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+ s o, .
h) Rt = the set of positive req] numbers
1) R* = the set of nonzero real numbers

J) C = the set of complex numbers ={x+yi|x, YER,i?= —1}

k) C* = the set of nonzero complex numbers

D) For eachn € Z+, Z,

m) For real numbers g

S H{OF1552 /RO Ry

»bwithg < b,[a,b]::{xeRlanSb},

((a,ll;]) ={{xell:la <Xx <b},[a, b) = {reR|la<x < b}
4,01={xeRja<x < b}. The first set is called—a closed,'

. =< interval, th
set an open Interval, and the other two sets half-open intervals. i

e s s

1. Which of the following sets are equal?
a) {1,2,3) b) (3,2, 1,3}
9 {3,1,2,3) d) {1,2,2,3}

2. LetA = i i
o true;?A {1, {1}, {2})}. Which of the followmg Statements

a)lecd b) {1}e A
o {ljcA d {{1cA
€ 2}eA f) 21cA
2 {2} ca h) {{2}}c 4

3. For 4 = (1,2, {2)}, which of the ei :
cise 2 are true? e eight statements in Exer-

4. Which of the following Statements are true?
a)fecg b)dcy c)fcg
d) B e (@) e) 4 c (9) f) acy
5. Determine al] of the elements in each of the following sets,
) {1+ (-1)"|neN)
b) {n + /mlnefl,2, 3,57
) {n’+n?ne {0,1,2,3,4)
6. Consider the following six subsets of Z,
A ={2m+1|meZ}

C={2p—3lpeZ} D={3r4 Z
E= {3s+2ls€Z} F= {3tr— 2|,tr€€Z}}

Which of the following statements are true and which are false?
a) A=p b) A=C ¢) B=C
d) D=pf e) D=F f)E=F
Zi Let A, B be sets from a universe 9. (a) Write a quan-
t:) ed statement to €Xpress the proper subset relation A c B,
(b) Negate the result in part (a) to determine when A ZB.
8. For 4 = {1,2,3, 4,5, 6, 7}, determine the number of
a) subsets of 4

b) nonempty subsets of 4

B={2n+3lneZ}

©) proper subsets of 4

d) nonempty proper subsets of 4

€) subsets of A containing three elements

f) subsets of A containing 1, 2

g) subsets of A containing five elements, including 1, 2
h) subsets of 4 with an even number of elements

i) subsets of A with an odd number of elements

9. a) Ifaset A has 63 Proper subsets, what is [A|?
b) Ifaset B has 64 subsets of odd cardinality, what is |B|?
¢) Generalize the result of part (b)

10. Which of the following sets are nonempty?

a) {x[x eN, 2x+7=3)

b) {er|3x+5=9}

O (xlxeQ,x244= 6}

d) {xeRlx2+4=6}

e) {xeRlx2+3x+3=O}

f) (xlxe C,x2 435 43 =0)
11. When she js about to leave a restaurant counter, Mrs. Al-
banese sees that she has one penny, one nickel, one dime, one
quarter, and one half-dollar. In how many ways can she l’eave

some (at least one) of her coins for a tip if (a) there are no re-

strictions? (b) she wants to have some change left? (c) she wants
to leave at least 10 cents?

12. Let A = {1, 2,3,4,5,7, 8, 10, 11, 14, 17, 18).
a) How many subsets of 4 contajn six elements?

P) How many six-element subsets of A contain four even
Integers and two odd integers?

¢) How many subsets of A contain only odd integers?

13.‘ Let § =1, 2, 3,...,29, 30}. How many subsets 4 of §
§at1§fy (@) |A| =57 (b) [A] = 5 and the smallest element in A
1557 (c) |A| = 5 and the smallest element in A s less than 5?

14. a) How many subsets of {1, 2,3,..., 11} contain at least
oOne even integer?

b) How many subsets of {1, 2, 3, ..., 12} contain at least

one even integer?

¢) Generalize the results of parts (a) and (b).
15. Give an example of three sets W, X, ¥ such that W € X
andXeYbutWevy.
16. Write the next three rows for the Pascal triangle shown in
Fig. 3.4
17. Complete the proof of Theorem 3.1.
18. For sets A, B, C C 9, prove or disprove (with a counter-
example), the following: If AC B, BZ C, then A ¢ C.
19. In part (i) of Fig. 3.5 we have the first six rows of Pascal’s
triangle, where a hexagon centered at 4 appears in the last three
rows. If we consider the six numbers (around 4)at the vertices of
this hexagon, we find that the two alternating triples — namely,
3,1,10and 1,5, 6—satisfy 3-1-10=30=1-5.6. Part (ii)
of the figure contains rows 4 through 7 of Pascal’s triangle. Here
we find a hexagon centered at 10, and the alternating triples
at the vertices—in this case, 4, 10, 15 and 6, 20, 5 — satisfy
4.10-15=600=6-20-5.

a) Conjecture the general result suggested by these two

examples.

b) Verify the conjecture in part (a).

Figure 3.5
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20. a) Among the strictly increasing sequences of integers that
start with 1 and end with 7 are:
1,7 i) 1,3,4,7 iii) 1,2,4,5,6,7
How many such strictly increasing sequences of integers
start with 1 and end with 7?
b) How many strictly increasing sequences of integers start
with 3 and end with 97
¢) How many strictly increasing sequences of integers start
with 1 and end with 37? How many start with 62 and end
with 98?
d) Generalize the results in parts (a) through (c).
21. One quarter of the five-element subsets of {1,2,3,...,n)
contain the element 7. Determine n (= 5).
22. For a given universe AU, let A S where A4 is finite
with |P(A)| =n. If B C Y, how many subsets does B have,
if (a) B=AU{x), where x € U — A? (b) B=AU {x, y),
where x,y €U — A? (c) B=AU{x, X2, ..., X3}, where
X1, X2, ..., X €0 — A?
23. Determine which row of Pascal’s triangle contains three
consecutive entries that are in the ratio 1 : 2 : 3.
24. Use the recursive technique of Example 3.9 to develop a
Gray code for the 16 binary strings of length 4. Then list each
of the 16 subsets of the ordered set {w, x, y, z} next to its cor-
responding binary string.
25. Suppose that A contains the elements v, w, x, y, zand no
others. If a given Gray code for the 32 subsets of A encodes the
ordered set {v, w) as 01100 and the ordered set {x, y}as 10001,
write A as the corresponding ordered set.

26. For positive integers n, r show that
n+r+1 n+r 1 -1
(=) ()
r r r—1
n+2 n+1 n
+( 2 )*( I )+(0>
n+r n+r—1
(=)
n n
n+2 n+1
()00 ()
n n n
27. In the original abstract set theory formulated by Georg Can-
tor (1845-1918), a set was defined as “any collection into a
whole of definite and separate objects of our intuition or our
thought.” Unfortunately, in 1901, this definition led Bertrand
Russell (1872-1970) to the discovery of a contradiction — a re-
sult now known as Russell’s paradox — and this struck at the
very heart of the theory of sets. (But since then several ways
have been found to define the basic ideas of set theory so that
this contradiction no longer comes about.)

Russell’s paradox arises when we concern ourselves with
whether a set can be an element of itself. For example, the set




