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2.7 Implicit Differentiation and Related Rates

Implicit Functions and Implicit Differentiation

Throughout the semester, we have been discussing functions and their
derivatives. In all the cases we have considered so far, we have only used
functions that can be explicitly written in the form y = f(x). For example,
one of the cases we have frequently considered is the function f(x) = x2,
which is the same as y = x2 in the above notation. Such functions are known
as explicit functions because they can be stated explicitly. However, in many
cases of interest, it is worth considering functions which cannot be written
in this way. Such functions are known as explicit functions. We would like
to discuss these types functions, and how to differentiate them.

One example of an implicit function is y2 = x. It may not seem obvious,
but this function cannot be written in the form y = f(x). You may think
that simply taking the square root of both sides will give you that y =

√
x,

thus giving you an explicit function. However, this is incorrect because of
the fact that when you take a square root, you have two possible choices:
y =

√
x and y = −

√
x, and there is no way to determine which one you

should use. Thus, x = y2 and y = x2 really define two different functions,
and thus cannot be differentiated the same way.

To differentiate such functions, we proceed in the following way. Consider
again the implicit function defined by the equation y2 = x. We can think of
each side of this equation as defining a function. For example, the right side
is the function f(x) = x, and the left side is the function g(x) = (y(x))2.
Thus we have g(x) = f(x). But if the two functions are the same, so is their
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derivative. That is,
df

dx
=

d

dx

(
(y(x))2

)
The left side is easy to deal with: f ′(x) = 1. For the right-hand side, we
note that it is a composition of functions. Thus, we can apply the Extended
Power Rule to obtain

d

dx

(
(y(x))2

)
= 2 y(x) y′(x).

Thus we now have the equation

2 y y′ = 1.

We can solve for y′ to get

y′ =
1

2y
.

So we are able to obtain the derivative for y. However, this has come at
a price: the derivative is also an implicit function. That is, it may not be
possible to write it as a function of x only.

Example 1. Consider the function defined implicitly by x2 + y2 = 4. Find
y′.

Solution: As before, we simply differentiate both sides and apply the Chain
Rule when necessary. This gives us

2x+ 2yy′ = 0.

Solving for y′ gives us

y′ = −x
y
.

Example 2. If y3 + x2y5 − x4 = 27, find y′ at the point (0, 3).

Solution: As before, we differentiate both sides to obtain

3y2y′ + 2xy5 + 5x2y4y′ − 4x3 = 0.

First, we move all terms without y′ to the right-hand side:

3y2y′ + 5x2y4y′ = y′(3y2 + 5x2y4) = 4x3 − 2xy5
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We can then divide:

y′ =
4x3 − 2xy5

3y2 + 5x2y4

Now that we have solved for y′, we can substitute x = 0 and y = 3 to obtain
y′ = 0.

Related Rates

An application of implicit differentiation is a topic known as related rates.
Suppose we have a function y = f(x), and suppose we assume that x is a
function of another variable. For example, suppose x is a function of time.
Then y = f(x(t)) is implicitly a function of time. If we want to find its
derivative, we can apply the chain rule to obtain

dy

dt
= f ′(x(t)) · x′(t).

While we may not have an explicit expression for x(t), we may know it at a
given time, just as in the previous example we were given both the x and y
coordinate. In this way, we may find the rates of change of quantities which
depend on unknown quantities, assuming we know related quantities.

Example 3. An application of this idea is in the field of climate science.
Consider glaciers. One of the things climate scientists do is study gases
that are contained in glaciers to determine the gases in the atmosphere of
the Earth at different periods in time. A topic of concern is how much of
these gases are escaping into the atmosphere. This is something that would
be impossible to measure directly. However, using the technique outlined
above, we can determine indirectly the rate at which gases are being released
from glaciers into the atmosphere.

For simplicity, consider a cylindrical glacier with radius 300 meters, and
height 30 meters. By examining a sample of the ice from the glacier, it is
determined that the amount of carbon dioxide in the ice is proportional to
the volume of the ice. That is, A = cV . Here, A is the amount of carbon
dioxide (measured in whatever the appropriate units are), c is a constant,
and V is the volume. By making repeated measurements, it is determined
that the height and radius of the glacier are decreasing by 1 meter per year.
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That is,
dh

dt
=
dr

dt
= 1.

To determine the rate at which gas is released into the atmosphere after, say,
5 years, we use the relation

A(t) = cV (t) = cπ(r(t))2h(t)

Then
A′(t) = cV ′(t) = cπ

(
2r(t)r′(t)h(t) + (r(t))2h′(t)

)
From the information given, we can determine all the information on the
right. For instance, we know that after 5 years, r = 295 and h = 25.
Additionally, we were given that r′(t) = h′(t) = 1. Thus

A′(5) = cV ′(5) = cπ
(
2(295)(1)(25) + (295)2(1)

)
= 14750 + 87025 = 101775 units/year
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