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2.4 Derivatives and Absolute Extrema

In previous sections, we discussed relative extrema of functions and how to
find them. The idea of relative extrema is simple: when looking at a small
interval, there could be one x-value c in that interval for which f(c) is larger
than f(x) for any other x in that interval. However, outside of that interval,
f(x) could be much larger.

Suppose now we are interested in knowing how large our function can
really be. For example, imagine going on a long bike ride. Knowing that
there is a small hill near to your starting point may not be as useful as
knowing that there is a giant mountain between you and your destination.
To see how this can be done mathematically, we must first state exactly what
we mean.

Definition 1. Let f(x) be a function with domain D, and let c be some
number in D.

1. f(c) is an absolute maximum if f(c) ≥ f(x) for any x in D.

2. f(c) is an absolute minimum if f(c) ≤ f(x) for any x in D.

Our goal now is to find such absolute extreme points for functions. Before
we start, we must first ask ourselves: is this even a reasonable thing to do?
In general, the answer is no. Consider the example

f(x) =
1

x

from the previous section. Recall that we said

lim
x→0+

1

x
= +∞, lim

x→0−

1

x
= −∞
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which means that there are no maximum or minimum points (because your
function always goes higher or lower than any number). Despite this, all is
not lost. The following theorem tells us when this is possible.

Theorem 1. (Extreme Value Theorem) A continuous function f defined over
a closed interval [a, b] must have an absolute minimum and maximum value
in [a, b].

This theorem in a way is not very informative. It doesn’t tell you how to
find such extreme points. It only tells you when you are not wasting your
time. However, once we know we are not wasting our time, we have another
theorem that tells us how to actually find it.

Theorem 2. (Maximum-Minimum Principle) Suppose f is a continuous
function defined on a closed interval [a, b]. To find the absolute maximum
and minimum values over [a, b]:

• First find f ′(x).

• Find all critical points that are in [a, b].

• Evaluate the function at all critical points, and at the endpoints.

The largest and smallest of these are the absolute maximum and minimum,
respectively.

Example 1. Find the absolute maximum and minimum for f(x) = x2 on
the interval [−1, 1].

Solution: First, we note that f(x) = x2 is continuous, and [−1, 1] is a closed
interval. Thus, by Theorem 1, we can find a maximum and minimum. So,
we follow the procedure in Theorem 2.

We first compute f ′(x) = 2x, which we then use to find critical points.
As we all know by know, the only critical point is x = 0, which lies in our
interval. Thus, we must compute

f(0) = 0

f(−1) = 1

f(1) = 1.

Thus, the absolute minimum value our function can attain is 0 (which hap-
pens at x = 0), and the maximum is 1 (which happens at both x = ±1).
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Example 2. Find the absolute minimum and maximum values of the func-
tion

f(x) =
1

x
on the interval [1, 2].

Solution: This question may seem strange, based on the discussion at the be-
ginning of this section. We stated that f(x) has no maximum and minimum.
However, note that now we have restricted the allowed values by choosing
the domain of the function to be only [1, 2], which is a closed interval. By
Theorem 1, there must be minimum and maximum values for this function
(in this interval). We proceed as in Theorem 2.

First, we can compute f ′(x). It is

f ′(x) = − 1

x2
.

Note that f ′(x) 6= 0, and f ′(x) is always defined (that is, for any number in
the interval [1, 2]). Thus, we have no critical points. So, the only thing left
to do is to compute

f(1) = 1

f(2) =
1

2
.

By Theorem 2, it follows that the most f(x) can be is 1, and the least is 1/2.
This, of course, is only true if only allow x-values between 1 and 2.

2.6 Differentials and Linear Approximations

An important problem for computer programmers and computer engineers
involves programming the computer to do computations. This may seem
like a simple task, but recall that a CPU is, in a sense, nothing more than a
collections of switches which can be manipulated to simulate the addition of
zeros and ones. The question is, then: how can we somehow “simulate” any
fancy mathematical operation by using only the addition of zeros and ones?

As an example of how we could do such a thing, consider square roots.
While it may be obvious that

√
4 = 2, trying to compute

√
4.1 is quite a

bit more difficult. To simplify the computation, we can use the following
method to obtain a rough approximation. Consider the graph of f(x) =

√
x,

and let us draw the secant line between the points (4,
√

4) and (4.1,
√

4.1),
shown below.
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By definition, the secant line must have a slope given by

m =

√
4.1−

√
4

4.1− 4
=

√
4.1−

√
4

0.1

We can now solve for the desired quantity to obtain

√
4.1 =

√
4 + 0.1m.

If we knew m, we could compute the desired quantity, and we would be done.
The problem is that to compute m, we would need to know what

√
4.1 is.

So we have not really accomplished anything yet.
To actually be able to compute something, we make use of the tangent

line to the graph of y =
√
x at x = 4. Let’s plot it together with the secant

line and the original graph.
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Here, the red line is the secant line, and the green line is the tangent line.
As you can see from the graph, they are virtually indistinguishable. The
difference between them is so small, that maybe we can just replace the
slope m with the slope of the tangent line. This is easy for us to compute.
It is given by

f ′(4) =
1

2
√

4
=

1

4
.

So, we can then make the following approximation:

√
4.1 =

√
4 + 0.1m ≈

√
4 + 0.1

(
1

4

)
= 2 + 0.025 = 2.025.

Comparing this result with the actual value
√

4.1 = 2.0248..., we see that
our rough estimate is pretty good.

In general, we can make approximations for quantities that can be repre-
sented by functions in the same way as we did above for

√
x. Suppose you

have a differentiable function f(x), and suppose you know f(x0) for some x0.
To estimate the value of f(x0 + h), we write down the formula for the slope
of the secant line between the two points:

m =
f(x0 + h)− f(x0)

(x0 + h)− x0

.

The thing you should observe here is that if x0 + h is close enough to x0,
then the slope m will be very close to the slope of the tangent line, given by
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f ′(x0). Thus

f(x0 + h)− f(x0)

(x0 + h)− x0

=
f(x0 + h)− f(x0)

h
≈ f ′(x0).

Proceeding as before, we can then solve for the desired quantity, obtaining

f(x0 + h) ≈ f(x0) + f ′(x0)h.

This method of approximation is known as linear approximation.
Some special notation is often used in these computations. We define

h = (x0 +h)−x0 = dx, and f ′(x0)dx = dy. These are known as differentials.
They are related to the Leibniz notation for derivatives

dy

dx
= f ′(x).

This notation will become more useful later on in the semester.

Example 3. Use a linear approximation to estimate the function f(x) = x2

at x = 2.2.

Solution: We start by first computing the differentials dx and dy. The idea
here is that f(2.2) is a little more difficult to compute than, say f(2) = 4.
So, we let dx = 0.2, and dy = f ′(2)dx = 4× 0.2. Then

f(2.2) ≈ 4 + 0.8 = 4.8.

This relatively close to the actual value of 4.84.
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