cennected. bis A gfagh itk IEll=holon |
\12\.\/\:? 71 v -6 = lS‘-é:? < \W0 =e
e= \El=16 so s is nel P\c r

\/(3,3 is a \ccp*Pree cenracred graph Laith \E\ - q 72.

\j:\\/\:é
e=1El=g _
[Se —av-6 =\8~6 =12 > g=e. Loe can cendluda r\czH\\n% here.

But as Kzaisa bipartite guses. groph, it canndt contain  }-cydles.
—mare(?cre, any  fegion ina p\anar embedd\\\g Leodd have deqyree 7 4.
Se 40 £2e 7 in tnis case.

Frem  Culer's bheerem 2 V-2 +r =2
Then  4r =260 and 2 =\&,

The proves bhat Wan 1snd Plonar,

so T = @-VA42= %—6+2=5,



